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PREFACE

r) : ' . . ! '
P ; \

The series Soviet tgdigﬁ_in,;he Psych;lggy of Learning énd Teaching
Mathe«;tics is a collection of translationa from the extegnsive Soviet
11 ter

re of the past twenty-five years on reseafch‘in the psychology -
i of mathematical instruction. It also includes works on'methods of
* yteaching mathematics directly influenced by the psychological research
The series is the result of a joint effort by fhe School Mathematics
Study Group 33 Stanford University, the Department of.Mathematics \‘
Bducaton at the University of Georgia, and the Survey of Recent East
European Mathematical Literature at the Universitg ‘of Chicago. Selectéﬁ
papers and books considered to be of value to. the Ameritan mathematics
educator have been translated from the Russian and appear in this
series for the first tife in English. * . e
Research achievements in psycholeéy in the United States are.

A outgtanding in¥eed. - Educational psfeholggy, however, occupies only a
small fraction o{'the field, and until recently ‘little attqetien has
been given to\(esearch in the psychology of learning and teaching ;
particular school subjects.

The situation has been ‘quite different in tha Soviet Uqéon. In
viedﬁof the reigning social and political doctrines, several branehes }

of psychology that are highly de loped in the U.S! have scarcely been
N investigated in the Soviet Unid’: On the other hand, because of the

-

Soviet emphasis on education and lts function in the\§tate, reeearch“tn
educational psychology has been given considerable moral and finanéial

support, . aneequently, ‘it has attracted many creative and tale ted
*
"scholars whose contributions have been remarkable. -

Even prior to World War II the Russians had made gr strides in

4

edupational psychology The creation in 1943 of the Academy of Peda—. f
- gogical.&ciences helped to inéensify the research efforts and grograms
in this field. Since then the Academy has become the chief ed\cational

:esearch and development center for the Soviet Unjion. One of the main

“aims of the Acadey is to conduct research and to train research scholars'
i X ~ o ?
A study #dicates that 37.5% of all materials in Soviet psychology ™

_ published in one year was devoted to edugation and chikd psychology. See
Contemporary»Soviet Psychology by Josef Brozek (Chapter 7 of Present-Day

Russian.Psychology, Pergamon Press, 1966). ,

iid

¢ -

i
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in general and specialized education, in educational peychology, ands
in methods of- teaching various school subjeots.,
The Academy of Pedagogical Sciences of the” USSR comprises ten
research institutes in Moscow and Leggngrad Many of the studies h_ %;
reported in this series were conducted at the Academy s @nstitute of
General and,Polytechnical Edycaticn, Institute of Psycholngy,rﬁnd
Institute of Defectology, the lagt of which 1is concerned With the - .
LSpecial\psychology and#educatiﬁnal techniqu:?/%or handicapped childrenf.
3 :

-

- ' The Academy of Pedagogical Sciences hag 31 members and 64
associate members, chosen from. among‘ddstinguished Soviet scholars, .
scientists, and educators. ' Its permanent staff includes more than Cle
650 fesearch associates, -who receiuepadvice and cooperation from an N
additional 1,000 scholars and teachers. _The research institutes of v
3 the Academy have available 100 "base or'laboratory schools and many |
} ‘other schools in which experiments are conducted.' Developmnts in.
foreign countries are closely followed by the Bureau for the Study ;¥
Foreign Educational hxperience and Information. ' AN

The Academy has. its oyn publishing. house, which iesues hundreds of,

books each year and publishes the collections Izvestiy__Akademii ' 2
¢ . agopicheskikh Nauk RSFSR {Proceedings of the Academy of gbiagogical
Sciences of the RSFSR], 'the monthty Sovet aayAAPedagogika { iet _ \

Pedagogy],\and the bimonthly V _gproqx?%sikhologli [Questions of Psychologyl.

Since 1963, the Academy has beenjg;suingcollecticns entitled Novye

Issledovanix_ \A Pedad_g}cheskik Naukakn [New! Resedrch in the Pedagoéica}
Sciences] in order to fisseminate information on current research. -
A major diﬁference between the Soviet and Ameritan conception of °* NG

edncagional reatarch is that Russian peychologists often use qualitative'
rather than quantitative methods of research in instructional psychology

. in accordance with the prcvailing European tradition. American readers
may thus. find that some of the earlicr Russian pdperQ .do not comply

¢ exactly to U.S. standdqu of design, an* ysis, and reporting. By using

¢ .qualitefivc methods and by working with small grenpe, however, the Soviets

. have been able to pcnctraté idto.the child s thoughts and to andlyze his

mental processes. ?c this end thcy have also designed classroom tasks

* and scttfhgs for reeeaxcn and have erphasiaed long term, genetic studies
o . ‘\
4 of learning. ; / . i o
2 | S

~ -
L] - ﬁ}
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learning process itself They have iavestigated such.areas as: the

devclopment of mental. operations; the nature and development of thought?. '
the formation of mgthematical concepts and the related questions of | ~:
g&neralization, abstraction, and concretization, the mental operations -
of analysis and synthesis; the development of spatial perception; the

relation betwegn memory and thought; the development of logical reasoning,.

the nature of mathematical skills; and the structure and SpeClal features .
X ~
. of mathematical abilities. CoL ‘ : .
*+, . In new approaches to’ educational research, some Russlan psychologlists

e have developed ‘cybernetic and statistical models and techniques, and have:
made uge of algorithms, mathematical logic and information §ciences. ' .
_,,\‘ Much attention has alsokbeen given to programmed instrfiction and’ to an. «
' -~ examination of its psychological problems and jits application for
greater individualization in learning. ;’f!i

. -
»

. e The int®rrelat*onship between instruction and child dev P t is

| _a source Qf sharp disagreement between the Geneva School of/§:;:§:::§ists, G

" led by Piaget, and the Sovieftpsychologists.* The Swiss psycholpgists

* ascribe limited significance to the;role of‘instruction in ‘the develop-
ment of a .child. According to them, instruction\is subordinate to the
specific sthges in the deveIOpment of the child's. thinking——stages
manifested at certain age levels and‘relatively independent of the

e0nditions of instruction. “,
As representatives of the'materialistic—evolutionis ry of
' mind, Soviet psychologists agcribe a leading role to, instr ion. The

assert that Instruction broadens.the potential of development, may
faccelerate it, and may exercise ififluence not only upon tne sequence of

the stages of development of the child's thought but even upon the very "
character of the stages. The gfssians study development'in the changing
conditions of instruction, and by varying these conditiéns, they demogstrate
: how the nature ofsthe child's é\velopment changes in the process. Asii‘
result thgy are also investigating tests of giftedpness”and are using (.

elaborate dynamic; rather than static, indJces. \ , ‘ .
’ . -
» ; \ R

See The Problenr of Instruction and Developpgnt at the 18th Interﬁational

;l Compregs of Psycnolohy by M. A. Menchinskaya add G. G. %aburova, Scvetskaya
' . Pedagogika. 19672 No. 1. (English translation in Sovxet qucation, July
1967, Vel. 9, Nb. 9.) . . . ,

LI ) . ‘7 \ - -
v ' - ' .
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Psychological research has had a coneiderable effect on the -
recent Soviet literature on methods of teaching mathematdcs. Experi—
megts have ;;;;n the student's mathematical potential to- he g ter

than had peen previously assumed. Gonsequently.~Ruasian payeh gists

-

A

" have advocated the necessity of various changes in the content and | , .
‘ methoda\of mathematieal instruction and have participated in designing
\ * the’ new ggoviet mathematics eurriculum .which has been introduced during
\\\\ ( the 1967-68 academic year. - RS i_‘ . _

The aim of this series is to acquaint mathematics educators and. | \
" teachers with directiong, ideas, and accomplishments in the psychology <
of mathematical instruction in ghe Soviet {nion., This series should
assist in opening'up'avenues\of investigation tq those who are interested
in broadenipg the foundations of. their profeesion, for it is generally
recognized that experiment and research are indispensable for improvingb
content gnd methods of school mathematics. ‘

We hope that the volumes .in this series will be uaedlfor stud;, . _
discussion, and critical analysis in courses in seminars in teacher- ' gl

. training programs or in institutes for in—sernice teachers ats various

d levels. ' ST T : ’

. At present, materials have been prepared for fifteen volumes. Each
book contains .one or more articles under a general heading such as The
Learning of Mathematical Concepts, The Structure of Mathematical Abilities
and Problem Solving in Geometry. The intfoduction to each volume is
-intended to provide some background and guidance to its content.

Volumes Jd to VI.were nrepared jointly by 4he School Mathematics
Study Group and the ng%ey of Recent Bast European Mathematical Literature,
l both conducted under grants from the National Science Foundagion. When

the activities of the School Mathematics Study Group ‘ended 1 August, 1972

.
e Department of Mathematicd FEducation at the University of Georgia
undertook to assist in the edﬁing of the remaining voluméa. We express

our appreciation to the Foundation and to the many people and organizations

who contributed to the estabrlishment and continuation of the aeries. X 4; (
1] A ’ - "
. Jeremy Kilpatrick
’ , L ’ Jzaak Wirszup . B

- “ Edwafd G. Begle' . '*§~\\
) « James W. Wi%son e
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. tictl materiaiism and Communist party directives, ‘bthers are universaff

qniversal goals are of particular significance for school mathematics in the .

-school matheﬁétics in this country. Social utilitJ theory was a strong force

. problems confinues te he‘of?centzal concern for school mathematics programs -

- and s peing highlighted drtring

INTRODUCTION \
- Leglie P. Steffe . « .. : .
e | : ‘ Ajf v ) .. _ d
Gijbsh, in the paper "Principles,.Forms, and Methods of Méihematics '

Instruction," begin& with&a .statement describing goals of Soviet mathematics
s 4

tegching in 1958. While Some of the goals reflect the influence of dialee—

»
<
of particular intetrest are the. goals emphasizing the social utility of mathdv
‘ l
matical knowledge,.the ability te solve theoretical and practical problems,

F .

logical thinking, functi?:al relationships, and spatisl representation. Thesec

.

. .

\‘ _}
United States today and repres?nt forces that historically have influenced

¢ .

v .

ip school mathemsticqp circa 1920-40 and is taking on new,significance'during

.

. L l . . . B .
-the 1970's ig the face of a resurgence of emphasis on schoul mathematics : '

. T -
everyman." 'The gbility to solve theoretical and practical

.
*

(B Al

programs for

? M~

e 1970's because of forégﬂ contributing _

;to the creationhofinterdisc#ﬂinary programs for schogl children. The value
’

¢ *
of mathematicsl studies to logical thinking was emphssized' during the most

influential era of facul psychology.and is %urrently receiv ng atteatien
? W {
F 3

(albeit diffierent) with a reemphasis on child-centered scthl mathemétics

programs and accompanying psychological bases fon~é%thenatical ledrning and
reasoning, The goal concerning functional felationships and spagi¥l imagi-
. 3 - .
nation is also timely in the United StSEQE/gecause of the emphasis on trans-
" r - . i .

forgatienal)geométry andd functions in séhool\bathematfgs and the ugﬁlizstion
.“ ‘ - " ’ ] A
off functions in }he descriptions of ChildriP'S thought._; ) { .

L . ‘ xi: & . .
,. ; ‘H\ ) ' "‘. f/, *:«/ | .‘ ) .
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. The remainder of Gihsh's paper'deals with princdiples, forms, and methods
{

i

of mathematics {nstr t%on(fﬁ&en sfenciples of mathem&ticgi instruction are

- wm@' i #

e, -stated. The firstxconcefhs pupil aotivity in the classroaﬁ. Gibsh charac-

S . ° o . "’. .

teg}zes active mental wonk as//ﬁjyding independently the method .of solving

a. problem and suHStaﬂ!iAting the/way to qp!ve it (p. 5)." Thus, Gibsh T

‘o characterizes knowledgé acquired through active mental work so that it

o ..'1‘{ '
[

becomes synouymous with#khéwledge acQuired through diecovery or invention—-
P N
the solution of a problem is Recessary, according to Gibsh, £or - pwpils to

- - * - . .
become active. . . - )

-

. ‘ o . v. .
Gibsh's next three principles of néfhematics instruction are interrelated.
. F

«  <First, the basic criterion of success yfor a2 pupil's activity in mathematics

“~ - *
0

"~ 1ig the degree of consciousness the pupil shows—in'mastering the theory. 'Next,'

" . : .
,mathematlcal theory‘gan ﬁe'presented only in a strict logical sequence. Thitd,‘
. . ‘ J . ~ \'5
the teacher should imagine.pFacisely whet the afm of a lesson ié%-what'hew
. L o N _' . '
concepts it containﬁ)and what new abilities and skills the pupils should

" obtain from tpe lesson. Gibeh‘presents'exeellent examples, in mathematical
o;ntexts, of, the nieaning of consciouéf'thorough pastery of study material.
Indeed; in mathemetics education, the séudent is generally expected to
become consigous of the mdthematics he is learning. This expectation, hoheveg,
'sﬁould g:aduly tempered in 1£§ application; especially dqu;g the'éﬂﬁmentafy

¢ -

* school years. In the elementary school, hardly ever should it be expected,
for example, that a child would acqﬁire the distributivity.principle-as a

form. Rather, such prineiples should be viewed as laws which the child's :
‘. & '*
reasoning obeys in much the same way as transitivity is viewed in co/p ttvs\\\\\

«

. \Jdevelopment theory. The principle should be held as inseparab}eeffom the

cd - N - -
content being studied and should not be learned as an wdstrgct form. The
. . . -
P . ‘v xii ) . A
\ . N 3 .
¥ ' ‘ 7 '
{2 C
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i- It is generally assumed that mathemati!gl concepte go tﬁrough different o -

V..

-

w

1.

-..f"“,ﬁa\' B S

?

, egirit of the. instruction wauld be quite differenc depending on which goal

—
P -

%

~»
.

‘ ‘ome had in- miﬁd«;aasfious .mastery of: th.e material,¢ or not. T ™
P
E Even at tﬁ gaenndary schoel lgwelJ strict adherence to the principle

of cénscious mastery of materiel can lead1to unnecessary complications.‘p

" h A >

"learning stages" in i sense of stege theory in cognitive development

—~ 1 . As not all these "learning stages" involve,con ious mastery of the~ )

* L ¢ -

material; modificatien shohld'he mede of the principié to accommodate this

*

~ - 5.
_“.- - N - \

fnewer informatien. B //51_, _ A L

[N * ¢ - . @
v ; ' . o P Y

The problem of sequence in mathematical curriculum is_Yet to be satiSF

factbrily resolved. Gibsh takes the " point%%f view that "mathematics as a’

- . LAY

subject of study see cann§§ be presented without reteining ‘e compiete )
A 2
ldgical sequence (p. ll) " His argdment is predicated on. the basis that
¥ 4

mathematics 5@ a science is a well—constructed syster? of scientific facts
§

and any departure from a strict logical crganization in its presentation

would entail a,deeply rooted distortion of the subject. * The issue of

sequencing mathematical topics can be dichotomized using the product-procese
.- tdistinction. Gibsh's point of view is most consistent with those who empha-
size the Products of knowing at the expense'df the§§§ocese of Fnowing--the

.

"Gagné position.” But it i¢ a subtle matter to combine logical sequence of
# .

a subject with student performance [3}. One cannot refute Gibsh's position .

with empirical data only, however, because it entails an epistemology quite

different than that held by educators who emphasize the prétesses.of §nowig§

¢
¢

' rather than the prod\éts of knowing.

Gibsh's fourth principle is consistent with two positive contributions
r‘- . - ‘) P

made by the behavioral objectives movement in mathematics education in the

United States. These two contributions are that (1)-teachers have been

r
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conpelled to distinguish clesrly betweeh performénce objectives and instrac~ o

A}

o

‘ = [y Rt
tionalsobjectives for their students, snd (2) teschers -dre requirsd to anslyze‘

I3 » o .‘
. ,‘.‘& ., 8

thefr dsily lessons carefully. . .- Cen CNy . ‘ ‘
[ I M ' ‘. ' M - b
The remaining five principles of msthematics instruction stated by

“ -

‘. Gibsh concern obseryance Qf the scientific principle dgcessibility of
- t’

. material, use of visual aids, connection betwegn thedry dnd pracﬁicehnand

- . » .

< charactet development. Gibsh believes tﬁst the level. of’teaching mathematics

ff‘ -~ * ghould correSpond to the matpemetics as-a écienge*—definitions, axiom5° and

~

T o heorems should be’ given with impeccsble.precision, and proofs should ‘be -

* conducted as rigorously as possible. In’ the bbservange of the scientific ' 45;

. o )
.pndnciple, Gibsh states that Q&\proof that ip not rigorbus, insufficiently

substantiated, gives the pupils only surfece knowledge .....'Fscts that
. & ’.
‘cannot yet be proved j.. should be accepted without proof (p 19) Such .

- . 'y ‘l

a

a rigorous adherence to ther;;ientific principle precludes justification _ e
. v .‘ N s
'(ur proofs") not based on an axiomstic method. Certainly, one negd not

or .

+ 1insist on axiomatic method ii school msthe tics to create convincing

v

.

¥

arguments for 11s [4] . ¢ 5&* : '
r encs 183 . s ¢ . . .
& pup . r&i T,

Gibsh takes the position that mathematics csn be made more sccessible/ o

&

through the use of visual aids in instruction. InstructiOn is visual "if it

is based on the pupils' direet perteption of objects +.. by. their sense organs
(p. '29) " *As an example of visual instruction, Giﬁsh believes that a “child
finally grésps the toncept of the mpumber '"five" only after repested observa—

) tions of groups oftnmogeneous objects appearing as concrete representatives

of this number "five," images accessible to direct perception (p. 29)." For-

~mation of a stogk'of static images of homogeneous groups of five certainly -
S . ', '
aids a child in "knowing" five, but dées not account for the mental operations
. _.'( A
xiv

; )
8 o s
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‘ known that children are able to recognize collect

_ pumber.

-.science programs and the creation of school
- v

. ) Y
] . - " . "

. - Y |
performed on those images—-operations which . enabie

e child to think of .
ve <
five simuhtaneously as five and for example, one

d four. Tt 'is ‘well
J .. )

s c:&oqu?ts up to
'(snd often) including fiv% but, yet, display an 1 ahility té solve the y : Y

~

- .

theory and practice is _

¥

Gibsh's insistence on a connection’ betwe

consistent”with the'interdisciplinery approec to school mathematics and

thematics programs for N
A

"everyman." Those mathematics educators “int ested.in these . issues will

]

certeinly fipd reinforcement in this priﬁcip e. ~;‘{ R

lhree forms of mathematics instruction and three" metho of mathematics

- Y

A Y
ipstruction are also discussed. The “fiorms are whe heurietic form, the labora-

. .

tory form, and the lecture form. The heuristic form of instruction oonsists

' t

of a seguential System of expediently composed and distributed questions to

&hich pupils given answers within thelr capacity ...(p. 40)." This degcrip~

\,
- . -

tion is reminiscent of"aoguided discuyery technique of instruction as poihted |

&

out by Gagne“[2] in the lea&ning of principles. Whether one would encounter

the heuristic form of instruction in its pure ferm in dactual pracgice-is not

>

certain because it requires the pupils to answer‘successfully the questions

p
.

posed—--a highly unlikely event. It'is, however, an ideal form of instruction

*

toward which a teacher can strive, givep knowledge of it. " ' .

The laboratory form of instruetion, as outlined by Gibsh includes the -
solution of examples and problems during class, execution of graphic‘exer—_
cises, execution of measuringf:asks, and the execution of model:making tasks.

. R .
The 1aborator§ fo;; is based on the use‘e{:visuel aids. While no mentionlis
made of psychological theory usuelly taken'as a bese for the laboratory form

of instruction, the points made in its- use are'cogeﬁt-especially the use
. }

e - 5 ; i
[ .
. i‘ e
P |

|
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kfof nodel- ihg ‘tasks., These tasks are‘reminiscent of D enes"[lj stage of "

~

oinstruction in"the secondary school. The inductive method is Separated into
. ‘ ’ ' &

-

.
. . . R
I . N t #

. N - ‘ - »\ )

t

represantation f% mathematieal learning . C R
‘ . ~ a £
_The methods of mathematigs instrucﬁion are distinguished from the’ -

.

forms“ of ‘mathe/n’atics thetior{ in that the former adheres to methods of
snieiﬁific investigation. The methods desorib.ﬁ are theQAnalytic-Synthetie,'
the Inductive, and the Dedujiive. : The Analytie—Synthetie method resem es
Eolya s heuristics and cah(b“ut\lized profitably, esgeci;lly in mathematical .

) _ .

. X . Y
two parts, incomplete fnduction and complete induction. The.diffefence .
reside§3in the. number of observations made.v“ﬁhe deductive method consists

in appiying deductive reasoning to establish the truth -of ptopositions. *
| ST ¢

‘Maslova and Semushin, in the paper "Phe Relation Between Mathematics Insbruetion

‘and Life,' concentrate on ohe of the ten principles of mathematics instryction

- A

B ',«‘ i ) Toa
for ' everyman." Whi}e,this paper falls short in specification of the content .

-
‘e

]
and methods necessary in school mathepatics to enable an Peducated citizen to
Ty
use mathematics in his everyday life, useful suggestions are made., Through-

out mathematics instrudtion, the teacher m st show how mathematics reflects
the real world; develop pupils' agbiljities and skigls essential in everyday T .

. Wy ¥
life and in socially useful, productive work; establish a close connection

bétweenémethods used in problem eolving'in school and};hose in industry; and

develop pupilsf ability to give mathematical form to practical problems.
Gibsh, in the paper " The Pupil's Activity as aWecessary Cdndition for Improving

the Quality of Inst}uetion;'elaborates on toptcs presented in his previous

- : , ‘ N
paper in this volume. Of particular interest is his assertion that, whenever

possible%éeach topic of the school mathematics course should begin with a

-

statement of the fundamental question to be answered fherein. This statément .

of the fundamental question is reminiscent of Ausubel's advance organizers,
-~ L] ’ .

-~

even t;?pgh it does not have all of.the same characteristics. As such, it is’

xvi ~f t;
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.an ino?resting classroom procedurelnhose utility could be ascertained through

- \ - * .
experimentetion. Other'topics receiving elaboration are: the heuristic

,method‘of instruction, the teacngr s role- in developing the pupil's sbility

-

.7
\

to find methods of solving problems independently,,independent egecution of

.

exercises by‘the pupils, and &aboratory work for the pupils.

B »

Moro, in his paper ""Indépendent Work for Pupils in Arithmetic Lessons

-~
*

in the %}ementary Grades," offers,e classification of ifgils' indepsddent
-~ R

- .
-

3

work based on olggsroom obsérvations and a juxtsposition of variqps theoretical

.
T e *

.points of view. The first class of independent work identified is based on

rd *

the criterion of the pedegogical aim of the independent tasks. Here,.two .

[l

basic groups of tasks were identified-—instructive tasks and ol cking tasks. .

The second class of independent work idengified i ased oa-ﬁhe riterion of

the nature of the activity demanded of the pupils: Imitstive activities,
independent application of knowledge and skills acquiréd earlier with

teacher guldance byt where the object of applicatign is distindt from that

_WQrked'on in the acquisition of the knowledge-and skills to be applied, and

creative tasks where the child¥en must pose the question ‘and Seek ways of

2

solutian‘. 2\? thind class of independent work 1is based on the criterion of

the curriculum material on which work 1s done--e.g., concept formation .tasks,
. ‘ 15, . i _

problem-solying tasks, or.praotical work. . ' " ,
I H FE \

Moro, then, views independent work more broadly than does Gibsh. 1In
}act, Gibsh's conception of independent work can be catégori;ed under the
second class of independent work identified by Moro. Mero's distinction'
between work that is or is not indepéndent is based mainly on whether the
work 1s done withont teacher guidance or with teacher éuidance, respectively.

»
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) ’
\ Teachers of elementary schpol mathemsg ica as well as methodologists

N

f will find Moro s manuscript particularg~ valuable because of the zich. énd

detailed examples of ways of condu ‘ing pupils' .independent work Long

r
[
[

(expcaitigns, with many examples,;aré'given ccncerning teaching new material

through independent work. .T-Jics covered include assignmepts for indepen—

-

N * dent éork including instr.fting children in prcblem solving, independent
- !

tasks of a practical gkure, a ayatem for conducting children s independent

A

Ve
rWDrk and indhpende-” work for the first twg‘grades hy tcpic. While-the

" -

. ma&erial 1sf some S:t dg&gd, it is still relevant te-the c:itical prcbIem

L] . I

r . : - :
;of ingividuél ng inatruction faced By‘the\elementary schcpls; Too eften,
- ‘/ " . " ,Q . ’ .. ¢ \_ , . .

¥  computerize 'agerial systems of individualizing instruction do uot ‘Bhow
+

: \operatio%ll‘ evidence ef & thoughtful analyeis o{ hildren s independent
wgrk a of a balxnce bétween activities directed or not directed by the

““teacliler. For the ‘large share of schools not operating on a computer ‘,.

a

maﬁaged systen of instruction, the analysis of independent work. given by

¢ ¢

, cre isvtimely. Certainly, it ought‘gﬁ\etimulate teachera and supervisors

of mathematics to conduct a careful analysia of their daily teaching activi—

ties, creating an appropriate balﬁnce ﬁetween indépendent and ponindependént,_m

Qork—~and between the varipus types.of independent wos§§~expected of students.

. N »
. +

! sﬁ . & - ,
. ‘ 8 ¢
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- PRINCIFLES, FORMS, AND METHODS OF MATHFMATIGS INSTRUCTION* P
. , B I Av Gibsh Cf C .
. . . . ' . " -t v . . ' . ‘ﬁ.
The Subject and Methodological Problems of Teaching Mathematics : . ; '

-The Party directives conc rning the school which'determine ‘the
content and directions of all S

for the teaching of the igdividual disciplines,
Aty esent mathematics teaching in the Soviet g neral edu#ation .school '

oviet edq‘ation,\have formed the basis ' N

e
including mathematics. -

has th following taaks L ¢ < ~
L 1. * To commundcdte,to -the pupils the knowledga abflities and skills
" “that ‘constitutes the bases of mathematical science aﬁd “haye the most, .- ')‘.
" educatiochal and practiCal value? B ~ e k . - '; "‘j(/\‘
2. . To develoinn the pupils a dialectical materi&list world-view .
during the instruction process. e ) v S . B
3. To’ develop each- pupil s ability t1 preaent mathematically a 'f£;\‘

problem concerning the quantitative and spatial relationships of the

[

real world and to apply thé acquired knowledge and skills for an inde-
" pendent solution of the problem. Co T\_ ' L
t |

‘ 4. To elarify, as ‘thoroughly 3gs possible, the contentdbf\g '
- school mathematics course, primarily the idea of functiomal rel tionship,

and to develop the pupile' spatigl conceptions and a liVely spatial

imagination, whi®h they must have for study of geometry andtof the -
many related suggects, as well as for the d;se&opment of their»practical ‘
activity. N . .

5. To make the pypils' acquired mathematical knowledge nd skills
an {nstrument for solving the problems of practical:living. )

6. To establish skills in logical thinking and properly (logi- N
cally and grammatically) gonstructed speech. . B

7. To inculcate, in‘every way possible, in mathematics lessons
(a) Soviet patyiotism and national pride; (b) enthusiasm for science;
{¢) the ability to }ersevcre in overcoming difficulties; (d) operating

,systematically; the habit of self-checking, attention, and accuracy in.

doing .any kind of assignments.
!2 .

Y *From Proceed&ngs [Tzvestiya] of the Academy of Pedagogical Sciences

of the RSFSR,' 1958, Vol. 92 , pp. 95-148. " Translated by David Az Henderson
.and| Joan W. Teller. .

1 \/ f\ i :
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" - Let us examine eack of these. C ) , C‘ T
1. Above all, Sbvieé\eddeetion, as distinct from pre—revolutionary
L] N ,
education, has isolated three aims which should be pursued by school .

i

ig;ﬁiuction~—— the pupil should acquire not only knowledge in the subject, .

but abil tiesiand‘habits as well. That is, his theoretical knpwledge shqgld <

be inseparahle from practice, supplementing and reinforcing it. This ‘

bdsic requirement is dictated by methodologicel and educational consider- §~
) aﬁions and corresponds directly to: tﬁe esse‘?e of polytechnic instruction. .

. s 2. The only . true\science is that whiéh realisticalfg describes and .
1lluminates our environmegt, a science does this only if it is based on .
.a materialist world-vie¥, - A proper explanat®a of natural phenomena / "
capnot help being gbased 'on a materialistic perception of them, therefore,

. the proper teasskfg of “the natnral sciences, among which is mathematics,‘l
* is organically nhected-with the.process of ‘develdping a puxely scientif-
| .ic, terialist world—view, hicH'is the basgs for all training that
the pupils acquire in school and which will guide them in their further’
theoretical and practiqﬁlgactivity. O
33 Arithmetic, algebra, and trigonometry’ provide a powerful means
s for solving and investigating a great number of theoretical and especially C.
practical problems. Many theoretical and practical problems may be solved
and investigated by composing and solving equations and iﬂequalities and
systems of equations and inequalities, which express analytically the
conddtions of the corresponding problem. Mastery of the method of equationsr
as we may‘call this means of resolving and investigating mathematical 4
problems, ig one of the most important ipdices of the level and depth of
,‘s the pupil's mathematical knowledge and, to an even greater degree, of his

bility to apply this knowledge in practice, which constitutes’ the most

i) vlggential element of polytechnic education. ,
;' ) "A eometry also;afE:;ds the pupil activ means of solving a éreat
\ ’,: number; of. problems connected with man's practical activity. We must _
’ acktto‘;df‘gé that an seven higher mathematicdl development, an ability to -
o ‘use initiative, and a capacity for elementary creativity are required in
_ this field. |, ) . L . R
Ve . 4. The Soviet methodology of teaching mathematics requires that this

instruction be profoundly interesting, that it.reveal fully and comprehen-

slvely each concept in the mathematics course. Only such instruction can p




1 -

- ‘ @

l,I : 'o. * - . +

furly effect a conscious snd'thoro ugh mastery of the material, snd

this is one of the most important Criteria of the puptl's methemsticel

(4
-enlightenment in our Soviet interpretetion*of(the wqu. ‘ T
f the bagic ideas *of "the school mathematics coursd, first plsce -

sho \ be given to presenting ‘the idea ef funcggénal reletionshilJ qhich
v

is th best hﬁpression of the essence of mathematics as’a science’
concerned with the diglectic aspect of the quentitative and Fpetial

4 r

gelationShipe of the’ real world.

-

Using the method of equations and the idea of funetionsl relation— )

-ship makes it pqssible to study_the quaptitative reletinnshipe of reality '

in their.ifstic and dynamic states. .And in these forme, the spstiel. -
relstienehips of reality should be studied ‘as the teacher works on
developing proper spetisl conceptions and a lively Spatial imaginetion ‘v
in the pupils. Mastery OE spatial conceptions and .the presence of a

spatial imsgination are another eriterion of the pupil's m!Ehemstical

&

..

endigptegment. : : e 2¢¢1_

.

5. It has'already been shown, in examining the first requirement
above, that the mathematics education of the middle-school graduate
should consist bfnthe knowledge, egil\ties and skills he has ac&uired.
This requirement*must be considered in, all of its .dmplications. - .-

. Confronting ‘the. methodology of teeching mathematics is the problem,
of finding‘ways to ‘conduct practical mathematical setivities whieh would
most closely epproseh life, the real environment that ewsits the schoel

. gteduete. In particular, this woerk can be more successful if the pupil,
after having found a theoretical solution to a problem, Is able, as they
say, to reduee it to a number,to:pfesent it finslly in numerical form
with the proper degree of accuracy, and, if needed, in a visual form, -

using diagrams or graphs. For acquiring this knowledge, the pupil must

~ have skill in msing computing instruments (the arithmometer, the slide

rule) and various taples, as well as in obtaining appropriate information
f m approximate calculation. It goes without saying that a pefson who
is solving practical problems should have a firm knowledge of mathe-

" matics, at a sufficien@ level of development,.

' 6. . The distinguishing and determining feature of the Soviet school
Ais that its guiding principle is the training, of people who have the best

.

trait®of Soviet man-—the builder of a communist society. This man shﬂ<ld

. . ) -
,& ] '4
3 .
. .

%
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7 ‘ . » be Histinguished by his initiative, hisfsbiiity‘for_a creative!soluticn_

v ‘ef problems, and his habits of 1ogica§rthinki . Prhperly and delib-
erately -organized mathematic;\i“ truction gives the teacher the greatest.

N opportunities for training persons.of this type, and although teachers.in v
all disd¢iplines are working toward this goal,‘ the bes\, most advantageous
position is.held by the teacher of mathematics*—a subject in which'
initiative and credtive abilities ang the application of 1o$ical_thinking -
are often crucial. . : 1 ¢ L ‘

i 7. The same c;;ception of each memher of our Soviet society eﬁ,t'
m;n who participates actively in all the diverse and multifaceted operations

" of a nation obliges the schosl to train in his progeny these. mo¥al quaii:

) "ties that are needed in life, 1isted above. : ; L

This survey of problems, which.face mathematics teaching 4n the -7
,} *Soviet sqhool, givesa certain notion of the’ scope snd nature of the

problems constituting the subject-matter and’ content of the méthodology

, of teaching mathematics. ' ‘ - gﬁ ) .

The methodology of teaching mathematics, stemming ‘from the general
(’theory established by the Soviet school, establishes what principles
should underlie mathematics instruction in the Soviet school, what forms
this instryction should take, and by what methods it should be realized.

. The essence and content of the methodology of teaching mathematics

., as a science 1s wholly dete;mined by the essence and content of the
problems facing the school in mathematics instruction.

Using the definition established by Soviet education, one may)
characteriﬁe the Soviet methodolo&y of mathematiqs teaching having thege
points as its subject of study: (1) a communistic upbrinping of .the

~ ’ pupils during thedir instruction in the schcol course in mathematics;
(2) instructiof in the school mathematics course, i.e., the communicdtion.

B of knowledge, abilities, and skills in mathematics to thejpupils; (53\

s training of the pupils in the fieid‘of mathematics, i.e., attaining,
with the eid of instruction, that level of deveiopment of the pupils imn
'mathematics which would afford the ﬂiddle school graduate an opportunity

to be successful in his chosen vocation. .
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“‘5 ‘ Principles gﬁ_Mathematicg_Instruction o : fé'
Pupil Activity-in Class SR ;oA

One of the most essential requirements for- facilitating the ipproveh
ment of tha.quality;nf instruction 1is the awakening of th%,pupils ¢

interest and activity. Thenptate of° activity, as contrasted with passiv—‘

ity, occurs when the pupils exert®a certain mental tension, a csrtain

¢ . . . > #
effort of thought, difected at solming a problem assigned to them., ThéQ
pnpil s will, which forces him to. think over” the’ proposed questions,

takes part in this operation. The more intaéesting the problem, the

more satisfactien the pupils who perform such thinking have, ‘and the more

successfully they move along in solving it. It is obvious that knowledge

’

acquireé by’active mental work (finding independently the method of
solving a problem and substantiating the way to solve it) is the
soundest. Facts thus establiShed can always be repraguced, and the
methods of argument and, the conclusions arrived at by the pupil in:
solving one problem can be applied in solving other- problems.

Thef§teacher has several means of making the'class participatqh she
major ones of which are discussed below. .

1. The exposition of each chapter and, where possible, each topic,
of the mathematics course should begin with a statement of the question.

+ This statement serves as a short introduction, a preamble to the chapter.®

It establishes a connection with previous material and explains the basic’

aim“ the topic or problem to be solved. This introduction gives a »
-pergpective to the listeners, ‘it awakens an interest in solving the
problem and eften outlines general ways of solving it. Here are some
examples: A ] " '

a. The introduction of fradtional ahd negative numbers makaes it
necessary to increase the stock of aumbers, since the "old" numbers are

igsufficent for expressing tﬁe result of measuring quantities not con-

. taining the unit of measurement an integral number of times and the

result of measuring directed quantities. Thisi\ame idea must guide the
sstablishment of the concept ofeirrational and imaginary numbers.

b. The concept of direct and invétse proportion can be established
by isolating the essentigl properties ("it is increased or decreased
§g~sg__a_z_tigg§f) that distinguish this type of functional relationship

~

from other t}bes. ‘ Y -

L3

-
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T e v - o
. c. The 1e can be /d’istingu'ished from cherkpolygona by ’

its rigidi’ty; e gem;ietric expre n!og this..propgrty is thf fact( ‘/ﬂ .
. that frof the gorre ing.‘ equality of tﬁe.aider of two triangles‘, .
o _ *one can derive the corresponﬁing equality ofxthe angles. The Question
of«the possibility of the qonverse‘leads to the idea of siqilarity
d. __The pupils wsdn be familiarieéd with the ideaé of symmetry 7, ,
' proportidn, and similarity by bbginning with the)examination of ‘objects | 3'
in nature (leavee,of trees, flower petals, etc.) and of the most nearly
perfect productigns of afchitecture; paintﬁ?g& anﬁ scufﬁ%bre. T N
‘e. Properties of the circle may be ikblated by ‘comparing it with *
a straight line, whicb has bath sipilar aﬂﬁ sb&i%ly distinguishingr L
~ characteristi-cs. . Even familiarizing the pupils uperficially with oﬁ‘le&‘
plane curves (the elldpse, .parabola, hyperbola, sine curve, iral)

and, perhapa, spatial ones (fof instance, ~ehe helix) produges animation .

.

~

and variety . ,' . _ " . .
a f. In approaching the cogcept of- the second-degree equation (and *
equations of higher degrees yn general), one may direct the pupils .
] ‘attention to the fact that the simplesat equaﬁlon, whose * roota may beJ/

. Jom

indicated by the number a and 8, has the form (x-a)(x - B) = 0, 1.
the form x2 - &+ B),x + qa = (0. The quegtion-arises whether- it
is possible to maintain that, conversely, every equation of the type *
ad? + bx + ¢ = 0 has two roq&a,__s I : . A
g. The unit "Metric Relations in the Triangle" contains the’
©  ‘presentation and golution of the. problem of anaryﬁically (as distinct a
from graphically)ffinding somgé elements of a triangle, given its other

elements A number of facts which manifest the$exiatence of a functional

I

relationship among elements of a triangle (features of the congruence of
triangles) may be replaced by facts expressing this relationshipz N
analytically. . ) ’ s
H; General properties of the exnonential function should be a

. generalization of the progperties of the exponent with a positive base
and exponents which are positive integers already established in arith-
metic: "In raising a proper or an improper fraction to a power with an
exponent which is a positive integer, it remains respectively\proper or

improper'; 'If the base is a fraction that is proper (imprgper, distinct
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" Afron;one),-with an increase of the exponent the fraction is decreased
(increased)." ' ’
“' 1. The unit.on the circumference and the area of a circle (in the
ninth grade) may be begun with- some brief informstidn on Archimedes and

“his work in wH‘ch he uses the "method of exhaustion." ~ « ™
?f”. j. ’The introduction of: the complex mmbets in the form of a: pair )
- of real numbers can be givei%hagurally to the pupids in passing from the

- number axis, each point of which is in corresponden:e with a definite

rear number, to the plane, on which a given systenm of rectangular )

o coordinate axes has a definite pair of real numbers corresponding to ;- -
4 each of its points. . ' o ' K .
'k. . The trensition/f;om the geometric arc and the geometric angle o
. to thé directed arc and the directed angle in the trigonometry course .
may be made amalogously with the transzaﬁon from the geometric segment
to the vector placed on the axis. '

. 2. The unit on "Similarity of Figures" can be begun by more
accuratply defining similar figures having identical shape but diffprent
dimensions,which were originally described in the sixth and sevent
grdﬁes. Later, with the aid of construction (by hand), ‘the pupira become
convinced that the corresponding equality qf the angles of two polygons

" generally (where n > 3) does not involve the proportionality of the sidés.
Finally, they can examine figuyres that are exceptional in this respect—
triangles—-and establish conditigns,of their similarity, from which two
theorems, formulated as direct. and inverse theorems, express the above
relationship between the equality of corresponding angles and the pro-
poftionality of the sides of triangles. ,

2., The greatest success in animating the class nay be obtained by
,conducting the instruction according to the analycic—synthetic method,
which deménds thorough preliminary work and. craftsmanship of the teacher.
The detailed outline of the individual topics of the course, assuming
it is, done" ccordiné to the analytic-synthqtic method, is a difficult but .
quite interxesting pro%lem which must be solved by “the teacher in his
daily creative work. Each such outline should contain a whole system of
problems which the teacher has to ask the pupils; the solution of each )
problem should be complete and comprehensive, and should involve the class ,
to the utmost. Examples of outlines such as these are given.in the section

- on the anatytfic-synthetlc method, pages 54-67.
. | : Vo7 . ,

Y



, . ) - .
o g
. ‘, .
» ey o
a . .
. ) \\_‘
l“

3. A state of necessary activity facilitates the pupils' inde-

pendent completion of the mathemstics‘assignments in class and at home.
The teacher should therefore see that the pupil is forced to seek out,
as'often as possible, the solution of theoretical and practical questions

(examples,,problems) independentlz, applying all his efforts and doing

determined mental Wbrk without leaning on the urgings of the teacher,l
who mistakenly considers them a .useful "help' for the pupil. This

does not megn, finally, that the pupil should be deprived of the teacher 8

general guidance in his independent solution of the problems assigned to
o o -

him- ) : . ®

The Pupil's Conscious and Firm Mastery of the Study Material

The basic criterion for the success of the pupil's activities in

mathematics is the degree of consciousness he shows in mastering theory

~and in doing exercises. What is meant by a conscious, thorough mastery

of the study material? Let us examine some examples.

Example 1. The unit on parallelograms is begun with4§,j§i@nition

of the term "parallelogram,"” .i.e., the term '‘parallelogram' replaces,

. according to agreement, the words "2 convex quadrangle whose opposing

»

ﬁideé are mutually parallel (property d)." This property is established |

in the presence of a convex quadrangle by agreement. It {s then

" established that if the quadrangle has property a, it also has other

Ay

properties 8,§r, and 8, relating to its sides, angles, and diagonals.

&
A question then arises. "Is the converse applicable——do each of the

/;Bneperties 8, v, O entail property a?" It turns out that they do.
h

of tle properties By, ¥ » §, therefore, tan\Qe taken as equivalent
to o as the property defining the parallelogram, lhe properties '
B,y » ¢ are then conditions by which one may concluge\whether a convex
quadrangle is a parallelogram. The precise understanding rof this role
of properties B, ¥s 6 and their relation to property a-would wholly
determine conscious mastery of the topic. These ideas relate not only
toithe unit on parallelograms;‘of course, but to many others.

~ Example 2. Having thoroughly..studied the unit on measurement of

segments (magnitudes), the pupil should answer the follpwing questions

completely and with substantiation: (a) Do segments A = &.7 cm. and

. B = 8.3 cm. hsg; a common measure? What is it? (b) Segment A is equal to



~

%-of segment B. Find the greétest common measure of these segments, )

(c) Segment A is equal %o ;g-of segment B. What number will be used

tn.express the result of a decimal measurement of segment A by segment
B? (d) The same question .in relation te segments'A and B, linked by

the equation A = i; or A= %B (e) Under what’ circumstances will the

result of measuring a segment be expressed by a ratidmal number? By an

AN

-

.irnetional.numbe;? Why?
Each topic that the class undertakes should be thoroughly thought

" out by tﬁebteacher, and analyzed by him with regard to various aspects-—“
what itg aims and basic content are; what the connection between this

topic A?n the previous material is; how the ideas of previous material

can be used to present the current topic as aanatural [development of

ideas that ‘are already familiar to the pupil§}F§6% to isolate from the
tonic being studied ‘all its essential elements.whicn wholly define its
content- I ‘ o

ﬁ§amgle'3. When beginning the exposition of the unit on second-

degree equations, the teacher should review with the pupils all information
concerning’A?e basic concepts of first-degree equations and, using them -
skillfully, should make the pupils understand new concepts and facts
concerning the unit on second-degree equations. The teacher should

explain that the con@ept of the equation and'its root and the plan for
solving an equation remain unchanged, but that the second—degree equation
differs from the first-degree equation by the number of roots and the

means of solution. If the teacher begins the exposition of this topic
*by asking the pupils to write an equAtion which would have the numbers

3 and 5 as its roots, and ‘then leads them to the idea that this require—
ment would be satis&ied by the equation (x -3) (x~-35) =0, which could . *
be transformed to x2 ~ 8x + 15 = 0, then ft would be natural to ask’
.whether any equation of tHe type x2 + px + ¢ = 0 has two roots, ann how *~
they can be found. It should seem completely reasonable to the pupils
that this question is equivalent to the question whether any trinomiai

of the type x2-+;n{ﬁ-q can be represented as\the product of two factors
that are linearly related to the unknown x. Further arguments establish
that such factoring can be done only ifznz - &q >.0 Tt method of
presenting ‘the “topic completely develops the basic idea that the roots of

an integral rational second-degree function can be found if this function

A



- 1s decomposible into linear fact rs. , . - .
. , If the pupil grasps tRis Jasic idea fufixithe has mastered the topic
with sufficient awarenest and will be able, with that awareness, to go on

- to solvie analogous questiond.in his future solution of equatigns of
) -\ -~ ' o
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higher degrees. -~
Example ﬁ,.‘from geomatry Qe-know\that a triangle is defined by
‘three of 1its independeﬁt elements, of which at leastone is lineat.
Therefote, beginning the unit "Metric Rgldtions in the Triangle"
(mentioned in example g in the section "Pupil Activity in Class"j,
the teacher can bring to the pupils' attention the fact that to determine
the length of any side of a right tria gle,.ic is eﬁough to know the
length of 1its §ther two sides, with wh ch the lengih of the unknown side
can be connectéd in one‘equation. This lesson and the next are in the
chapter which takes up the problem of finding this equation, this relation.
The relation expressing the Pythagorean theorem is this kind of equation;
In the scalene tfiangIe, if we proceed from geometric conside;ations, it
is not'enougﬁ to know two sides, and, as can be seen from the very method .
of finding'ihe square of tﬁe third side, another element must ba given—
the projection of one of the given sides onto the other. This projection
- ig>subsequentlx replaced by the product of the g!ﬂe by the cosine of
the angle enclosed by the two sides. ‘ . o
Thus, the ability to obtain some metric relation and even a whole ‘!!
system of these gelations cannot be considered as.suffis}ent consclous
mastery of a toplc. It 1s necessary that the pupil recognize the whole
problem—~that he begin from some substantiated foresight and thdnk
purposefully. Even before inferring the Pythagorean theorem he should ~
. .be aware that knowing the lengths of two-legs of a right triangle makes
it entirely possible to find thé “ength 'of the hypotenuse. In exactly
the same way, before concluding the formula for the équare of a si@e of
a triangle, he should realize that iﬁowing Fhé lengths of two sddes of
a triangle is not enough, that another element 1s needed. ‘
It goes without saying thgt the teacher can demand of the pupil.a~
cogpletely conscious mastery of the study material only if the lessons ™

develop, with enough thoroughness and depth, all the factual and
¢

« ) ’ d

0~

conceptual content of this material.’
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1if, however, the teachgr knows how to present a'mathematical. fact,‘
not by itaelf but as a paxt of a thain of organically interrelated
facts, he has the right to ssume that the pupil tod will gradually

learn and subsequently will be in a position to approach the study and

A

. ’

~analysis of mathematical thegry.
Soviet teachers have long known that if a topic is to be thoroughly
revealed one must pose a system of questions on the topic to the pu 11s

.

that elucidate the essence of the concepts and facts contained in the

;‘ topic. They also know that it is especially important that these questions

train the pypils tq ‘draw indegendent conclusions from the theory they
have learned and to apply it on thgir own as they solve simple theoret-.
ical ’ and practical questions. N . /

-

. - &

The Systematic Nature of Presentikg,and Mastering the Material
1. Mathematics as a gcierce is a well-constructed sgstem of

o *

"scientific facts whose theory may be preaented only in a strict logical
sequence. Mathematics as a subjebt of study 1ikgwise cannot be présented
without retaining the basic requirement~;the observance of complete , "
logical sequence. Disturbing this requirement would.entail not only di-
gressing from th; scientific principle buit-also such a deeply rooted
distortion of the subject that it would simply cease to be a suﬁject of
study. The school mathematics course should be a strictly contained :
'system of information frdm the field of mathematics. It would be unthink-
able to study or to teach a §coool mathematics course in which, for
instance,‘terms would be uséd before being defined, in which one had
to make references to still unprovedxprgpositions tq prove a hypothesis,
and so forth. A carefully thought-out'curriculum and a soitable textoook
save the systematic nature of the teacher's presentation of the matha—
matics course from this type of distortion. The defacts that might appear
in the curriculum and theaqoxtbook would, of course, be noted and elimi-
nated in due‘course. . , '

2. The teacher who attempts to be systematic iﬁ%%he construction of

+ a method of teaching a section or unit of the course finds himself in a
different position. To. achieve his aim he.has to think out and prepare
(a) a system of the distribution of all the material relative to the
section or unit; (b) a system of questions that he will have tq ask when

[§
\ .
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presenting the new material and when reviewing and expanding it; (c)
a system of exercises for the pupils to do in class énd at home. The
result of the teacher’s work will be systematic if he finds a proper.
order ang'logical sequence of ideas such that each new ideg is ﬁrepared
néturaliy and follqws‘from the preéeding one, and if the questions and
exercises are arranged in a definite sequence. The teacher, as he
elaborates the topic methodically on his own, will have to work hard at
first, but later he will have only to make some corrections and improve4 '
ments on the basis of his experience. If his selection of a system of
exercises is helped by good workbooks with problems and examples, he
achieves a systematic teaching.of theory based primarily on his own .
knowledge and experience. éu; the element éf creativity in this work ‘”
will éive him great satisfaction énd inner ioy.

.3. A gdst carefully planned systématic presentation of the material
is utterly necessary for the pupils to master new material consciously
and thoroughly. Only gradually, in a definite system effecting strati-
ficatlcn, by adding new knowledge to previous logically and organically
related/knowledgé, can ;‘sufficient'mastery of 5 subject be ensured.
The pupil shoyld use what is acquired, recognized, and known as a sis
for understanding new métérial.‘ In understanding newly mastered maﬁarial,
his thought seeksAanangies; examples‘for generalizations, sources of the‘
appearance of new facts, and methods of substantiatiné them.’

.Analysis of the reasons for the pupils' lack of camérehension of -

' some concepts or facts in a theory often leads to thersQnclusion that in

“learning these facts, the pupils did not observe t systeﬁ}’éhat se—

quence which is the only ong permitted and regular in a given case, and
whose destruction could not hélp bringing the pupils to 2 misunderstand-
ing of theory.and to vagueness in their minds.

i The systematic structure of the material to be presented should also

take inte ésﬁsideration all the psychological and logical elements of the

" process of the pupils' mastery of new material. Here are some examples.

Example 1. For the unit on "Similar Triangles," the teacher can

prepare the following plan.
a. Similarity: Observed in nature (leaves of trees, petals of
flowers, the wings of butterflies of one species); observed in archi-

tecture (the plan of the facade of a building and the facade itself);
, 5 h
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observed in surveying lefﬁl(the map of a locality and the locality
itself); obtained through photography, etc. :
b. Establishing the first definition: "Two-rect§i&near figures
ff

-are called similar if they have an identical form but erent dimen-

W

+

sions.ﬁ . ' '
¢ . -
C. 'kaking this definition more precise: For identity of form
both figures must have the same number of sides and angleslénd corres-
pondingly equal angles; the fulfillment of this conddition alone is
not enough, however--copplete idenfity of form exists only if the sides
of one polygon are proportional Lo the sides of the ather.

d. Establishing the method of constructing the conditions to prove
that the. corresponding equality of the angles of two quadrangles, penta-
gons, and in general, figures of 5 sides where n > 3, does not entail the
proportionality ef the sides. It suffices to draw an arbitrary pentagon
ABCDE, draw'frqp some point A' in the plane the segment A'B' parallel to
side AB and equal to, say,-% of side AB, then from point B' the segment
B'C! parallel to side BC and equal to, say, %—of side BC, and finally,
from point C' the segment C'D' parallel to side CD and equal to, say
%-of side CD. If, we then draw half-lines D'E‘ ane A'E' from points D'
and A" so they are parallel to sides DE and AE respectively, until they
intersect each other at point E', a pentagon A'B'C'D'E' is obtained whose -
angles are cofrespondingly equal to the angles of "gentagon ABCDE, but

'whose sides are not proportional to the sides of thi%bpentagon; gince
A!Bf .,L . B' ] . E' C'D/’\-\é N
AB 2’ 3 CD 4 ° -

The pupils should notice that whenever the given polygon has five

sides, the corre8pondihg lengths of only three sides of polygon A'B'C'D'E'
may be made to order, since the lengths of the last two sides w@ll already

\be determined by their direction.

. A simila? sltuation may be observed in Lonst;ucting a quadrangle .
A\B'C'D' whose angles are correspondingly equal to the angles of a giwven
quadrangle ABCD, but whose sides are not proportional to the sides of °
thisd quadrangle; again it appears that we cannot specify the lengths of ’
the Rast two sides. ' ' ' |

, A different conclusion must be drawn when using the same method
N o .
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to construct triangle A'B'C' whose ansles are correspondingly equal to

.the angles of a given triangle, 'ABC. In\this case, after having specified

: the length of side A B', we have to limit\ourselves to this, since the\

¢

lengths of sides B'C'.and A'C' are already étermined by their direction,
and the point C' will appear as the point of\§n£§rsection of the half—

lines B'C' and A'C'. . \; B ,

f. The question arises whether the lengths\og ihe sides of triangles
ABC and A'B'C' stand in some mutual relatiomship. i Ehe\theoreﬁ is given

* RN
\

and proved. ‘ . PR "
Theorem 1. If the angleé of .one triongie are EorréSpondingly
equal to the . angles of another triangle, then the sides of these

triangles are proportional .

.« .+ g. Having written theorem 1 in the form ' K
. ‘ ’ \'l\\
LA' = ZA, <4B' = <B v
A'B' B'C' AfC' \

2 * s
"AB BC ac -’ ) b

the teacher directs the pupil's attention to the fact that the condition

of this theorem consist of two independent relations ‘and that from this _f

system of relatipns there follows each of the two independent relations
included by the theofem, so that the theorem has esgsentially two con-
.cluéions. Under the teacher's guidance, the pupils should compose a.

formula and prove the two inverse theorems..

. A'B' A'C'
. é ! = é 3 =
Theorem 2. A A AR AC R ,
ZLB' = £B ?. ' \
‘ﬂ'.

Theorem 3. A'B' - B'C' - A'ct ¢
. AB BC AC :
o>
LA' = LA; £ZB' = £B?

L)

h. Theorems 1-3 are fqrmulated as three indications of the simi-

larity of triangles.
'\i. Application of the established theory—to the solution of practi-

cal problems.

Example 2. For the unit on q?roperties of the Exgonential Functionm,”

the following plan may be composed.

~

14 7
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a. Re-establish in the‘p;pils‘ minds the following fact (which thex
know £rom arithmétic) from the unit on "Multiplying Fractions." 1In
mul;iplying'a number by a proper fraction:we obzain in the product a
number smaller than the multiplicand; in multiplying a number by.an
i?proper fraction, not equal to 1, we obtain in the product a number
greater than the multiplicand. o
¢ b. This proposition underlies two propositions concerning Eositive

" integral exponents: When a positive fraction is raised to a positive
integral power, its character (1. e., of being-a proper or an improper

| fractidn) is not changed; and for a positive base greater than 1, the
larger the exponent, the»largér the power and for a positive base less
than 1 the larger the exponent, the smaller the ;ower. ’ ' i

" The two propositions in (b) are first examined using exadgles,
then proved generally, using the arithmetical faqf indicated above.
c. The two propositions in (b) are expanded to cover the cases of

_the pS‘}tive fraction, and the negative (integral and fractional)
exponent, for which examples are first examined, then proved generally,
utilizing the properties of numerical inequalities.

d. Construct, by points, graphs of the functions o :

X

1 1 : ;
y'_zx,y-(—-).x,y-li,y'lo’f.. -

and use the established properties of exponential functions to make the
course of these graphs more precisa. -—-\\

e. Using the graph of the exponential function as an ekample,
establish the concepts of the monotonic'change of a function, the asymptot-
1c - approximation pof*a curve to some axis, and’the anlimited growth of a

.. function. Compare the graphwf the function 2x~ to one‘Pf the function xz.

f. Using the notation of the conditions of the tWwo general theorems

established: If a > 0 and a'$ 1, but a > 0, then correspondingly
“$1; if a>0and a $1, but o« < 0, then correspondingly a® 1,

if a >0, a $,1, a > 8, then correspondingly, a®.$ aB

. Ask the pupils
to compose formulas and prove (by the indirect method) all possibfe

converse theorems.

-
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© g, Ask the pupils the following system of.questians:
1. * Are .the powers )

S ' L 2]5 -7/10
: \ . - 3 6 [ N
) S (3) e (3') ‘ '
'« numbers greater or less than 1? ‘ to -

2. Whae conclusion may be drawn ¢ - | ‘

a. About the exponent a if .

- 73\® 9 /1N 5. . ’
| @ -6 -5
_ b. Aboui the positive base a if ‘ <
’ 3/8 ~0.4

@ @Ot -222 L -

-

- 3. Which of the two powers is greater'

" (") or () " (9 o ("J
-~ - .
4. What conclusion may be drawn
a. About'exponents o and g if : , ;
(-— < (%) ,.z3‘*<233;'

] b. About the. positive base a

/8 908, 4l5 65, .

3

h. While the pupils are studying the unit on the exponential
fanction, give tiem exercises related to it, including comstruction of a
gréph of an exponential function, and solution of %xponential equations
analytically and graphically. ,

Example 3. For the unit on regular polygons, the following plan
may be proposed. - .‘ .

a. The concept of the regularity of the polygon. Is the equality
of the sides of a polygon the result of the equality of its angles, ar,
converseiy, is the equality of the angleg a result of the equality of
its sides? An exception: the triangle. | '

b. The relation: Regularity is identical (equivaleptly, adequately)
to a system of two facts——to the equality of angles and the equality of

sides, which, for all polygons except triangles are mutually independent.

16
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¢. The construction of regular polygons, using a circle divided-
into equal parts. Convex and concave (éta;—like) polygons.
d. The existence of a point simultaneocusly equidistant from all
. vertices and all sides of a regular polygon. Using eqqality-of the
angles and sides in proof. : ' . bh i o
e. In the case of the ctonvex'quadrangle (Aqy odh{i'the equality
- oF its angles entails the existence of the center of a tircumscribed -~
 1 _ circle, and the equality of its sides entails the existence of the
center of an inscfibed circle. Where Both relations exist, the centers
coincide. | . .
f. The similarity of regular polygpné of the same type. The co-
efficient of similarity. Proportionality of like linear elements (radii,
. ;pothems, diagodhls, perimeters) .’ “ ’ . o ' '
8- The division of\a circle into equal parts usin§ a c0mpa;s and
ruler. Gauss' theorem (without probf). ‘ '
h. The calculation of the sides of regulér polygons (convex and *
starlike) iy T ' - f o ' Y,
i. The approximafe div}sion of a circle into equal ‘parts.
AL Historical information. '

- k.- Questions on the topic:

l-» Under what conditions ddes there exist a
point equidistant from n'podts in the
plane; is this a necessary c

. 2. Does an irregular polygon have a center? .

3. How many ways are there to find the center
of a regular polygon? Can this be done using
the construction of diagonals? .

4. How many elements determine a regular polygon?

. ) 5. How many regular polygons (convex and star-like)
+ may be obtained by dividing the circle into
5, .8, 10, 12, 15 equal parts? '

6. .How can one constyuct the side of-a dodecagon, an
icosagon? T

7. Can one comstruct, using a compgss and straightedge,
a regular figure with 64 sides; with 9 sides?

The Purpose and Ideéological Intent of the Lesson

1. In thinking over a lesson to be presented, the teacher should

¢

.
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_what new concepts or ideas it reveals to the pupils, what new knowledge,

. . ,
- imagine precisely what the aim or the designation of the lesson is,

abilities, and. skills they\shall obtain. The conceptual content, the .

- deducéive exposition of science (the system of geometry).

D e

interest, of teaching must be juxtaposed'against‘a,dry, formal inter~ .
nally unenlightened communication of information. | | )

" Underlying the school mathematics course are ideas such as the prin?
ciples of calculation (one of .the greatest triumphs of human cuiture),

algebraic symbolism (at a higher level, a useful apparatus for performing

- and noting mathematical research, as well as a language understood by

any educated man), the method ‘of equations (one of thé major sections

of the school algebra course, which detenmines the significance of the
course as a subject that develops methods of solving and investigating
many problems by utilizing functional relationships among quantitiee),
the concept of a variable (including general properties of real varia-~
bles observable in phenomena of the material world-;the quantitative
character of the mutual connections of shanges occurring in it), ¢t he
concept of a limit and the method of 1limits (information of the essence.
of mathematical analysis), the concept of size and its measurement
(commensurable and incommensurable quantities, relations between rational

. .
dnd irrational numbers), the idea of axiomat*c construction and the

T
This short list. of tHe fundamental ideas of the school mathematics

course illustrates the rich idea content of his course; each teacher

should strive to d Velop this content as fully as possible and to see

that the pupils master it thoroughly.

2. The teaching of mathematics in the Soviet school should use
any means at its dispos to develop a dialectical materialist world-
view in the pupils, who'are the future builders of communism. This can
be done both in cQnnection with the establishment of individual facts

(intrdduction of the field of numbers reflecting the relationships among

'objects'of the material world; -establishment of concepts of geometric

forms as a result of abstraction from the representations of physical .
bodies; familiarization with axioms as statements formulating real
properties of objects in the material world), and especially in lessons
devoted to certain general condlusions (development ogjthe concept of

number; axiomatics of arIfhmetic and geometry; ideas of non—Euciidean

. 18
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geometry, which refute the idealistic teaching of the a priori nature of

. spatial conceptions). But it goes without saying that the teacher's -5
activity in developing the pupils' world-view should not«be limited to
individual lessons or even to a series of l'essons. Illuminating a

problem in its historical deveiopment, revealing the roleg of'methemstics
as a means of investigating the laws of change in the fhaterial world ' !
choosing appropriate problems i}lustrating this role of science in the
investigation of nature and the search for means of furthering it——aIl

of these serve the, purpose, too.

" Obsetvance of the Scientific Principle

Individual branches of the school mathematics® course (arithmetic,
~algebra, geometry, trigonometry) as subjects of study do not, of course,

Y

reproduce the corresponding sciences, but the level of teaching each
- \
topic should correspond to the state and treatment of it in sciences.

Teaching conducted on this level leads the pugil info the field of the
corresponding science, into the realm of scientff;z;conéépts, ideas, and -
methods, creating a firm foundation for his knowledge widenﬂﬁg his °
‘mental horizon, and substantiating his world-view.

To implement the scientific principle during the teaching process,

the teaching must be conducted at a sufficiently high theoretical °

. level. Definitions of concepts and formulations of axioms and theorems
should be given with impeccable, precision, with a proper revelation of
their essence; proofs of statements should be conducted as rigorously
as is possible at the given level of school imstruction.

u The possibility and necessity of observing‘pée scientific principle
are based first, on the fact that scientific proof and faultless logi-
cal argument further the initial understanding of the question; however,
an unscientific proof, i.e., & proof that is not rigorous, insufficiently
substantiate ,~§ives the pupils only surface knowledge--to relate uncriti-
cally to argumentationi to accept as proved what was not substantiated)
to agree easily, to master the material formally, externally., Facts
that cannot yet be proved at a given stage should be accepted without

proof.

w

In particular, among mathematics teachers there is a widespread

mistaken notion that arithmetical facts can be rigorously proved only

19
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with the use of letter notation; in fact, any argument using numerical
examples, as long as there ielge reliance on the individual progerties
of the numbers used, has the full force of a proof. Thus, in fifth
grade,.it 1s no trouble to prove the two statements that are tHe basis
for the conclusion of the criteria of divisibility::and even a further
series of statements from later sections of a;itﬁmetic as presented in
the fifth_and sixth grades. ‘ )
Here are some examplee of the violation of the ﬁé;enqgfic.principle.
a. In the definition of the concept of the prime number, in the
phrase "is divisible only by 1 and by itself" the most important word—-
"onlyt=-is omitted. ' | ‘
b. 1In the definition of the concept of proportional quantities,
in the phrase "is increased or decreased so many times" the most essential
words—~'"so many times' —~are‘omitted. -
c. In checking a proportion by establishing equality between the.
. product of the meens‘and the product of the extremes, reference is made
‘to the direet'tbeorem: "If a proportion is correct,:the-product of its .
extremes equals the product of fts means," but one must refer to ‘the '
~ converse theorem, "If four numbers are such that the proddgﬁ of two of
them equals the product of the other two, a proporticn can be made of
these numbers, taking the first two numbers as~the extremes or the means
of the proportipn and the'other two numbers as its means or extremes.'
d. In composfﬁg_a quadratic equation, given its roots, calculation
is based on the progerty of the roots of a quadratic equation, this
property being expressed by the theorem: "If o and 8 are the roots of a

quadratic equation x2 +px+q=0, then « + 8 = —p, and af = qf"-but

one must use the theorem: "If the numbers o and B satisfy the equations
a+ 8 = —p and §S= q, then ghese numbers are the roots of the quadratic
equation ‘\Qb !

‘e. The definition, "An equation is an equality that is true for

" {8 inadmissible since it does not include

certain values of-the unknown,
equations having®no roots. =This remark elso refers to the definition of
the concept of a system of equations. -

f. If in the proof of the “identity of an inequality one starts
from the proposition that the inequality being considered is true for

all allowable values of the letters it contains, then, approaching an
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obvious inequality, one must prove by the converse méthod that the origi-

" nal inequality is the .result of this obvious (deliberatelf true) inequali-
ty; this conclusion will be valid whenever all operations performed in
the direct transition are reversible. | {

- g. ‘The.definition of an irrationai.number-as a root of the nth
degtee from an incomplete nth degree of some number does not correspond
to the sc£entific interpretation of an irrational number.

s h. A shining example of a quite unsubstantiated argument is the
. explanatio en in several texts (Kiselev's, among others), of;the A
solution o%stem of linear equations; this explanation comes down
to an indication of rules by which the solution of é system can be found
and céntains not even the most elementary theory of the problem.
i. In defining thg ponéept of tha‘locus of pointé, there is no

: N , ¢
‘igdication that the locus of points that has property a should contain all

points having this property,and only these points, pr the words "and
only these points' are omiJ;ed. . ’ )
j. In formulating the axiom of parallef-lines, it is not stressed
that it is not establ{shing the existence of a line b paséing‘through a
! given point A and parallel to.a given line a, but the uniqueness of

‘this line b. . ?
' In presentéﬁg mathematics scientifically, logical elements of
arguménts, which are of great educational .value, atquire special signifi- -

cance.. These elements are: (&) the ability to. establish aﬁd formulate
acquratély all conditions and the conclusion of the statement being
proved, and thren to form a course‘of proof in the form of a short but
expressive and visual notation whichg‘beginning in the upper grades,
v becoxes increasingly symbolic;*(b) the ability to compose the inverse
- or contrary theorem for.g given theorem; (c) the ability to make a correct
logical division of s?class into éubc;ésses, to pickéout types f{rom a
class and diétinguish type features from clasg features, to distinguish é{
a featurgiffonxa.definitiqn, to esﬁablish‘whether a condition is nécessary
or, sufficient. '
Training in logic, alt@ough giveh in all school discipligs, may be
done with the most success in matbematics lessons due to the specific -

character of mathematics. For in studying mathematics, the logical

structure of an argument can be revealed most vividly. - The mathematics
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teacher shocld carefully think through each proof presented to the pupils
.7, and shoudd”%fesent it irreproachably. In the proof, there should be no
A omissiong that would destroy its rigor, even though the pupils might
" not notiCe‘the omissions. The pupils reasoning might (and should) involve
mutual ‘criticism of the chosen paths and methods of proof, as well as of
. logicel gaps and flawsSthat occur. ,
These. requirements should be applied not only to ney proofs but also
g oo the pupils’ oral and written answers, which should be evaluated in
 relation to both their content and especially their fomulation, which
very often allows omne -tp judge the pupils' flaws in thinking.
Tralning in logical thinking, however,’should be done gradually,‘
becoming meresintensive as the upper gredes ere approached, in which the
level of development, gg%ﬁnterests, and the need for proper arguments

5

.are conducive to it. i
Teachers fall short of fulfiljing these requirements (requirements’_
which must be satisfied in the metlodology of mathematics teaching for J;‘~§\;
this methodology to promote logical thinking) in the following ways: B
.,l. By not gonsidering it Yheir duty to isolate all points in the
& - statement and conclusions of theorems precisely and to make a notation
of the course of the argument,ias well as to demand it of the pupils in,
‘ thein classwork or homework. -
2, ' By permittgng a number of logical defects in their explanationg
. (insufficient rigor of erguments, incompleteness or insufficiency of
-argumentation, lack ofrsubstantietion for generalizations and analogies,
:incotrectness of classification, etc.) and, more often, by‘not explain-
ing or eliminating these defects in the pupils' written.and-ogal answers.
3. By reducing their demands on thejﬁnpils in §olving SEOMELTY  jagwe.
problems and the construction of geometric figures when substantiation

is required. : . L .

o

4. By reducing especially their standards for substantiation of
algébraic end trigonometric theory, and by making almost no demands for
justifying the rules of arithmetic..

5% By permitting errerg in the notation of-the pupils' work, both
*in class and at home be%auee of a lack of systematic checking; disorderly
' (apd oonsequently illogical) notation is observed in many notebboks,

strict, sequential (both written.and oral) expositions of arguments have

Y
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not been required of’%upils' tﬁey‘are not. dissatisfied‘with their dis-
ordered or insufficiently ordered. though;s. b - '
In view of the cardinal importance of noting /ﬁ/,ncndicions of o
theorems and the course of their proof, ‘ye shall present some examples
npf.this notation as used in the sixth, se;enfh, aﬁd“tenth gradés._

Example 1. Theorem: "The external angle of a triangle is
' greater than either nonadjacent
P , internal angle."

-

Figure 1

£BCD is the external angle of AABC

~ | ' 4BCD > £B? \{

Complete notation of the proof ‘

Construction: BE = EC; EF = AE; we cofnect éoint% C §Pd-F

LAEB = LCEF (vertical angles)
1. ACEF = AAEB & AE = FEF (by construction)
‘ ' "BE = EC (By comstruction)

-
P

/
2. Therefore, {BCF = /B,

< 3. {BCD >(BCF
¢BCF ‘= ¢B ) “BCP > 4B | .
‘ Vs

Short notation of. the proof

1. ACEF = AAFEB;- .". £BCF = £B.
2. [BCD > ABCFB /BCD > LB
£BCF = LB 5 )

As can be clearly geen from these notations, the short notation
differs from the eomplete one in that it omits justifications éhat are
includad ia the complete form. In the sixth'grade'(even in beginning

. i . IS
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the study ef geometry) the short form is more convenient if the4;?sti—
ficetions are ging orally by the pupils; moreove;, the justifications
shnuld have content, i.e., they should be verbal references to the
. points in the conditions thet are utilized as well as. the points of

' the proof and the stetements used. ’ . ‘

Example‘g.* Theorem: '"The largest angle in any triangle ie the
Co one opposite the largest side." . <<\

- -
}f ' :
. .

Figure 2 ,

In AABC
BC > AB
LA > LC 7

Shazt notation of prqof
Shogt notation o PIRO%

Constructioni BD = AB; join pointe

gt

' . Aand D. CA>CBAD; £BAD = £BDA; v
' /BDA >'£C.. . .£A > LC.
, \ Example 3. Theorem: 'In any parallelogram™ghe diagonals
A bisect each other at their point of
intersection."”
*. 'S
t
8 C
-
A H# D
Figure 3 N
2

: 1. ABCD is a parallelogram;
2. AC and BD are its diagonals; \
3. AC intersects BD at point 0.
A0 = 0C, BO = 0D?

&
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Complete notation of the pé@f.

T S e
= L3, L2 = L4,

2. .". A0 = 0C; BO = OD.

. " AD
1. 2A0D = -ABOC { ‘1

Example 4. The theorem on the criteria for parallelism of
line and a plane. \ &§ .

1. a'ngu o
2. b a ' . - ,
3. al|b ‘

a,_u o ? .
: »

*

Figure 4

Complete notation of the .proof

1. Let a be not H to Q.

2. Then a x & at some point K (condition 1)
(Point K is not shbwﬁ) . oY

3. Plane (a,blx o along line b (conditions 3, 2, 1).

4. KC a, a ¢_ plane (a,b); . . K cfplane (a,b):
KT a, K C plan'e /{;a.,b')“, oK C b, .which contra- <
dicts condition 3. Thus a || a.

In this notation (suggested for ninth grade), mathematical sytﬁbolism
is already being used (C is the symbol of inclusion in a class or the-
symbol of belonging, x is the symbol for intersection, || is the symbol
for parallelism). References to points in the conditions are in

q’par¢=_nt:hezs¢=_s at the end of steps 2 and 3 of the proof, which indic‘étes

25
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how proved statements are substantiated. These points should, of course,
‘E; stated in detail verbally by the pupils. ) | | '

From the above notation one can imagine the degree of rigor rqu}red
in mathematical argumentation in the upper (ninth and tenth) grades.

By doing proofs with such rigor, the pupils can be brought to a full
understanding of the substantiated dedo\iiVe grgument. They also will
acquire skill in comstructing such arguments and in giving the required
justification‘for each step without skipping from one statement to the
next or drawing unwarracted conclusions. At this stag@rthe teacher
should obtain from the oupil an adequate explanation of each assertion,
accompanied by a precise and verbally formulated reference to a point in
the conditions or the proof of a statement proved earlier. Icﬂwas
impoﬁgible, for example, in the proof given above, to assert that planes
za b) and o intersected along line b only on the basis that b is their’
common straight line; it was necessary tofprove that these planes do not
coincide, due to condition 1. ‘

It is especially important that the pupils notice how clearly all
three points of .the conditions used were indicated in the last notation
(in the proof of the theorem of the parallel#sm of a line and a plane),
and how no condition was included that did not beleng in the-data.
Failure to useﬂgﬂﬁ\:ne of the given conditions would mean that it was
superf}u us, l.e., _hat it was mistakenly included among the cond}tions
of the Q .

» this condition. Drawing on & new condition, however, would show that the

eorem, whose inference (conclusion) would thus not depend on

inference (conclusion) of ‘the theorem did not ptoceed from_fhe given

conditions, was not a result of them, and thereﬁorg the theorem in its

.

present formulation wodﬁd be incorrect.
. ‘

-

Accessibility of the Material

The\methodology of ﬁeaching mathematics, as it exists in theory
and is effected in practice, is constructed basically on the principle
of accessibility. This is true because all devicéds of teachifg individ-
ual topics regommended in this methodology presuppose a definite store
and levélfpf/izowledgeﬁ and take account of the development appropriate
to thﬁzﬁﬁpil s age and of his ability at this age to percelve abstract
knowledge.. However, the propdem of creating a methpdology of mathe-
matics teaching that would bring the material in this discipline fully

26
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within the pupil’'s grasp has not yet been resolved.
| This"éituatian is significantly aggravated pecause tHe study
material in the présent curriculum has,f&i}l not beén,arramged sO as
to correspond in every possible way &0 the material's comprehensibility
to the pupils. Thus maégryears of expetrilence have brought teachers .
to the unanimous conclusion that the arithmetic course’ (especially in
parts containing instruction im fractions) is not completely accessible
to fifth-grade pupils, and thé geometry course, as it has been taught
up to now in the sixth grade, is inaccessible to these students. The
geometry caurse is abstract, divorced from reality, and corresponds
neither to the pupils' level of development nor to their interests and
requirements. These materials dgpri;e'the teacher of the possibility A
-&f drawing on coﬁ;rete facts that are familiar to the pupils and on
the natural curiosity and inquisitiveness charac;eristic,of children
" at this age. a 3
. Other topics can be cited which entail significant difficulties
in teaching, due to their inaccessibility to the pupils. The theory of:
-equivalence of equafions in the seventh grade, tt} theory of measu;e—
;ment of quantities (using the Euclidean algori nd the chapter on
irrationa umbers in the eighth grade, the‘study of"limits and itg
application in the nihth and tenth grades, and the chapter on complex
numbers (in'its presenf epr§ithnp in the tenth grade are a few examples.
/ But what can:pe recommended to the teacher who is stfuggling to

L)

make his material clear to the pupils? Above all, he’ should bring into
operation general didactic hints relating to this topic  and usually '
exprQSSed'in formulas: "From the near té the far,' ''From the known to
the unkgawn," and "From easier to harder" -- the best.choice and
combination of which willibe suggested to him by”his experience. For
mathematics teaching, these general hints méy be supplemented by the
following ones: ‘ ’

1. "From the particular to Lhe'general." The teacher might
preface a theory with a group of well chosen examples and preblems. Such
a method of helping the éupils to understaﬁd theofy 18 practiced at all
levels of instruction and is highly effective. At times the teacher
finds it- possible and even expedient to limit himself to the "estahligh-
ment" of a fact, using examples (criteria for divisibility in the fifth

grade, division of a.polynomial by a polynomial In the sixth grade,
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preperties of equations in:the seventﬂfgrade, finding squere roots in
geventh. grade, etec.), so as to 1ay the grounﬁwnrk for some of these
topics in the uppep grades. We repeat tfat strict reasoning done with
an‘eéample, butfg#i using individual properties of this exampleg has
the full strength of proof. '
For exsmple, in examining three cases. which may appear in solving
. systems of linear equations, one might begiﬁ with solving the systems
of linear equations using numerical coefficients and establish by
examples that these systems can be’defined, undefined, and inconsiStent,.
- and then find criteria for a system's inclusion in each of the possible
" forms. - ‘ s
The conclusion of the formula for solving a quadratic equatiod by
_igolating a perfgct square dn the left-hand side of the eqﬂstion is first
S nade using a series of»examples of equations with numerical coefficients;
these equations gradually increase in complexity.‘ After this thejcon—» N
clusion of a general formule will no longer present any difficulty t hsg&?A
the pupils. s ’ [ - ' ) ST
2. ""The more accessible the study material becomes to the pupils-,.
the more they participate in class.” It° is\hérd to overefﬁimate the role
of making pupils participate in order for them to attain complete under-

C L standing of the matgrial’being communicated. It is well known to the
experienced ﬁeachers_who become accustomed te using activization of the
pupils as a powefful lever in conqueriné’all the “difficult" places in
the course. A planned system of questions, directed at revealing the
essence of a ¢opic, its nucleus, is an effective way of leading the
pupils to a t %h understanding Of the material. ¢

For cla{if?ing thd possible results of decimal measurement of seg-

1

ments, the follbwing system is suggested: r‘f
Wwhat number expresses the result of decimal measurement of segment

A.by segment E if A= 2,7E; A = 3%E; A= 5%E; segment A is incommensura-—

ble wfth segment E? s .

3. “The material becomes accessible to the pupils, if the teaching
is accompanied by the use of visual devices " -7
. When the teachef foresees or observes ractice that the material
as presented is not simple enough, he tries to Nind methods that night

help him to present it visually. 7
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: Visual Aids in Mathematics Instruction g

. " Instruction is called visuél,.if it is based on the pupils' direct

' perception of objects and phenomena by their sense organs. This study
of concrete ebjects and phenomena is necgaaary to cross "from lively
contemplation to abstract thought." Only by having eqtrenched~in his

~ consciousness a sufficient number of vaii;impressions ef'objects
appearing as concrete (accessible,to direct perception) images of a
concept that is studied will the pupil be in a position to construct
the concept, with the help of the act of abstracging, in his mind, .and
make it something he has magtered, an element of the knowledge gradually
accruing inside his head. As an example, the child finally grasps the &
concept of the number "five" only after repeated observation of groups
of homogeneous objects appearing as concrete representatives of th%S'
number "five," images accessible to direct perception., | ”\\

The t&acher develops the concept 'three-eights” in the pupil's m$md\\

marking off before hls eyes three one-eighth portions of a circle, each
portion being one of: eight‘equal sectors of the circle. And the teacher

l-of -5f a circle is —&~of the circle sy dividing the

3 12
circle into four equal sectors and then subdi\\?ing each of these sectors

~explains that

* into three new, equal sectors, of which there are 3 x 4, i.e., 12, in the

whole circle, The dame operation, repeated in application to a segment,

makes concrete the proposition that %-of-% is‘I%.
of the same device for various pairs of fractions leads by generalization

Frequent repetition

to the conclusion that =~ of l-of any quantity is equal to E%—of this -
quantity; here one abstracts oneself from the kind of quantiy of which’
the operation of division into equal parts is performed; it is necessary
only that this Quantify permit such division (that it be additiﬂi:. <
All elementary geometric concepts (solid, surface, line, poInt) are
established by exémining concrete (physical) solids, surfaces, lines, and
points and fimdtng the essential propééties that determine them. Although
abstract concepts are thus created in each pupil's mind, when the pupil,
in all his subsequent reasoning, speaks of the straight line, for example,
he will Visualize one of those concrete images of the straight line, whose
abstraction from individual properties has led him to the concept of the
straight line. Where possible, our thinking reglaces the abstracted

' 29




<

A

-

(

3

concepts with their concrete representations; this fact is very

"important for substantiating visual devices that ‘teach one to see, in

every concrete image of W concept,-its essential properties, i.e., these

devices replace abstract thinking with concrete thinking. L
fhe examples we hage given of the application of visual instruction

that aims .to create’an abstract image do not exhaust the cases in which

- visual aid acquires a special significance. A very essential role is

played by visual aids in the examinatioﬁzef facts and phenomena which

‘permit so-called geometric interpretation, a representation of numbers

and relations between numbers, using geometric images—points, segments,
lines. It,would be harder tolbecome aware of the‘&orld of numbers and
relations among them if numbers could not be r|Placed by “their geometric ‘
representations——segments and points ort the axis and in the plane, and
relationships between numbers as given in assignmeutsg-graphs of these
equations. The teacher uses this idea widely in solving arithmetic
problems, in composing equations from problem conditions, for geometﬁie
interpretation of the solutions of equations and systems- of equations, .
“in studying the’ properties of functions, for illustrating sequences, for
representing real and complex numbers, in the study of trigqnometry,
and in many other cases. e
In studying solid geometﬁy, models are inspected leading to concepts
of points, lines, and planes in space, of ‘polygons and round bodies. Here
the same process of abstraction occurs as in establishing concepts of
points, linegf and surfaces in the beginning‘ef the study of geometry.

But moreover—-in studying the mutual positions that lines and planes

* in space may ogcupy relative to each other, as well as various properties
of these objeiig\;g?muiagse in axioms and theorems--visual aids cafi' be

sticks, knitting needles, records, i.e., concrete representatives of
previously formed concepts. Again, abstracc thinking is helped by
conceptions arising as a result of observing real obiects, having——at
the/dbserv 's command--a certain relative'poeit{onnih space. Ims crossing
from these tangible viepal aids to drawings, the pupils bring their
im%gination inte plexﬁand gradually acquire the ability to understand the
dghﬁing, to create & true mental plcture corresponding precisely to the
drafing{ and then to reproduce a conception of the gequired Image without
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using a drawing.'.Man needs this gapacity for spatial imagination, for
mental réproduction of spatiél conceptions. It éhould be inculcated in
every way possible as one of the most important. aims that every pupil
must achjieve during his general education. .
(‘ These, in general, are the fields in which visual instructiog, in
'zthe broad sgnse of the wprd, are.\gpliad. The teacher, however, wnuid
be making a mistake if he limited himself to thése fields. The visual
aids should not be dra&n upon sporadicélly,-from case to case, from
‘ topic to topic, but systematically, gnd should be made an organic psrt‘”
~of the teaching of a‘subjeét, underlying a concretely individual method
of instruction, bgautiful models of which were given by K. F. Lebedintsev,
a famous Russian methodologist, in his texts¥and problem—books. The
conqrete-inductive method supposes a broader interpretation of visual ,
aids than we have disclosed above. Ié this broad iaterpretation, visual
aids are generalized tb concreteneés, which could consist not only in
the poséibility of directly obsérving an object or phénomenon, but in -
construction of general congiusions only after (and on the basis of) |
examining a series of selected obj‘ects the abstraction ®f whose peculi-ari—‘.
‘ties should lead to nécessary general conclusions. Thus here, too,' )
vis al‘aids fotr teaching consist in the‘accumulation (for the instructian
process), of abstratt concepts in the imagination, which are derived from

the study of concrete material. A .

The Connection Between Theory and Practice: Exercises in Mathematics

. - 1. The question of the connection_between‘theory,and-practice,
the consideration of which constitutes one of the most essential‘reqnirej
ments of pedagogy, has become at present~—-in the transition to universal
polytechnic education--a problem of.first importance, which is being
studied dnd developed by the science of education. ,
Previously the link between tﬁ%qsy and practice was understéod to
mean that tHe study of theory should be accompanied by the execution of
a system‘of exercises that would promote conscious and thorough mastery
of the theory and the ac&uisition of the necessary abilities and skills.
Now a requirement has been added to these basic concepts, which are still
valid-—-to direct mathematics instructien and its applications so that
each middle-school graduate woulq be able to manage his acquired krfow—
‘ledge any time hg needé to in:practice, in solving a problem, to preserit
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the problam in a mathematicsl form, do the tequired operations.(calcuf
lation, construction, inﬁestigation) skillfully and rationally, and
find a meaningful answer. Such an approach to mathematics -dnstruction,
constantly directed toward exposing all means that mathematics may

. provide for- solving practical problems, should enable the pupils to.
master the methods gradually, fore fully and diversely, and to become-
convinced practically of their wide applicability and force, until
finally the pupils will be using them as a matter of course in solving' -
-and investigating quantitative questions. Among such mathematical means
are devices for direct calculagions (precise and approximate) ‘and cal-
culations using tables; methods for doing rational identity transfor-

., mations, methods for composing and solving equations’'and systems of |
‘equations; methods for insestigating solutions of equations ;nd problems
with nuqﬁrical and parametric data; devices for investigating the change
of functions and construction of their graphs; methods for solvitg \
*construction problems; geometric and analytic methods for 'sol{ving triangles-
means of representing spatial figures on a plane; means off ‘graphic
solution of equations dhd systems of equations; dgfices for coﬁputations
using the slide rule. g .

wh The pupils’ utilization of all of tﬁese means should ba organi-

cgllxtconnected with the study of theory; it shoulﬁ be not only an

illustration of the application of theory to practice, or a proof of the
effectiveness of this theory; it should have iaaependent value as & method
for the pupils to acquire a system of very imporéént abilities and skills,
wholly necessa;;\for their future activity. : : | ~

' The‘téacher sheuld never relax his attention to this aspect of.mathe-

matics teaching, but should strive constantly to fi1ll it with valuable

contént by reinforcing the connection between theory anFLpractice.

Selection of exercises and problems in the text should be a specilal

concern of the teacher. He should always be on the watch for questions

for whose solutions he ghould skillfully—after several preliminary °

quests, arguments, and consiéerations involving a certain amdunt of mentaf

effort--apply certain methods offered by mathematics. .

2. Exetcises in mathematics should be combined with theory into a

single organic whole. They will not only illustrate theory but will
r . . /

>
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almost always delve deeper into it and supplemept it. The teacher should
bear this in Sind when selecting exercises. At the firsptatages his aim
- 1s to inculcate firm abilities and skills in the content of the chapter

| béing studied. But at later stages, while still attending\tb th%s main
purpoese, he constantlyyand to a greater measure should strive to impart
to the pupils the ability to dQ exercises unassisted. In this connection,
.the following %equiremEpts should be applied to the methodoi y .of
conducting exercises: = 1 Qﬁ
a. Péactical tasks should be done by the who -SlaSS with maximum

participation. In other words, the*pupils should active not only in -
) stddying theory, but in doing.exercises as well. It would seem that ]
teachers are not aware enough ofﬁéiig;s&z}ous-requiremant or do not put

it into practice. Often only a few pupils will do.the homework assign-
ments or examples and problems the teacher proposes in class, while the
rest sit in silent agreement. There is\Q:;iively discussion, which

would not’only uncover any mistakes but wonld also criticize the methods

of solution, show the most logical ones, and wgtablish——wi b the ;gacﬁer's
aid--useful general conclusions that should lay the foundation for further
practice._, _
| In addition, the teacher, drawing on the pupils' activity,'shnuld
re-examine the various aSpecté of the theory being studied by using-
examples and’ where possible, ;hould deepen and even expand the examples.
For instance, in the unit on dlgebraic fractions as the teacher establishes
Ehe most rational means of making transformations and performing oPerations

3 Ay .
lowable letter-values

on fractions, he also should explain the “set of--

and the identical character of these transforma ns and operations.

In solving systems pf numerical linear equatieﬁs, the existence of
three groupf of t%gse equagions-—defined, undefined,'and inconsistent--
has been established. In solving pLoblems using what has been established
and seeking new lpci of points, the teacher may go beyond the framework
of the topic. He may be impelled to do so by the pupils' natural enthusi-
asm for interesting problems and their desire to find and apply new
examples of loci; thé pupils' activity in this case should be encouraged.

In solving second-degree equations by using examples, one may estab—

lish all properties of the integral rational second—degree function with
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real coefficients:  the criteria for its introduction into the field
of real numbers; the concept of its roots; the relationship between its
. xoots and coefficlents and the check of dts roots based‘on this; its
increase and decrease; the attainment of its largest and smsllest values.

" We gave these examples only to explain our ideas. However, almost
any topic.csn be made more profound and concrete through the execution
of exercises relating to it. . | o

b. Written exercises should definitely be alternated or tombined

r

with oral and semiwritten exercises.

’ As is well known, the principle of applying oral counting in calcu-—-
‘ lations is highly regarded in the teaching of, arithmetic. Unfortunately,
this very valuable principle has found too small a place in algebra.and
especially geometry. Neyertheless some.of' the calculations done in '
solving algebraic examplgs can and should bé given orally, at least in
part (semiwritten exercises). A teacher's requirement that all stages

of calculation Be written out in detail should be recognized as ill-
advised and even harmful. Oral calculations save time and enable the
pupils to find the shorteet and most correct, ways to solve examples,m

as well as to check their work. <

Oral calculation canibe especially widely uged in.working on
identity transformations of rational and irrati:i;l\Ekpressibns. But
it also 1s useful in several other sections. ‘

The product (a - 232 + 5a + 1) (4a - 6a + 3) of two ‘polynomials
set up in decreasing powers of the same letter can be found by the method
of "grouping the elements containing the same power of the principal
letter": 4a5+(6—8)34+(3+12+§0)a + (=6 - 30 + &)a® +

3

(15 - G)s + 3 -mﬁas ~ l4g + 35a” - 32a",+ 9a +. 3, where the coefficients

are found and calculated orally so that the result is written immediately.'

For proving the identity a(b + c) + b(c +. a) + c(a + b)
4 abc = (b + ¢) (c +a) (a+Db), the pupil must orally establish the
coincidence of the coefficients,of identical powers  of some letter taken [
as the main one. For example, the coefficient of a2 on both the left
and right sides will be the expression b + c; of a, the legt expression
will be (b + c) + 2bc + Zbc - 4bc, and the right expression will be

(b + ¢){(b + ), identical with that on the left; the free element on the |
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left will be the expression bc?.+ bzc, and on the Tight, (b + c)be,
"*which ie identical to it,
~ For a\great maay exaﬁgles {n algebra and a number of problems in
' geometry, gpe ma;} establish orally only the plan of solutign, the most
expedient course, which is a good basis for sounding out the pupils'

v knowledge and their quick-wittedness and for instilling this abilfty in
them; This type .of oral eﬁercise, indicating only the path of solutionm,
without fulfilling it completely or bringing it to an end, permita the |
pupils to survey, in the shortest length of time, all those examples and
problems that are either analogous to models already examined or are
insignificans variants of them. In other cases the general\ccurse qf
solving an example or problem might be examined orally hefcre rt‘is
aasigned for hHomework, with a view to facilitating and accelerating
'completion of the asaignment. Here the teacher should make every effort

. to s€@ that this preparation for sol%ing an example or preblem be done
with the efforts of the whole class, not individual star pupils. Star

p&bils should supply aid only when.the plan of solution does not occur
to the average pupil or when this plan can be, perfected.
c. When the pu 1s solve examples -and problems, one must bé’very
, -attentive to any expf ion of their indégendEnce, initiative, ad
- /elements of creativi % and must awaken in them," as far as possible, the

urge to find the most rational w ways of solving a problem.

Inculcating these qualities in the Soviet spupil should be the object

of the teacher's constant care and should constitute a definite nart of
‘ his work,in preparing for a lesson. The teacher may select appropriatef
material which opens the field for the pupil's independent thouéht,
for his activity in searching for the best, most expedient ways tgo solve
a problem. This material ;an include not only practical problems but
also-—on tlie. order of exercises-~theoretical ones. This' type of work
by the teacher enables the pupils to solve theoretical and practical
problems by themselves and is the best way of attaining the fundamental
ajms of mathematics teaching. . A \

- Let ué now cite several examples for whose solution devices more \'

rational than those usually used by pupils may be applfcable. ) \ ;‘

- . ¥

// . . +
.
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" To simplify the fractiom " .

|

I
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wira] W,

) ’ ' o .
_ its numerator and denominator are multiplied by the common denominator,

- 60, of all fractions present in the numerator and the denominator of the_

. 75 - 180 — 80
given complex fraction; &t thereby becomes —5757 2A —~ 90e

%,

" To factor. the expression a(b + c) "+ b(e + a) + c(a + b)2 - &abc,

it suffices to remoye. the parentheses and arrange the terms of the

polynominel obtained by decreasing powers of ﬁome letter, say a: ‘ .

o+ e)e + (b + c) a + bc2 + bzc and then group these terms in the order . .-

in which they are written. O+ c) (a + ab + ac) + bc(b + c) -
(b + ) (e + a)(a + b). o
To simplify the fraction L - '

o A
» x3 -—x2 -x +1

xa—x3—3x2+5x_‘-—2
the'pupil rewritee the numerxator as (x -l?z(x +1) and must find the

common factor of the numerator: and denominator by dividing the.depominator

by_ome of the factors of e numerator (x -1orx+ 15 : : '
To calculete the fug\f// _—
: “ _ a o az _ 1 1- .
., ~a-=-1 a+1 a -1 a+1’

it is expedient first to. combine the fractional terms having the same
denominator and to perform operations on the terms of each group separateli:
a s 33-1_32~1‘
¢ a -1 a+1"’

then the fractions oh;ain%g may be reduced and calculation may be done:

L]

£ @l ta+l) - (a-1) =a’+2. :
In precisely the e way, to solve the equation :
N I 1 1 1
x'+l+x—l+x+2+x—2 0,

it is advisable first to replace the first two terms in the left part by

their sum,.then replace the- second two terms.by their sum, bringing the

' .equation to the ‘form . ' .



Ye

P . . o

C ‘2’:( 21 N 2:1 )__0" .
_ x" -1 x -4 » "
. . . ’ ¢ ' '
find thg roots: ?l~"07 :::26,,3 -t g . ‘
To solve the equation -
-’ ’ ,\ix—~l+x-6_x.-5 x =2 '

x -2 x-7 x-6 x-3°

-

it is advisable first tq exclude. from eaghifractio elenent its whole

part:
' 1 1 - 1 1 . e
L=+ 1+ _—= l+_x—6+l+—3'x—~ , . -
: - ‘ ’ : T N
writing the equation in tﬁe form N o »
L T 1 1 1 |
o ’ ‘ x-2 "x-7 x-6 x-3"

then, guided by the. denominators, to group the terms thus:

- 11 .1 1
. Xx=7 x- 6 x-3 x-2"

"after which the given equation comes down to the equdtion
(x-3N-2) =(x-7(x - 5}:

- 9
having thg root 5. /f - oo ,

” The sum of the first thrgggeﬁg;:-:;-:;.arithmetic progression
_ , is equal to 60. If we add 28 4, and 7 to these numbers,

respectively, three sequential elements of a geometric progression
are obtained. -

To solve this problem it is best to designatel the three unknown terms. -

.of “the arithmetic progression as x - d, x, x + d. ° < \
| ‘ , First we findﬁ;:hat'; 3x = 60, x = 20, and then compos;e ‘the equation h
(20 - d #2.2)(20 + d + 7) = (20 + 4)°, that is, the equation (22.2 - d)
(27 + d) = 24%. 1Its roots are a) = -7% and d, = 3. This method of
designating the terms of an arithmetic progression simplifies Qalculation
app®eciably. - ) . ‘
d. In homework assignments one should include, as far.as possible,
a Eggs_demandidg Endependent work of thg‘pupils. To complete this part,
fie cannot limit himself to using knowledge that has been communicated to

him.
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‘ On the contrary, the assignment will evoke thé\gsséi;i‘interest and
he will strive to do it without, fail and:in the best ma if 1t contains
questions whose answers are not implied or selﬁrsuggesting, but which he
must think about if only a little, and consider.
" e. The content of problems Elven for practical activities in pathe-
gmatlés should illuetrate the value of mathematics as a discipline that .
gives man the abilities to solve many problems he faces in his practical

activity. TIn this area mathematics should come into contact with adjacent

disciplines--mechanics, physics, chemistry, astronomy, geodesy, technology.

Instruction .as a Means of Character Development

Most important of the principles which underliegSoviet didactics and
methods of teaching in all disciplines is the principle of developmental in-
struction, the essence of which is developed in the Soviet theory of
.education. In its application to the teaching of mathematics, thiéQPrin-
ciple 1s realized by fulfilling the following requirements.

1. Likeg other School disciplines, mathematics instruction should
have as one of its baelc aims the development in pupils of a dialectical-
materialistic world—vigg3 assuring only a correct, scientific\und rstand-

£

ing of all surrounding r lity,ﬁell'phenomena occurring in natur qend in

Cal

society. This‘world—view\shbdrd“he formed in the pupils' tonsci ess
as.a result of a gra&ual, systematic i1llumination of the laws of dialectics B
in mathematical examples, organically combined with instruction and .
naturally ‘explained by these laws Xgart 4 of this section). v

~ L 2. Mathematics instructlon should be conducted on a level and by ;
methods so that the- pupils can develop mentally, can acquire an interest
in and a love for the work}ﬂﬁ-ghe mind, cap understand the significance
‘of science and value it as a triumﬁh af the human mind——as the result of
the combined\korces of peOple who have freed mankind from delusions and
falsehoods and who have directed it to a betier future. Such’ instruction |

' slowly but gurely transforms theijgﬂL}children, who are obliged only to

the teacher s explanations and to do assignments, into effective upils,
who are always in an active, creative frame of mind, interested in all
or mos;kof the disciplines they study:_ggétering material, often going
far beyond the curriculum's framework, taking a most active part in

clubworklﬁin general, it transforms them into Soviet pupilé who bear. this
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It is in this field of the teacher's activity that the instruction
he‘gives is inseparably linked with character-buildipg, so that onme is ..

famed name with hotor and dignity.

organically connected‘with the other, one is imperceptibly transformed
into*the other. This type’of developmental ingtructapn provides the
teacher with a vast range for his own creativity and improvement. His
petsonal example, his dedication to science, t he inspiration he shows )
during lessons and in his activity generally-—§;3¢of these influence the
pupil inexpressibly and are an effectéve force in training the pupil in
the way noted above. ' '

3. Mathematics instruction sﬁbuld help the pupils to form good

L}

habitsf{of logical thinking and to master struct@red gpeech properly—-
logicaliy and grammatically.' - '

4. Geometry {instruction has its own dewelopmental task, especially
related to the content of this subject: to develop in the pupils correct
spatial r?ﬁ%esehtations and a lively spatital imagination, which are
.naceﬁgazzafor both the study of geometry and related subjects and fbr
their further ractical activity. The teacher should work especially
carefilly to develop this aptitude in the pupilsL—highly valuable for
every edlicated person-- constantly perfecting it and diversifying its
devices and applications. The pupil who does not develop the proper
aptitude for spatial imagination cannot be regarded as making n?rmal
progress in mathematics. '

5. A very important means of character-building in mathematics
instruction is in the teacher's hands--the proper selection of problems
that will be instructive in e;tabiishing the connection between mathe-
matics and related disciplines., )

6.  The stydy of mathematics in the Soviet school, i[g., und
tﬁ FSbyiet methodology of téaching and the demands of the pupils’involved
in this methodologyy, is beneficygl in"developing the most valuable quaii—
ties of the Soviét man. Thelr Will—power is trained, along with perse-
vérance in attaining é goal fixed with determinatiom, assiduity and
persistence in overcoming obétacles; constantly—over the wgoie period
of mathematics study--the pupils are acquiring eiémentary creativd h;bits,

the ability to ask, investigate, and resotlve h'question on their own.
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Forms and Methods of Mathematics Instruction
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.
Forms of Mathematics Instruction

In ewery school discipline, instruction takes place both inside and
outside the classroom. We shall examine the forms taken by mathematics
instruction the classroom éituation. There are three fundamental ones:

- the heuristic form, the laboratdry form, and the lecture form. We shall
begin by developing the esséqce and content of each of these fogps
separately. One must not forget, however, that in his teaching the
instructor may alternate among these forms, combining them to conform
with the general tasks or individual goals he‘has set for himself.

The Heuristic Formigg Instruction. To make:the pgpils participate

actively, for teaching them how to trace a means to sclve a given probiem
altogether consciously, to use this means confidently until the gdal has
been reached, the heuristic form of instruction is, the most expedient.
!hé heuristic method consists of a sequential system of expediently
composed and distributed questions to which pupils give answers githin
their capacity, gradually revealing the éssence,of the coneepts intro-
duced and the facts thus communicated. It goes without saying that the

efficacy of this method depends primarily on how logically and methodi-
Jcally the syétem of questions is composed and how adeptly the teacher
guides the entire course of the heuriitically conducted lesson.

In the section on Principles of Mathematics Instruction we indi-
cated that to creaﬁe the necessary psychological situation in the c¢lass-—
room, e., a mental tension> whose discha}ge would result in the pupils’
active’participation, one must begin the Eommunication of new material

with a statement of the question. This anticipatory element of a lesson

devoted to describing new material is an organic part of it and is
'inseparable from it. The system of questions an‘the topictsﬁould include
this part. ’ |
Example 1. Topic:. "The theoram of the external angle of a triangle.™
The teacher familiarizes the pupils with the concept of the external
angle of a triangle and then, directing their atténtioﬁ to Figures 5 and

6, conducts the lesson’bith the folloﬁing gystem of questions.
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C < C .

Figure 5 Figure 6

S
.

‘1. Compare the ‘size of the external angle BCD in
Figure 5 with the internal angles B and A, which are not
adjacent to it.

. '
_ Angle BCD as an obtuse angle is greater than either of. the
acute angles B and A. .
A] ‘,7'
2. In Figure 6?7 It seems that here too external‘angle'
BCD is greater than either of the angles B and A.

"

3. 1Is it possible to hsve a case in which both the
external angle and one of the internal angles are.obtuse?

D
Figure.7 o Figure 8
" 4. What conclusion can be drawn about the sizes of
* the external angles id Figures 7 and 87 ) @

It \seems that here too the external, angle is
greater thgh either of the internal angles.

9
5. Is it possible to have a .case in which the external
angle is acute and, the internal angles obtuse?
L

No. Lines AE and CB and lines Bf and AL do not

inte sect (Figure 9), ) :
7 . &
\‘ i - Il

-

-

lMeasuring with a protractor is permitted.

¢

# ’ -
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eﬂtherof the nonadjacent internal angles,

Figure 9 S /

6. What conclusion may we draw from-observation?
In 8 triangle the external angle is greater than

7. But is this really so? Can we be sure t each
external angle of any triangle has this property? How can
we vebrify this? ’ ’
o , . . o/ o

This must be éstablished by argument, that is,

proved. L , R

8. How will we ﬁrove this property we have discovered = ,
about the external angle of a triangle? Evidently we shall
have to cempare it somehow with each of the internal angles.
Let us begin, for exsmple, with angle B,  Thus, we want to

prove that ZBCD > /B. But what does it mean when we say tifkt :

one angle is 'greater' than anothet?

- L

That means that angle BCD can be divided into two

angles, one of which is equal to angle B, so that angle

BCD will be the sum of two angles——an angle equal to angle
B and some other angle wﬁgéh is the difference of the angles
BCD and B. '

9. True, but how can we do this division (partition) of an
angle into the two angles we need? The Greek geometer, Fuclid,
whom we have already mentioned, has answered this question. In
his Elements he drew segment AM through apex A of the triangle
and through the mid-point M of the opposite~side BC, and on its
extension through the side of point M he marked off segment ME
equal to segment AM. He then joined points E and C and then
proved that half-line CE is just the half-line we are looking
for, 1.e., the half-line that ‘divides angle BCD just as we need
it divided. Now let us try to prove that Euclid was correct.

v t . Figure 10
42
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What do you think? Which of the two angles BCD and ECD
is equal to angle B? Evidently, angle BCE is equal to
angle B. - . p

+ 10., True,, but how can we prove it?

., Then the teacher ends the discussion in the usual manner, i.e.,

. examining triangles containing comparable angles proving the angles

equal, concluding with the equality of the angles BCE and B, which

proves the original premise. _ | | )

o Examples/2. Topic: "In any' triangle the’ angle wiih greatest
'Ameaeure lied opposite the side with greatest length." ) ‘

‘
\

. ) ] t

Figure 11’ ' Figure 12
‘ -
1. Let us recall the theorem of the isosceles triangle,
In an isosceles triangle (Figure 11) the base’ angles

are equalk.

2. Correct. But the angles at the base are anglels lying
opposite equal sides of the triangle. Thus the formula
_ must be stated differently: "In any triangle, equel
angles lie oppo?ite equal sides." .
* 3. Now let us see what can be said about the angles lying
opposite unequal sides of a triangle. Let us take
triangle ABC, whose side AB is greater than side BC
(Figure 12). So that we can use the theorem on the ,
triangle with equal sides, let us try to apply this
case to the case of a triangle with equal sides. How
can we do this? ‘

A

: L
On the greater gide BA we mark off from vertex B a

s segment BD equal to segment BC (Figure 13), then join points
D and C.
- ‘ ’
. 'Figure 13
43 '
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4. GCorrect. Then we obtain what isosceles triangle? \\:3 o

Triangle BDC with equal sides BD and BC and, therefdre, )
with equal. angles BDC and BCD. :

5. And what angles}mug} ‘we ‘compare? 3

i{’ Angle BCA .and angle A. .
6. But to compare them, we introduced auxiliary equel“f : L

angles BDC and BCD. We shall compare angles BCA and ? '

--—A with these angles. <BCA > 4BCD, since the second
angle is included in the first; £BDC > A, by the
theorem on the external angle of a triangle.

"7. Can we draw.a conclusion about angles BCA and A from

these two inequalitie%?

Yes,. since angles BCD and BDC are equal and one of them
{' . ; may be substituted for the other, . . '

e 8. What conclusion can we draw, usifig this substitution?

- - LBCA > LBCD > AA, and therefore, LBCA > £A.

£

Ex e }}J Topic: "QuedrEEic Equations."

1. Who can write an elementary equation having a root of 27

¢

 Answer: x -2 = 0.

Y »

2. Who can write an.elementary,eggation having.roots 2 and 5%

, .
. .
/ . .

3. Correct. But if we do | /ltiply out” the Jleft-hand side,

this equation becomes - 7x + 10 = 0, which has the

o same roots. If you were given the latter equation, how .

. ' could you prove .that it has the roots 2 and 57 -

.

Answer: ix42)(x—5) = 0.,
. € ‘ ¢

y -

Answer: You factor /it. S -

o 4. And how would you factor the tginomial xz »7x + 107
i ¢ o »
We represent its middle term as a sum (we decompose the
middle term into two summands, we "splinter"' the middle —
tirm) and transform the trinomial into a quadrinomial
’ ) - 2% - 5% ¥ 10, in which we can combineflike terms.

¢~ 5. Correct. But can we factor any trinomial of this type
in this way? For examp%e, how do you_ factor the tri-

nomial x* - x - 12; 16x% = 16x + 33 x° - 2x + 57

IS
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Answer: x2 -x-12 = x2 - b4x + 3x - 12 = x(x~4) + 3(x-4) =

R (x-4) (x+3); 16x% - 16x + 3% 16x° - 4x - 12x + 3 =
o 4x(fx -1) - 3(4x - 1) = (4x - 1)(4x - 3); we do not
. kngw hoW'to factor the trinomial x“ -.2x + 5-—can it
be factored? \

i‘ 6. You factored the first two trinomials Eorreetly, and now youws

can probably solve these equations: x" - x - 12 = 0; 16x -
16X+3‘0- . 'y ’ o \'
'The first equation has roots -3 and i{fand the secgnd, 4 and e v

7. Cotrect. For the third’trinomial it is understandable that .~
you were unable to factor it——it reall® has no factors. Not '
gll of you,. however, were able to find the factors for the
first two trinomlalsﬂ and even those who could had some
~trouble. The quéstion arises whether we can find some general
method for solving the problem whether a trinomial of the
type ax~ + bx + ¢ can be factored, and, if so, how.

Then the teacher familiarizes the pupils with the method of singlimg

out a perfect squsre from a trinomial of the second degree such as ax2

+ bx + ¢; here he of course begins with partigular: cases and gradually
approssvfs\the most general case. : ’ T
Example 4. !LEE;: "The theorem on the bisector of the {nternal
ang® of a triangle." ' SN
As a prelimﬁnaryg_jor homework the pupils are to .prove that, if in
— triangle ﬁhc the sides AB and BC are unequal and AB < BC, the bisector
| of angle B divides the_opposite side AC of the triangle into unequal
parts AD and DC, where AD < DC, i.e., the spaller part of the base (AD).
: belongs to théfsﬁsller side AB, and the larger part of the bgse (bC)—
‘to the larger side. . This theoren is the result of another theorem:
"If in.triangle ABC sides AB and BC are unequal and AB < BC, then the
median BM, dropped from vertex B of the triangle, divides angle B into
unequal parts such that LABM > LCBM." The proof is conducted using :
‘an ordinary construction (for theorems dealing with the ‘median): The
median BM is extended for a distance equal to .it to point D (MD), and
point D is joined to point C. . S
P "After checking. this homework essignment, the teacher mgg}conduet
the. lesson with a system of questions : '

1. If in triangle ABC sides AB and BC are equal, how does q§
bisector BD divide side AC?

~

Into ‘'equal parts AD and DC.




‘2.

3.

]

5.

Using this course, the class provesvgne theorem,”wilhAthe teacher's

/gelready proved.

Now let sides AB and BC of triangle ABC be unequal and .
.let us suppose that AB < BC. Now hbw does the bisector
divide side AC? -

Into unequal parts. AD and DC, where AB < DC by the theorem

2

Correct. But Euclid, in hig Elements, gave 3 more yrecise
answer to this question. He proved ,that a perfect relation
appears: AD:DC = AB:BC. Now let us try. to find the *
proof of this statemert. Look carefully at the proportiondf’
thHat we must prove a&md at the positions off the relative
segments, glven in a drawin

Segifents and DC are located on side AC of angle A, and
segment. is on side AB.oé—#irid angle.

Can you see what auxiliary line we must draw to construct a
segment that would be the missing term in the proportion
AD : DC = AB : 7 .*

From vertex C we must draw . line parallel to bisector BD
intersecting the extension of AB at some point E. Them

we shall be able to use the theorem on the proportionality
of segments formed on the sides of an angle intersected by
parallel lines.

* ) ,

'
- ~

wdance . . : !

Exemgle 5. Topic' "General Properties of the Eggonential Function.

ll

2,

Whet property dees an arithmetical product of twe numbers e
have if the multiplier is a proper fraction? A

- .
In this case the product is smaller "than the multi~ i
plicand. s ‘

L4

Right. Using this theorem, what conclusion can we draw
about a power whose base i1s a proper fraction and whose
exponent is a poeitive integer-—for example, these powere.

(%) 3(%}5 0.248, eter , -~

All these powers are proper fractions, since, for example,
(3> 3.3 3 3
4 ° 4 T4
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Quite right. Come to the hlackhoard and make the comstruction.

A
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and” from multiplying the proper fraction 3/4 by the
proper fraction 3/4, we obtain a number less than

3/4, i.e.,qggain a proper fraction. 3 LN ‘k_js

3. Correct. That means we can state the following theorem
"In raising any-.proper fraction to a positive integral
power, we again obtain_a*proper fraction.?

Well, wh€t can we say about the positive integral | o n
power of an improper fraction, such as (;) B

This power is an improper fraction, for in multiplying
the improper fraction %—by the improper fraction %—we
obtain a number greater- than,53'i.e., again an improper Co -

fraction, and so forth.

4. 1t appears we can now formulate a general theorem:
"In raising any pogitive fraction to a positive integral
power, we obtain‘a fraction having the same form (type,
character) as the bases'" By the form (type, character) of

a fraction we mean here its property, of being proper or Y
. improper.
e o . ‘
5. Now it is completely natural to ask ourselves what \\h_—*(,ff

concliiston can be made about a power if the base of
jo it is a proper "or improper fraction and the exponent °?
/ - is a negdative integer, for example, -

K

SN CIC I T
¢ . 2 * \4 r Ve S . ° N
:To ané?er this qoestion, the feacher asks the pupils to calculate
the powers he has written and to draw a general conclusion from them.
"In\reising my positive fraction to a negative integral power, we obtain
'a fraction with an inverse form (type, character), f.e., -an improper ’
-‘fraction 1f the base is 'a proper one, and‘a proper fractiop 1f the base
is an improper one." . . ‘
Similar reasoning, stemming from the same property inherent in the
. product of two numbers when the multiplier is a proper or improper fraction,
leads the olass to establish a second general theofem. "If the base of
a power is a proper (improper) positive fraetion, with ep increase of
the exponent, the power decresgses (increasee) Extension of the above
theorems to cover positive and negative fractional exponents can also be'

done mainly through the pupils' own efforts. 2
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~ children getting the more difficult variants). The teacher, watching

) ' ' .
These examples we have given may.help the teacher to form a certain
notion of the essence of the heuristic method. However, the system of

questions that may be asked on each topic can bé extremely varied, and

quite a broad range still remains up tO the teacher's creativity.

N »

The Laboratory Form of Instruction. The form of instruction which

is built on drawing senses (mainly sight, ﬁouch and muscular effort)
into active participation 'is called the laboratory method. The following

types of activities may be included in the laboratory form of instructionm.

¢ a
’

Independent solution of examples

and problems during class - : A\

This t§pe of workeis. done either by the class as a whole (all pup
are given exactly the same problem to do) or by giving the pupils individ-
" ual data (they are given variants of a problem, with the brighter

the solution of the assignment\\izn get an idea of the level of knowledge
of many pupils,. their ability t pply their knowledge in practice, the
firmness of the skills they have acquired, their initiative and aptitudes
“for an independent and possibly creative method of finding the most
Jrational ways to solve a problem. ) .. : fv.t
This type of work has not a lih‘ significance when we consider
thalihhe pupils' competition with one anothervgives rise to a.healthy

" and beneficial mutual influence and that all who cope successfully with

an assiénment experience moral(eatistaction when their efforts are veri- v«

€;éh. -
. , . | : .
Execution of gfaphic exerciees
/ The following belong in this category: construction of diagrams
and grephs of functions, graphic illustration of the solution of equations
and inequalities and systems of equations and ineqqagities, graphic ‘ ,
solution i& equations and systems of equations and inequalities.
Constructing diagrams is done in the fifth and sixth grades for
helping the pupils to understand the idea of change and gives rise to
"the idea of functional relationship. It induces tne pupile to apply

their efforts actively, to be creative. Joining in this group work

‘.gives many of the pupils real joy. Lessons devoted to conétructing -
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* diagrams are very lively and at the same time very useful for mastering
- the concepts snd ideas that makq up. the. content of tne lesson topic.’

*

Y

@

. As early as the sixth grade, there is a transition from the
' construction of disgrams to the construction of graphs of functions. T
This prodigious task, which is organically connected with the, problem
of censtructing a mathematics -course on the idea of the - gpnction, is
fulfilled radually, in a definite sequence; it is examined with the .
greatest completeness and depth in the upper grades as a‘geasure of ‘
compiling .the appropriate material. There are to stages im its
resolution. | S
First the pupils acquire skill "in cénstructing graphg by
points. "This 18 a ver} important stage; construction of graphs by p?ints
is also applicable in the second stage and in general becomes an oblig-
atory element. in the process of graphing functions. In the first stage
one agquires a fMxed conception of the graph as a locus of pointsswhOSe
coordinates satisfy a given equation. _ ’; ; . N S
" The pupils' activity in the first stage involves constructing the .
points of a graph by given coordinates, first on the blackboard covered
with a coordinaté net a{d later in an arithmetic notebook, containing

squared paper. Eventually the pupils need more independence and -

-
.
#
o

In the latter case all. variants can require constructfng a graph of the
same function, but from various systems of points so thatﬁall points

constructed by the indibidual pupils'are visibie not only in their note-
books but also bn the blackboard, resulting in a curve‘cepstructed from ";'

<.

all points found by the individual pupils being presented on ‘the black~
2 , ’ . I
board. . _

To some extent in the seventh grede, but mostly beginning in eiéﬁth
grade, the pupils construct graphs of functions®after a preliminary
analytic investigation of their cod&se. This does mean that more
thoroughly covered properties of functions should not first 'be examined

on a graph that has been constructed (from points and psrtly'en the basis

a

i

- : . P o
$ ' .
2Prof V. L. Goncharov used such a device in an experimental check
of the algebra,textbook he wrote. -
N : )
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".of a preliminary analytic examination) and.\hly then proved analyt~
ically The construction of the graph of funcfions, based on an amalyt- -
'@ $cal investigation of their course, 1is of grept value in combining the-
pupil;sqﬁental and physigal activity and in joining theory and ?ractice

harmoniously. (

t

if the functionS'illustrate a law that geverns & proéess studied> in ’

' These exEreises usually interest the pupils very much, especially

science (physics, chemistfy, technology, biology), a natural phenumenon.
E&erﬁ&ses in cOnstructing graphs of functions have such greet
.« value for mathematics’ Study in the school and higher educational insti-
j; . tutions and for the pupil s future practical work that the teacher should
not limit'ﬁimself to the types of functions indicated in the curriculum;
' but should feel free to introduce other functious.tgat arenlt}ucturélly
similar to tﬁoseibeing studied. Such, for example, ate the lineat‘

: ' + b
fractional functign y = §§-~35 the trigonometric function

S y=a sin (bx 4+ ¢) .and others which are easily related to functions

that are already familiar to the pupils. V

The construction of graphs, for the purpose of illustrating the .

solution of equations and inequalities, systems of ‘equations and
inequalitiegs, is in essence not only an-illustration, but also the
beginning of a contribution to this solution. Such & contribution is
‘especially clearly shown in solving a system of two equations, of which
one or both. are of the second degree. Here it 1s important to establish,

3

By constructing graphs, the number of points of their intersection and

consequently the number of solutlons of the system. ]

‘ Finally, the constructian of graphs haa\yet anothér valuablke Rrac-
tical application. 1% 1is used for a graphic solution of eguations and

systems of equations. This means of solving equations may be success-—

fully appliei\whenever aualytic solution of wn equation or system of j?

equations involves difficulties. ‘

- pte

Execution of measuring tasks

This category of laboratory work includes the meaSurement’SF”iengths,
$
areas, volumes, and angles (done in the classroom) and measurement in a
localhty, done partly in the classroom but mostly out of it. The pupils .

. .t@xaily beg ’
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whan learning information about. geo y that is relevant there. G;;3>\-\_
ually these exercises in measurement’ become more complex (for example,

in field skepelTpg and familiarization with elementary measuring instru-

" ments) and prepare for the tramsition to measurement in a locality.

Both types of exercises in measuringyhave, of course, a specific
place in mathematics instruction, but their significance increases as
polytechnical training is introduced into the school. The skills acquired <i
in oig§ these exercisés provide a valuable store of practical knowledge )

and abilities, which the Soviet school should be giving its students at
¥ & .
this time.

The execution of modélmaking'tasks .

This type of laboratory work, which is not yet fully realized in the
school, occupies an increasingly important place in mathematics teaching.
in connection with the recent introduction of polytechniéaiﬂp&aihing.
Although mathematicé teachers, strdving to develop visual concepﬁions in

* their pupilé% used to use prepared models, ﬁodern methodology no longer

considers it possible to use only the pupils' contemplative activity,

but requires that~they take part in creating a model, in constructing it,
which would activate their thiﬁking and deepen their knowledge in pne ’
drea or another. There can“haraly be any doubt of the correctness of
this methodology. But modelmaking piays a considerable role in,two'othef
reséecté; it promotes development of the pupils' elementary skills in )
constructing the details of models and in handicraft (in working with
wire, cardboard, glass, tinplate) and develops the pupils' creative \\‘w
aptitudes, forcing them to construct and create models by themselves,
often of complex geometric figures illustrating the proof of thebdrems
and the solution of ﬁroblems. Such are the models for the theorem on
the shortest distance between two intersecﬁing straight lines or the
solution of the problem on construc #g‘a straight line through a- given »
point and cutting across rwc‘givéﬁzijiersecting lines (here it would be
best to have a model containing the given intersecting lines in barallel
planeﬁ). : -

The construction of models illustrating the course of the change of

-séme elements of a figure (flat or spatial) in terms of the éhange of

some parameter opens a vast field for the pupils' creative activity. This

. »
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idea of gdnves\igating change in ‘the elements of a figure has lately been
recogni ear]y by many teachers, who apply it in tﬁeir practice.

e Lectfre Form of Instruction. The form that the teacher gives
to tgz\Tnsggng;pepds on the content and the‘ﬁature of the material to

be studied. Whenever new materialégs to be given and conducting the lesson

heuristically would present difficulties and not-be expedient, the teacher

resorts to presenting the material as a short lecture. This lesson form

»
is used primarily in the upper grades, and its usefulness increases accdbrd-

ing to the proximity to completion of the school mathematics course; one
must not think, however, that it is entirely excluded from mathematics

teaching in the fifth through seventh grades. To be sure, the lecture

iprm'is the only way to present historical material, which, of course, is

given even in the fifth grade in conjunction with the study of arithmetic.

It is completely necessary to accustom the ghildren to ''listening
to lectures." Listening to lectures is paramount to studying some part
©of the-material on the basis of related and sequential 4dnformation given
by £he teacher. This trains the pppils' powers of application, forcing
them to be "active listeners' (to manifest activity in what would seem
an inactive manner, by simply listehing), prepares them to listen to
lectures in the higher educational institution, and develops the ability
to listen and try to gragp the words o§ the: lecturer, speaker, or inter-
locutor, an ability that is valuable for every educated person. The

‘teacher's lecture exposition of some part of the material acquires a
" gbecial significance in mathematics insﬁruction too,_because it gives
the pupil a model of speech connected, that is sequéntial, logically

constructed, and stylistically correct.

g‘The reader who has carefully familiarized himself with the above

examples of how to conduct & lesspn in heuristic form has probably noticed

o completely, in "pure" gqrm so to
t

that it is not always possible to do

errupt the smooth alternation of

~

speak. Most often the teacher must 1
questions and answers with short expla a OT ;nterjections,‘which"
have essentially the form of a ledture? Thus the lecture form of commu-
nicating the ;tudy material occurs inevitably. The teacher's

experience should suggest to him how much the lectyre form must be

.used in each individual case, and, as a rule, he should not permit this

-



- form whenever it is possiblé and more useful to use the heuristic form.
We repeat, however, that in the ninth and tenth grades the lecture form
1s to be preferred to the heuristic whenever the latter does not evoke

t awaken in

enough of the pupils' mental tenéion—~wheneyer it does
them theé desired interest in the problem but gives rise t¢ boredom and
a certain ironic attitude toward the attempts of the-tfeacher WEP tries

to make a mystery of material that 1s a mystery for them,

L ‘children who are "no longer babies."
Finally, the exposition of a particular p¥rt of the study material
in a lecture 1s undoubtedly of use because it gives the teacher the
right and the oppqsgpnity to demand of the pupils & corresponding expo-
sition of that same material in their answers during the lesson. Moreover,
he can make this material the gpbject of written pxggentation by all the
pupils through which he can establish the extent to which his chosen
form of exposition has achieved its aim.
¢ There are often times when the teacher comes across a convenient
chance to begin the exposition of a topic in class that could be developed
and finished by the pupils in their club. For example, the theorem on
the bisector of the internal and external angle of a triangle can be
completéd in tﬁgpclub by a leéture on the two harmonic points (tﬁe
péints dividing the given segment internally and externally in precisely
the same respect) and on the Apollonian circle. xThé uniﬁ.on'aividing a

segment in mean and extreme ratio can be expanded to the unit on the

golden mean. The unit on regular polyhedra Q@turaliy entails a lecture

-

on Euler's theorem about convex polyhedra. .
So, too, the unit on isolated equations of higher powers, given in
the eighth and tenth grades, leads to a lecture on equations of higher
‘ powé}s; the unit on the infinite decreasing geometric progression may be
- quk~gded with a report on Lonverging and diverging numerical series.
A lecture gilwen in class on the essence of the method of mathematical
induction is continued in the club as a report on the same topic.
) Thekse examples, whose number may be greatly increased, will clarify
"F}or a teacher how study material, preqented in class primarily by lecture,

can be a good basis and stimulus for a pupil's report in the mathematics

club. N
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Methods of Mathematics Instruction -
As is well known, analysis and syﬁthesis{ inductiom and deduction

are methdds of scientific investigation--methods of seeking the proof of
the correctness of various scientific relations (tru‘hs, facts, gropér—
ties). When scientific relations become the subject of instruction, the
teacher, as far as possible, puts the pupils in the position of persons
who must rediscover or establish these relations indepen&ently.3 The
teacher "organiz;é" tha)pupils' reasoning and directs it in a definite
channel. To do this, he uses the same scieggific methods——-thus the
methods of scientific investigation become methods af instruction.
Finally, the path taken by instruct£;n should necessarily coincide with
that of scientific investigation; another path may be taken in instruc-
tion, reasoning may be organized differently, but still ghis reasoning
will be realized through the same scientific methods— analysis and
synthesis, induction and deductioﬁ. This is easily seen in examples.

1. The fact that "in any triangle the greater angle lies oéposite
the greater fide'" was discovered inductively/and then proved deductively;
bu:;ye do no= knowahow the first deductive proof was made. And yet the «
tedchet should do this proof as naturally as possible and promote mastery
of it; he has a powerful means at his disposal——analysis, whose appli-
cation shows the most natural way to find this proof. .

.y?' 2. The fact that "the three bisectors of a~§riangle intersect at

one and the same point" can also be discovered inductiveiy; deductive

proof is easily found too, through analysis. But although one may

x/ discover inductively thas''the three altitudes of a trifngle intersect .

" we cannot confirm that ordinary deductive

at one and the same point,
proof of this fact, which can also be easily found through analysis,

coincides with what someone first established.. But, for our purposes
of instruction, this has no significance; for us it is only impertant
that analysis leads us to a sufficienfly natural and visual method of

'

‘ proof of this statement.

-
\\\*~«> The Analytic-Synthetic Method. This method is an organic combi-

nation of two methods—-the analytic and the synthetic.

3Unfortunately the teacher often has only a limited time for this.
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. Analysis

Analysis is of two types.

1. The first type consists in the following. To establish a
relation Q, one tries to find a relatiop or system of relatiops A1 such
that Q comes as a result. Then for each of the relations of A1 one f£inds
that relation or system of relatioms A'2, A"2’ A"'z,... from which

relation A, follows accordingly. This process continues until all

relations ire covered, either those given in the conditions of the
statemenht being proved or those established earlier and thereby
considered true.

. To give complete clarity to this general description of the process'
.of analysis, let us cite some examples. |

 Examgle 1. Theorem: In any rhombus the dlagonals are perpenditul%r.‘

1. Quadrangle ABCD is a rhombus. . ' B C
oL AC and BD are its diagpnals.
3. AC X BD at point O.
AC | BD? A D
Figure 14

- The following 1s an analysis of the proof of this theorem: (a) to
prove that AC_L BD it is sufficient to prove that BO L AC. i.e., that
(b) BO is the altitude of triangle ABC. (e¢) For this, one need only
establish that ABC is an isosceles triangle and that BO is its median,
that is, that (d) AB = BC and (e) BO is the median of triangle ABC.
Reﬂgtion (d) follows from condition li and relation (e) follows from

ditions 1, 2, and 3 of the theorem.

’ Lgt us look a little more closely at the links in this chain. Note
that not only does relation (a) follow from (b), but relation (b) follows
from relation (a); thus relations (a) and (b) are equivalent; they can.
fully replace each other. We can say that relations {(a) and (b) are
differentgin form but identical in content.

. This is not valid for relation (B) 'and the system of relations
(¢), (d), a (e). Relation b follows from the system of ‘relations
(¢), (&), an (e), but the system of relations (c), (d), and (e) does
not follow from relation (b). Indeed, from the fact that BO is the
altitude of triangle ABC it does not follow either that this triangle

»
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1s isosceles or that BO is its median. s For relation (b) to be valid,
it is not necessary that the system of gelations'(c), (d), and (&) be
1 Y ~

" valid, but it is sufficient. The presence of the system of relations

entails the presence of relation (a), which is subject to proof.

Example 2. : i .
xample 2 -ngorem A ci;s%g‘may be inscribed in any‘triaggle

R

.
s

-

ABC is a triangle
Can a cirgae be

w:xsc‘ribed in AASC?

. / . Figure 15

\ >
¢ * N

Analysis of the proof of this theorem may be presented in the

- following scheme.

¢ 5

(d) In triangle ABC a circl? may be inscribed?

(b) There exists a drcle t?ngent to all sides of triangle ABC?
W {(c) There exists a point equidistant from all sides of triangle ABC?
. ’ 1

(d) 411 pofﬁts of the < All poinég of the The bzg;ctors
bisector of angle A are bisector of angle C of angles A
équidistant from sides are eguidistant from and C inter-

«AB and AC ¥theorem on sides CB and CA sect (property
the bisector of an (theorem on the o£4ﬁbn7parallel
angle) . bisector of an straight lines).

' - angle).

-

- In"this analysls we were looking ‘for relation (b), from which®

relation (a) follows, then relatfg; (c), from which relation (b) follows,
]

and finally the system of relations (d), from whicb relation (c) follows.

We turn our attention, however, to the fact that (conversely) relation

. (b) is a comsequence of relation (8) and relation (c) is a consequence

of relation (b). Thus (a), (b), and (c) are equivalent, and each of them
may fully rgplace either of the others. 5
But thé‘system of relaqidns (d) is not a result of relation (b); it

r

consists of nonequivalent relations. Here there is only a unilateral

relationship. For relation (e¢), which is subjected to proecf, to be valid,

it is sﬁgﬁig;ggg_that the system of relations (d) be valid.
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It can be seen from these examples that this type of analysis
consists in seeking the logical path to be followed from the given
relations to the relation being proved, i.e., it consists in establishing
the path of proof that the given relations are conditions that are
sufficientwko realize the relation to be proved. This type of analysis

Y

.1s applied in proving propositions.

2. The second type of analysis, applied in solving problems

(geometric or algebraic), consists in the following. . Beginning. from the
éssumgtion that the unknown figure or value of a quantity exists, we
seek those relations that are the consequences of this assumption, then
the relations that derive from these consequences, continuing until we
come to the conclusion which may serve as.the original relation'in a
chain of inverse propositions. Obviously we find in this mahner the

condition or system of conditions mnecessary for the existence of, the _
‘ s

~unknown figure or value.

i

Thus, where the first type of énalysis has the purpose of provAng
that known relations (given im the conditions of ‘the proposition) fare
syfficient for the existence of the conclusicn ;f the proposition,nthe
second type of analysis helps establish the conditions necéssarz for
thé existence of aiyalue or system of valyes of an unknown quantity,
so that after this (by syntégziz) one may select thosé that are then
suffgcient, and, if required, add the new sufficie;f conditions.

1

e given its Hypdtenuse
~

Example 3. Problem: Construct a right trian
a and the radius r of a circle inscribed in it.

In the analfsis of the solution of the problem, we assume that the
problem is solved, i.e., that the unknown triangle is constructed
(Figure 16). Let this be triangle ABC in which AB= d, BC = a, O is the
cenﬁer of the inscribed circle, 0D = 0E = OF = r. ‘

Looking at the drawing, we see trilangle BOC is determined by
triangle ABd2 In triangle BOC, BC = a, the altitude OD Is equal to r,
£3oc = 180° - 21C

ing triangle ABC from el%ments A, a, r comes down to constructing triangle

= 180° - 45° = 135°, so that the ﬁroblem of construct-—

BOC from the angle at vertex BOC, from the base a, and the altitude r.

¥ N
'
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Figure 16 Figure 17 : z

'Exampie.ﬂ, Problem: 6iven a circle of radius R and line MN at a

distance d from the center 0 of this circle, construct a circle tengent
to circle O and line‘NN at a given point A on this streighf line.

. - We analyze the solution of the problem. For this we assume that the
problem is solved, i.e., that the unknown circle is constructed (Figure
17). Let this be a circle with center 0’,\tangent to circle 0 at point
K and to lin?MN at the givenjpoint A. ,

It can be seen from the drawing that the cepnter 0' of the unknown
circle is dn the perpg;dicular AC, drawn to line MN from point A. At
first we can ‘make no further conclusions about the location of the center
o', but, inspecting the drawing carefully, we notice that the center .
is at a distance from 0 equal to the sum of radius R of the given circle
and radius xlof\the.e own circle; from point A it is at a distance x.
This leads us to think that if we mark off segment AC equal to radius R
on the extension of the perpendicular AC, the center 0' is equidistant

“from points O and C, agd, coﬁsequently, will be on the perpendicular to
LO', conmstructed to segment OC from its center L. We conclude that the

-

figure we assumed constructed detesﬁines the cénter 0' of the unknown
. ' ¢
circle as. a point:
(1) located on the. perpendicular AC erected from point A to MN;
(2) equidistant from points 8 and C and therefore on the perpen—
dicular 10O', constructed to .segment OC from its center L;
(3) which is the point of intereection of the perpendiculars
. AC and 1d'. | a

//“fFrom this we conclude that to construct the center of the unknown

circle we must construct perpendicuiar AC and perpendiculap LO'.

1 -
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Examples 3 and 4 permit us ta make the general conclusion that
analysis in solving problems on the construction of some figure F from ' -
its given properties a consists in finding a figure or system of figures

F' with properties a” such that it is wholly determined by\};ure F, -

- so that in order to construct figure F it is necessary that a figure ox

system of figures F' be constructed. ‘

\ Example 5. Problem: A pool has two pumps. 'The first pumps water
into the pool. ?pg second can pump out an equal amount of water, but
it takes h hours longer. When both pumps are working together, the pool

is filled in a hours. How long does it take the first pump to f£i111 the
; . ¥
- .

&

pool?
To solve this problem, we designaté the unknown number of hours by

x and compose an equation,

. ' . " ' “x+n " (1) )

.\\"

j'and‘a: There exists some value x of the unknown quantity (the time the’
v \ r

»|w
4]

~

! How ¢dd we agrive at this equatién? We first assumed that when
h>0apd-a >0, then we can assert by considering the quantities h

\first'pump takes to iill the pool) that is the answer to the problem. By

reasoning we then established that this value of the unknown quantity '\
saf#sfies equation (1). Thus it turhed out that for the statement:

I

(a) there exists a value x of the unknown quantity such that it

answers the problem, entailing the statement that . 'y

(b) this value x satisfies equation (1).

Consequently, the fulfillment of statement (b) is a COnditiog.f ' -
necessary for statement (a) to be valid. In Other words, only that
véiue of the'unkﬁown quantity which 1s a root of equation (1) can answer

the problem. ' ‘ ‘ ‘ ¢ . ‘ ;u

We cannot, however, draw the idverse conclusion.- From the fact
* -

. & .
alone that some number is the root of equation (1) it does not-follow -

- I
tgat it answers” the question of- the problem. -In other wprds, fulfillment

. . oy
of statement(b)is not % condition sufficient for statement(a)to be valid.

) Therefsre, having ed equatien (1), we shall haye to be addition-

.

ally convinced that one or another of its roots gives the answer to the

.-
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question of the problem, or—if none of “the roots of equation (1)
satisfies this réquirement—- that the problem has no solution at all.
But how cag we be convinced of this? Having carefully considered
tge idea of t@e unknown value x whose existence\ we have assumed, we all
try to establisﬁ those supplementary relations satisfying it. It is
v eas}ly uﬁderstandable that the unknown value x satisfies not only
equation (I), but also the relation o
: ' 0 <x < a, (2)
which in view of this expresses still another condition that is necessary
for the exlistence of a value x of the unknown quantity, which would '
answer the problém, ' ‘
~ But it is not hard Eo see that relations (1) and (2) are not inde-
pendent. 1f x\i‘Q, from equation (1) given in the form |

» T : a a .
p S f——+ 1
Y ' X —‘x + h

it follows that §->,1; i{e.,’lha; X < a. There are two mutually inde-
pendent conditions: )

. . 8 a .

X x+h

=1, and ¥ > 0,

which are necessary for there to exist a value of an unknown quantity
which would answer the problem. Neither of these conditions in itself

is sufficient. One may pose the § stion of the sufficiency of the-system
(combination) of these mutually dependent conditions. We shall show
below that thissystem is indeed sufficient for there to exist a value of

the unknown quantity that will answer the problem.

» Synthesis )
To each of the two types of analysis there corresponds its own type
of -synthesis. Let us examine them. R

1. Assume that, in trying to find a proof of some propog}tion Q,

“We have made an analysis, as represented by this scheme: '] N
M ( ) A
Q y
t
A ' . -
al . .
\ i 1
t . tt
e, _ gz
I [ ' -
A! = tt Alf!
Py | 3 3 ¢
(00$d4$i0ﬂ }) (conditions 4 (Conditions 1
and 3) and 2)
- ld i 60 o
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4 Let A!, A!, and A"
3 73 3

‘ be those statements that- are direct consequences
‘of the data of the conditions of the theorem, as indicated (in parentheses).

Then it is clearly possible to form an argument consisting of a converse
transition: ) . ' .

(a) from conditioen 1 of the theorem--to statement A! and from it to

3
* statem#nt Aé, B :

(b) from conditions .1 and 3—to statement Ag,
(¢) from conditions 1 and 2--to statement Ag‘

(d) from statements Ag and Ag'-—to statement Ag,

(ez from statements Aé and.A -—to statement Al’
+ (£) frpm statement A1~—to proposition Q.
This method of establishing some relation, consisting in a6 sequentiml
. transition (with the aild of lngical inferences) from the given conditions
" of a theorem to be provgd to its ccnclnsion, is the firﬁf type of synthasis.
Let us'return to examples 1 and.2. . . q§
Example ;,, Synthesis consists in the following ,(page 55): By
(a) “from condition 1 we find that AB = ﬁc,.and from conditidns 1, ‘
2,_and¥3’§e conclude that BO is the median of triangle ABC; . oo
(b) hence we infer that BO is the altitude thtriangle ABC, i.e.,

that B0 .l AC and, consequently, BD L AC.

/
Example 2. Synthesis consists in' the following (page 56):
(a) since the bisector of any ‘angle is a locus of points egufdistant \

“from its sides, the bisector af ahgle A contains all and only those points
‘equidistant from sides AB and AC, and the bisector™of angle C contains
: a;l and only those points equidistant from sides CB and CA; these bisectors
(from tﬁe property of nonparallel lines) intersect. at some point O
(b) therefore point 0 is equidistant from all sides of triangle ARBC,
i.e., 1f OD | BC, OE | AC, OF . AB, then OD = OE = (F;
(c) drawing a circle of radius OD with its center at 0, we obtain
a circle tangent to all sides of triangle ABC (by the theorem of the
st(aight line drawn/éerp fidicular to the radius at the ?nd of the radius
lying on-the c1rcle), f.e., an inscribed circle.
2. The second type of synthesis consists in establis%kfg that the _-jﬂ
tonditions found necessary for the existence of the unknown figure or ¢

the values of the unknown quantity are also sufficient.
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_“Examgles 3 and 4. In construction problems, synthesis 1is made
éfter the unknown figure is constructed and is nothing but a proof that
“the conditions, found through analysis and used in the construction,
necessary for the existence of the unknown figure are also sufficient.

- In solving example 3 it was established that in order to construct*
the uﬁkﬁgan triange ABC it was necessary to construct triangle BOC. But
;this ondition is at the same time sufficient. Indeed, having consﬁructed

triangle BOC from its base a, the altitude r, and the.angle (equal to
135°) at vertex 0, and having drawn Half-lines BA and CA forming angles
"with half-lines BO an respectively, these angles are equal to angles w
OBC_and OCB and ihterzgio

s

t ;t‘some point A, and we obteiﬁ the desired
trlangle. Indeed:. _
(a) half-lines BA and CA intersect,‘End ;E right angles, since
" LOBC 4 £OCB = 45°, and £ABC + ZACB = 2(£OBC + AOCE) = 90°;
(b)IO is thefpdfgt of intersection of the bisectors 20 and CO
of angles B anﬂfc of triangle ABC i.e., the center of the circle

{fcribed in it. g |
\ » ///?c) altitude OD of triangle BOC 1s the radius of this inscribed
w/‘ circle in triangle ABC, but this altitude is exactly equal to r.

In the solution to example 4 it was established that in order to
- construct the center 0' of the unknown circle one must construct:
(a) perpendicular AC, drawd from theMéiven poiptgA to the given.
straight line MN; : hd )
(b) perpendicular LO', drawn to segment OC from its center L.
. But this condition is simultaneously sufficient. Indeed:
s (a) straight lines AC and LO' erBendieular to the sides of the
angle, intersect at some point 0‘;¢<§
‘ . (b) from the‘equality 0'C = 0'0 presented in the form 0O'A + R =
"0'K + R itefollows ghat’OﬂA = O'K; ' . ,

(e) in view of fhis, the circle circumscribed about the center 0 -
with radius 0'A passes through podnt K, so that point K is the commonf
_point of circles 0 and 0', lying on their line of centers 00' and,
consequently, the point of thelr tangeﬁcy, '

(d) the straight line MN, passing tRrough the end—point A of the
radius 0A and perpendicular to it, is taﬁé@kt to the circle comstructed

with {ts center at 0'. !

s



These proofs that the conditiofis found through analysis, necessary-:

for constructing the unknown figures in problems 3 and 4, are at the
same time sufficient conditions &or it' they are the stage of the solution
of these problems, which is called synthesis. , ',
Examble 5. Analyzing this problem, we arrived at the conclusion
that in order for a value ;nof the nnknown“quantity to exist it must
N S | :
a a. v

~
x x+h 1, x> 0. a (3)

satisfy a system of relations:

Having solved the equation constituting the first necessary condition,

©we canjreplace this sytem with an &quation Equivalent to it:
L4

o C Yl + dah) = b - | I

' s O . (4)
?
This value of the un%gown quan‘ity may Ce viewed as the answer ao
. the problelm, for it is the value of that interv _pfntime during which N
the first pump fills the pool. Indeed, it follows from the equaﬁion ]
‘that the part of the pool*¥illed by the first pump in 1 hour exteeds
the part of\the pool emptied by the second pump in 1 hour by/fIN:i;; the
part of‘fhe pool filled after both pu have been operating together for -
1 hour e//{ ° < ‘ mpf\\\\; . : ‘ A
- The above proof ‘that system (3) of the conditions necessary for ‘the
existence of a value of the unknown quantity is at the same.timé sufficient,
for this»consqitutes that-stage of solution of the problem, with they help
"of the cdmposition of an equation expressjing its condition, wﬂ*ii'is
called synthesis. ‘
3. The analytic—synthetic method 1is successfully applied whenever

. ?

a theorem may be presented in the form of a problem. .
y Eﬁggglg»é, To pyove in class the theorem on the square of a side ‘iﬁ'

opposite an acute angle, the teacher does not tell the.pupils the formula

but asks them to solve this pro len: "Given lengths a and b oi‘two

sides of g’friangle containing an.aCj}e ang&e, find the length of the

@ . ‘
TEZh@rd side.’ LY

In & preliminary discussion with the pupils, the teacher establishes

-

thet, since” a triangle is determined by three independent elements, knowl—
edge of lengths a ang b is not enough to solve the problem and that
another element must be known; what kind of an element this is, is

explained %n the process of solving the problem. Then the class does

-
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Vy‘ghet relation o gk

the following analysis under the teacher s guildance (see Figure lS

'where BC = a, AC =-b, AD'J BC): ’ ’ -
( - - . . v ' N i‘
AB? @
o T u :
AD?. - BD?
T T N

_ (039] Ch
A . " -

L . : 3 . -
, - Eigure 18 . o e

This gnalysis shows that this third element, knowledge of which ie'
necessarz for solving the problem, is segment,CD, i. e.,&The projection ‘

-

' .

of one of the two given sides (GA) onto the other given side (Cii
Deeigpating the Lnngth of tkis projection CD by b (to show ‘that
CD is the projgction of side b ‘onto side g), we synthesize.

1) ap? L b2 - b 2 ' - X .
2) BD=a - bg,. N S .o ) -
3) ABZ = a0? 4 80? = b% -5 2 e a® —oan) £b P a2 + bz'— 2eb .

This order may be applied whenever the conclusion of some definite
ﬁormule is replaced by calculation of that magnitude designated by the -
left part of a formula and whose value is expréssed by the right part—- -

for example, geometric formulas for‘celculating the- nonfundamental

elements of a trianglqp or trigonometric formulas, known as formulas

of addition dnd subtrection, ‘and their consequences; : i
4. Let us summarize and state one’ general consideration.

o r clatity\and brevity we shall introduce the following designetion.
We sﬂZil write symbolically a theorem that conEists of a relation B
fdllowing from relatiqn a in tnis manner. %—.‘ This notation will signify‘,

2\211"" end tnpt "’e‘lation L?must be proved. ‘

‘wlet us asgfjiné Ttmt 'y S } .

v (D eak@ of these theorems is true:
: R A T RO A oo
, S TS g ‘

iik_;_;_;____* . o . 3 :, ¢ - . < T
4" ‘ N X
Point 4 is devoted to-a deepex devel pment of the logfcal .aspect
.. of the question and i§‘ﬂésigned to familidriz&:the teachey withf{it.
» - ' -
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> (2) relations 8,7 ﬁsare independent, i.e., no one of them nor

any -group of them éntails any of the others; * . .

(3) if sonmarelationgk is the consequence of neither any relations

B,y or & nor‘hny group of them, then theorem E—is untrue.’

.

g In this case\we may confirm that the theorem is true, i.e., that
welation o follds from the combinatiqon of relations B,y 8.
We may formulate this theorem in words thus: .
Theorem. If for theoexistence of. relation a it is necessary that
each of the mutually independent relations 8, 1—, . and.ggéz these
‘relations, exist, then for the existence of relation a¢ it is sufficlent
that a system of relatioqg S, T § exist. , |
Proof‘(indirect method). Assume that relation o does not exist,
despité the existence of relations B,y 8 subject to conditions 1-3. ’
- Let\us examiqe under what conditions this is possible. From condition'
l it follows that the nonexistence af each .of the relations B,y , § entails
the nonexistence of a, so, that the reagon for the nonexistence of Yelation
a could be the nonexistence of any one .of the relstioﬁ’#é,x » 5., But, v
according to the eonditions, this does not occur. Therefore, the innalid—
ity of the relation a cannot be due to the invalidity of any one of
‘the relations 8y 7> 8. We still must find out whether the invalidity of
relation o is the eonseénenee of the invalidity of some relation ¢ inde—
pendent of r?fatlons B"K » O That cannot be, for then the theorem-g
. wsubd be true, contradicting condition 3. ' -
< Thus the assumption that in the p:esence of relations Byg s S

subject to condition% l -3, relation a does not _occur must. bé rejected

i.e., relation o really is a consequence of rElations B;.; s
ﬁ- v Ege mple 7. For a number a to be divisible by 12 it is necessary B

that a be divisible by-\}and 4. " In addition, the relations 'a 1s divisi-
v ble by 3” and "a is divisible by 4" are mutually independent. The ‘
‘ relation Pa is divisible by 2" is a consequence of ,the relation "a is
"divisible by 4"; the relation "a is divisible by 6" is a.consequence of .
the.system of relations "a is divisible by 2" and-"a is divisible by 3. .
N Theretis no relation distinct from the two indicated independent relations,
and the two' that are the consequences of these independent relations can,

be the tonsequence of the lation 'a 1s divisible by 12," for the number
* ¢ .

. . r
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12 has, besides the trivial divisors 1 and 12, only the divisors 3, 4,

2; 6. These considerations permit us to conclude that if a is divisible

by 3 and'A, it is divisible by 12. Indeed, the in&ivisioility of a by

12 could be the consequence only of its indivisibility by either 3 or 4,

and this contradicts the conditions. :

| The converse theorem, having the following content, is also true.
~If

Al

(1) each of the theorems %— ; 5 (A) is true,
"(2) relations 8, T § are independent, and . N
o 3 theorem *——Lx;é::r is true, ' 7

-

Then we may confirm that if relation ¢ is\not'a consequence of any one of
the relations 8, 7 ,+8 or anngroup of them, then theorem % 1s untrue,
a

i.e.,‘the relation ¢ is not ohsequence of rejation o either.

We may formulate this theorem in. words k.

Converse theorem. If for the existenceﬁof relation niit is* necessarx

that each of the mutually  independent relations 8 T, 6 exist and it
is sufficient thet the ezstem of these relatione exist: then there is
single relation ¢, independent of relations 8, ¥, S, which would be
necessary for the existence of relation a0 L

Proof (indirect method). If there were some relation ¢ Whose
existence would “be necessary for the existence of relatian a, then it

would appear that two theorems would exist simu}taneous}y
L . .

.
. . t .

B 8 oy 2, ’ ' ) ‘ N

a . N
1,5., that theorem “gLI—L——§:£would be true, ‘which contradicts the .

conditions. Tharefore, pr0position %-must be rejected. . ’-‘
.Example 8. For a number a to be divisible by 12 it is- necesplry
for éech of two independent relationsy "a 1is divisible by 31" and.”a .

is divisible by 4," to be fulfilled, and it is sufficiert thht the system
of these relations be fulfilled. No relation e 'that wbuld not depend on

the two indicated relationq and whose folfillment would be necessaty for’

.

the divisibility of a by 12 exists, for from the ‘theorems p

a is divisible by 3, a is divisible by & __ 1 a is divisible by 12
~a is divisible by 12 '€

there would follow the theorem a s divieible by 3, ais diViSiblL by 4
t ) 3

. .
oy . . * C
1 , R R ¥
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i.e., relation ¢ would depend on the system of relations '"a is divisible -
by 3% and "a is divisible by 4," which contradicts the conditjsfis.
These examples of (direct and converse) theorems, exprengz::'tne
relation between conditions necessary and sufficient for the exist@nce
of a relation, show why we attempt through analysis to establish all
mutually independent necessary conditions in order to find a system of
sufficient’ Sbnditians. o ) s
In examining example 4, we established that, for the existence of
the unknown circle, it is necessary Qhat there exist:
(1) a perpendicular AC drawn from point A to line MN;
(Ze a perpendicular LO', drawn from the center L of segméntiOC;
. (3) a point of intersection 0' of these perpendiculars.
. Condition 3 is obviously a consequence of conditions 1 and 2
(perpendighlars drawn from the sides of an angle intersect), i.e., it
1s dependent on them. But conditions 1 and 2 are independent. Therefor
the system of conditiens 1 and 2 is sufficient for the unknown cifcle to

exist.

The Inductive and Dé&uctive Methods of Instruction. 1In this segtion

N
we shal]l examine the application of the inductive and deductive methods

of mathematics instruction. ) .
. \

Incomplete induction P
1. The inductive method of mathematics Wpstruction is the method
of establishing same facts (truths, propositions) and cpnsists in finding

general conclusions on the basfs of a definite number of separate (parti- -
cular) observations. Thus, instruction conducted inductively is bdilt_

erial obtained from direct pérception of actual objects and facts.

1ly understood that this method alone can and shoyld be applied
eginning ;tages of mathematics instruction, but it also retains
v its ue at other levels of this instruction whep, the pupils show their
“ need for establishing general qtéitudes by thf‘gEE;;d of abstraction as
well as sufficient aptitude for it.

Y, (a) Having established the criteria for divisibilitx'by-Z‘and 5,

4 vand 25, 8 and 125, the teacher turfis to seeking the criteria for
divisibility'by 3. He begins by examining individuai numevTeal exémp}es

and observes 1n each of them that if a number is divisible by 3, the sum
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- //;f it® digits is eivisible‘by 3, and, conversely, if the sum of the
digits of a number is divisible by 3, the number itself is divisible by
3. After the pupils have been convinced of these facts through many
examples; they will herdly be inclined to doubt them, but® ofjiaurse
they will want to know the '"reason'" behind these phenomena. This is a
good chance for the teacher to ask them to sPlve this problem by them—
[2 selves, as they had found the criteria for divisibility by 2, 4, and 8.
(b) The inference of the formula for solviyg the equation of a
perfect square, based pn isolating a perfecgt;quare from its left part,
is always begun in this way, by solving diverse numerical examples
of gradually increasing-complexity. In these examples the pupils learn
‘.the general principle that, for.the left-hand side of each quadratic
: equation, one may establish precisely whether it may be decomposed into
. linear factors and, if so, which ones. )

(c) ., Familiarizing sixth—graders'wifh the concept of the altitude
of a triangle, the teacher draws on the blackboard some scaléne triangles
_of various shapes and draws the altitude to the base in each of them. By
examining these triangles the pupils "arrive at the conalusion” that -
if the base angles of a triangle are acute; the altitude falls on thisvj
base, and if one of the two base angles of a triangle ig obtuse, the
altitude falls on the extension of this base.

This conclusion, inferred purely inductively by the pupils“on the
basis of a series of drawings, seems fully convincing to them, completely
believable; at this stage of their mathematical development it has not
yet occurred to them that they may doubt an observed fact, and the
teacher wguld be in error if he aroused their doubts now aboygy the authen-
ticity of the conclusions they have drawn. But when it is possible for
thes teacher to substantiate this fact, rigorously, he errs again {if hz
does not take advantage of this opportunity.- .

Let us turn to the generality contained in the above examples a-c .
and constituting the essence of the concept of incomplete induction.

In example 1 we we®e talking of the set of natural numbers whose digige
add up to a number divisible by 3. 1t appeared that all the elements. we
investigated in this set have one and.the same property~~diyisibility by
3. The question arose whether all elements of the infinite set being ‘:\

‘ studied have this property; the pupils said yes.
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. In example 2 we looked at the set of all quadratic equations
- with numerical coefficients. It appeared that each equation we idvesti-

gated Had oné and the same property. Concerning it, éne could determine
precisely whether its Left—hand term could be decomposed into linear
facto;s and which ones, or whether it could not be factored. One must
detetmiﬁe whether all elements of the infinite sat we éxamined.have this .
property. This question is thoroughly solved by applying those same
arguments to an equation in gEnLral form. _

In example 3 we studied the set of triangles whose base angles are
acute and the set of triangles having one of these angles obtuse. It
appe}fed that all triaﬁ%les,of the first set have one and the same
property--the altitude of each of them falls on its base. The triangles
of the 'second set have another common property-the altitude of each of
themvfalls on<the extension of it base. As a result, the question arose
whether one could confirm that all elements of the first infinite set
and all elements of the second infinite set have such properties.

Thus the inductive method of instruction may be applied when it is

. necessary to establish that all elements of some infinite set M have .

one and the same (common) property.a and when strict proof of this fact °
cannot be given to the pupils, ergwhen'the teacher nevertheless considers
it necessary to first "discover! the fact with the help of indiwgtive
argumentation.

In examples 1 and 2 a strict proof may be given immediately after °®

the fact is "discovered,"

and in example 3, only later, after all the
nécessary information has been accumilated. The induction used iniexamplas .
¢« 1-3 is called igpg@gigtg_inductfép. We gave these examples only.td
illustrate the inductive method of instruction. They have no peculiarities
which would separate them from the great number of other cases in which
the teacher applies{the inductive me:%od. .
We shall state 'a much more general idea. Application of the inductive

method underlies the application of the so-called concrete inductive

method, which constitutes one of the most valuable achievements of the
methodology of teaching gf mathematics, one of its @oqt fruitful fdeas.
_The concrete inductive mjthod is contrasted to the abstract deductive

method which--according *.0 teachers who are disposed toward Lt--should

only .gradually acquire a leading position in mathematics instruction

. ) . 69
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in the upper grades, without displacing the concrete inductive methods,

but coexisting inductive

h it. As its name indicates, the concret

method requje€s that the entire concept or general principld (which in

the fifial analysis must be invested in an abstract form) beglns to be.
buflt up or created in the pupil's mind tnrough a study of cem letely
concrete images and propositions on the basis of an examination
series of concrete examples that disclose (with sufficient definiten
clarity, and completeness)ttne essence of the concept and basic idea of
that proposition which is to be concluded. It is fully understood that
this goal may be attained only by following the inductive method of the'
investigation and finding ptopertied of concrete objects. In addiﬁion
by concrete examples we must of course mean not only objects and phenomena !
« . of the external world directly perceived by our senses, but all individual '
representatives of those concepts that are to be generalized.

Thus, whereas in exdgple 3 each triangle drawn on the blackboard is
directly perceived hy sight, in example 1 each natural number whose ~
digits aéd up-teia number divisible by 3 is only an individual represent—
ative of the general concept of the natural number thaving thig property.

In this sense, each separate number wh digits add ap to a number .
'divisiblé by 3 is related to concrete 'ects; in the saxﬁ“s’gnse, we call

concrete each quadratic equation with definite numerical coefficients
(examp¥g 2). ) } '
Zfi:?‘E> Complete indgction‘ *

B 2. Snmetines that method {s called inductives~—true, not consistently
enough—-which consists of establishing som¢d fact (principle, proposition,
truth) by examining all .singularly posdsi : (mutually exclusive) cases
and the proof of tne justificatiez of this fact in each of the pcssible
cases. | - ‘ } .

¥ (d) TFor a proof of the theorem, "An inscg}bed angle is meas:red by
a half of the arc on whick 1t is based, " we establish its correctness for

the only three possible caeee, then the theorem may be cunsidered

e Y

‘completely proved. |
(e) To establish the general'rule.fér adducing the trigonometric
function of any angle belonging to the segment (0° ... 360°) to a trig-
' onometric function of an angle of the fixst quadrant, we infer this
rule for each of the tollowing~&nly possible representhtives of the wvalue

) ¢ £ -
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\ .
of an angle, given here as an algebraic sum: 90° ¢ a; 180°'t «;
270°% a; 360°¢ a, where 0° < a < 90°; after this the rule may be
considered established generally. |
Examples 4 and 5 share the fact that they illustrate the appli-
cation of one and the. same method. However, they are not the same.
 While the proof of the theorem of the inscribed angle cannot be presented

without examining the definite sequence of the three cases studiéd, the

conclusion of the rule for adducing trigongmetric functions can be

drawn immediately by using this’ common method. If the te;cher desired

to communicate this general method to the pupils, a preliminary exami- -
' nation of particular cases would be devoted to presenting the whole topic
| with a very useful concreteness and visuality. In this case, the device
, used by the teacher could be called inductive. But if the {eacher
decided to examine all only possible (and mutually exclusive) casas,;here
.there would be no element of transitiomn from particular observations .

to a general 'conclusion, but a general conclusion would be created by

proving a theoreQ for all possible cases without excep;icn, and the

omission of even one case would make the proof fallacicus, since there

would exist that logical error which is called the incompleteness of a

proof. The device used in examples d and e is called complete induction.
) It goes without saying that the teacher is not obliged to cons;aer
all possible cases himself. He is helped by tle pupils, wﬁo in individ-
“ual cases, indégendentLy apply a course of reasoning indicated by the
te;cher.. It is iﬁportant, however, that the pupils know that to regard

arrule as established solely on the basis of its being .established in

some, but not all, cases would be an error in logic. .
Deduction )
3. Let us turn-to an examination of the deductive method of mathe- - N

~-matics instruction. It consists in applying diuctiva reasoning to
establish speci ¢ theoretical facts (truths, propositions). " This
reasoning consists of a system (chain) of sequentially realized syllo—

&
gisms, As is known, in deductive reasoning we uslially use

_enthymemes (syllogisms which lack one of their premises), but the teacher
should nevertheless present deductive reasoning ip its complete form .,
through examples, i.e., 86\‘Hht all its syllogisms would be clearly %&s,g

separated.




Exsmple. The proof of .the theorem, "In any trigngle the greatér
angle lies opposite the greater side" may be decomposed into the follow-
o ing syllogisms (Figure 19): C v

¢ ! ¢

st g

‘ Figure 19
1. +In any isosceles triangle the base angles are eeual.
et

»

BBC 15 an isosceles triangle with base“DC. Therefore;,
{_BDC = £ BCD.
2. The sum of the two angles is grgi er than either,
-anglg/l.ACB = LACD + £BCD. Therefore, £ ACB > LBCD.

3. If one of two partg of an inequality is replaced by a
quantity equal to it, we obtain an inequality qf the same \W>
sense as the given'ineduality;" £LBCD = LBDC. Therefore,

L ACB > £LBDC. B

-

4. Ewery external angle gf a triangle is greater than each of the:
internal angles not adjacent to this external angle.
L BDC is the external angle of triangle ADCa Therefore,
L£BDC > £A. ' |
5. The inequality of apgles is a transitive relation.
L A:CB > f.pﬂc; £BDC > £A. Therefore, LACE > LA, that

-

1s, £C»> ZA. T oo
Even in this example it is clear that ip a deductive proof of a

mathematical statement one must use syllogisms of various modes. It

-t
h

is quitg advisable, however, to dwell on the bresent mode having the
most widespread usage, and examine it more deeply, showing what its

essence is., Any syllogism of this type can be presented {n this general
N . ?

form: '
Every element 6f class K has property a.

— Object A is an element of class K. ,
Therefore, object A has property a. N




-
.

given above may be given the following form:

- has’ the prop¢rty that its base angles are equal.
- ~ Triangle 'BDC belongs to this class (is an element of this
class) : ¢
y -~ . e,

Therefore, triangle BDC has the property tHat its base
angles are equal.

. .- , ‘ - P
Thus the inference we have examined consists in the fact that if
we include some object A\in class K acc?rding to some specific criteria
~  (we relate it to class K), we ascribe to object A all those properties
that determine class K. It is easy to understand that the major and ‘zcv’
wminor premises of a s§llogism together constitute just this base on
. Qnich we construct a.corresponding point of the proof. Thus, in the
' example cited for proving that £4BDC = £BCD, we refer briefly to“the é\ >\‘
‘theorem of thegisosceles triangle, saying, "according to. the theorem of
the isosceles triangle"; but unfolding this brief reference, we se¢ that
it leads to the first two propositions (the majo; and minof'premise)'of
.8yllogism 1.
4., As 1is known, the deductive methnd of reasoning has an especially

Rt

wide application in proving geometric propositions (theoféﬁs).'”The . LaE

%

teaeher, however, should clearly recognize that~we use chiefly this A
same method in proofs of propositions of arithmeticﬂ algebra, and trigo-
nometry too. The basic fault in teaching algebra, especially in grades
t 8-10, is that the study of its theory is not given the same significance
as the study of theory in geometry. Theﬁ&heory of algebra is presented
on a lower level and the demands on the pupils are of a lesser degree
“and scape. More and more often methodologists and teachers are indi-
cating this serious fault as the oriﬁin of insufficient knowledge of

RTINS

algebra. The propositions constituting the theory of the school algebra
. AN . . - .

course must be given a precise form that would isolate the cqnditions

and conclusion of a theorem and allow the prpof to be confl strictly

)
¥ 'déductively to the §§me extent}asﬁis done in geometry. Meanwhile, besides
¢

the propositions clearly formuldated as theorems (the theorem of Vieta,

the theorem of Bézout), the school algebra courseecontains a great many
N . 3

. *
N -
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o 4. 1If to both parts of an equation we add any number or any

k]

———

propositions having a completely précise content which are subjected

to strict logical proof. =~ ' g : A
N A

We cite several examples:

- —

1. If the determinant of a system of two linear equations with two
unknowns is distinct from zero, the system has one and only ‘one solution. °
If this determinant is equal to zero, but at least one of the supple~-
mentary determinants of the system 1s distinct from zero, the system
has no solution. If the determinant of a system and both {ts supple—
mentary determinants are equal'to zero, but at least one of the-coeffi- °
clents in the system of equations 1is distinct from zero, the system has
an infinite set of mutually dependent solutions.

2.v If the discriminant of a quadratic equation is a gositive nuiber, .

the equgtion has two umequal real roots. If this diseriminant {s equal -

to zero, the equation has two equal real roots. If the discriminsnt of" -
. a quadratic\eqpation {s a negative number, the equation has no resl roots.
&-’ 3. If we multiply the numerator and denominator of‘an algsbraic
fraction by any expreSSion not reducing to zero, we obtaih a fraction

identically, equal to the first ‘ : : : ‘ ¢ .

[} -
N o

expression that does not lose its numerical sense in the system of values

of unknowns constituting the solution to the given equation,’we obtaim . -7
) L .

it

a new equatian equivalent to the gifen one. : : -

5. There is no intéger or fractfgnﬁwhose square'would be equal to
"2, # ' ~ |
6. 1If a> 0, and m and n are natural numbets, then (a™" = a™,

7. 1f a > 0, then when a 2 1 and a > 0, the inaquality a }. D U T

is correspondingly true, and when a # 1 and a < O, the inequality a Ql_} :
1is correspondi gly\r . } L ‘ o ot

8. If a30,b>0, c >0, then log (abe)= log a + log b + log c. T
We have cifed some examples of algebraic propositiogs precisely - ‘

formulated. Ead&h of them represents a theorem that may and should (in

,“{ \
. t& appropriate grade) be rigorously proved. But thesa examples are mot
k3 . ot 8
exceptions. In algebra theory there-are a great many theorems, and, in
formulating them, the teacher’'is obliged to precisely isolate their *
conditions and conclusions (see examples 1-B) and to appeal clisrly to
74 , . f
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each of the conditions in proving these theorems. All demands made om -

=y

\“~%;§He proof of geometric-theg;ems should be ma#e on the proof of algebraic

Eﬂeargmsj Everything said above gbout algebra is of course true for
‘ari;hﬁéﬁig and trigopometry, too. - ) _& v |

‘ As.earlﬁnag the fifth grade, when the tegcher tells the pupils
~about the critefia\ﬁor divisibility of héturai‘nnmﬁérs, he is affdrded
‘the opportuntty to invest them in the if-then form of conditional propo-—
- sitfons. He should strive to do this later too,'during the entire ﬁéridﬂ

of arithmetic study, and then in other sections of mathematics. N\

. Not every pupil can replace the short formulation of the propositiop -

fo B
. "the n multiple o$ two relatively prime numbersgis their product"

by fts full\§ormulation} "if two numbers are relatively primg, their
n multiple is the produét of these numbersa." Bué’?ust how N{mportant
© this\is for developing fullfgrecisiqn and clarity of reésoni§g_the‘ |
teacher will see when he has to conduct more complex deductivhk arguments
with the pupils: A proof based imprecisely on all the given conditions
and only these conditions ceases to be a proof. .
Even more so than in algebra, it is poésible to carry out strict.
deductive proofs in trigonogétfy aé taught in the upper (ninth and Eénth)
grades. Here the pupils’ general and mathematical deveiopment is quite
sufficient for the teaéhing to be conducted on the necessary scientific
level. " Therefore, formulations of theotems in trigonometry and-their
proof should satisfy the demands madz for scientific gr&éfé; in partic—‘
ular, deductive proofs should be conducted with precise obsarv;nce of

references to all the conditions-anq all prOpS?itions used——as major

L

and minor premises——in the prcof. *
- L} t

» Here are some examples:g }
1. .The so-called theorem of addition should be formulated thus:
"1f the sine and cosine of any two anglés a and 8 are known, the

sine and®cosine of the sum (a + B) of these dhgles can be found by the

" formula: _
sin (¢ + B) = sin o cos B + édé“d'éfﬁbﬁ $ o
cos (@ + B) = éos x cos 8 - sin olsin 8 .§u$ '
Thus thé values a, B8 and (o'+ B) of the angles themgelv reﬂ;ot

. . + p~
glven, and there is no need to %now them; these values are not” given
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be proved, all cdses that may arise should be eiﬁdined, including

'_the border cases:
“ a=0, 3 =0; oo = b g = E'; o= = B = E; etc.
T e ! 27 2’ B

2. 'In-the conclusion of the formula
£ ' tan o + tsn‘B . .
+ =
) tan,ga 8) 1 - tan & tan 8 )

it is necessary to stipulate that it is established under the comiitions

\
u¢(2k+1) 2, 8# (2k+l) 2,u+8 #(2k+1)2, (2)

L]

and in proving it we must show precisely where we use these conditions.
——? To emphasize that these conditions are organically connected with the -
theorem, 4t must “be formulated thus: '"If condition (2) is satisfied
then formula (1) 1is true. This is applicable td any other formula
whose left or right'part-could lose its numericel_sense.r ‘ ¥
. 5. Finally, let us dwell again on one method of instruction related
| to the inductive method (cnce again, it is insufficiently substantiated).

Here is an example. - .
‘Wishing to teach the pupﬁ}s the method of factoring polynomials by,
4 proper grouping of their elements, the teacher would have difficulty
'beginning with the formulation of a general rule for using this method;
only by solving a sufficient number of various problems‘ikfgstrating , .
'all typical cases that/ may appear will the pupil be le to master fully }
the method from the,t%eoretical and practical point qdf view ahd thus
almost completely exhaust the content of the topic.
" 7 This method, cannot be called inductive in the strict sense of the
word. It is distinguished from the inductivs method by the fact\tbat“it 2D
&Qtains no generaligiﬁg*stages, that is, it does not lead to the
establishment of some gegeral proposition. However, this method of
communicating specific knowledge and skills is\kqucially valuable in
realizing tFe concrete inductive system of instruction. The teacher
uses this method whenever he considers it exp&dient to prefacggfie Study‘
of theqry;with the assignment.of a gto<p/9£fex rcises relaked to it.
‘\ \ SN
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.structure, or else thematics instruction becomed divorced from life.

s ‘ : ° * .
RELATION BETWEEN MATHEMATICS INSTRUCTION AND LIFE X

G G. Maslova and A. D. Semushin -

. " The close relationship of education to life and wcrk should be an "
ibportant element in the- content,’ organization, and methods of teaching :
mathematics. Tbe\abstractness of bg&bematical propositions does not in
itself mean that,mathematics is diéarced from xeal life and practical
experience; On_ the contrary,"mathematics is valuable as a subject of
study because--as a science of the spatial forms ahd quantitative
relationships in the resl world——it reflects .and describes a large number
of physical princip es in an extraordinarily general form angd facilitates
their application to extremely diverse practical'questions. - '
:The connection with the practical world is broken when the instruc-

tion fails to reveal adequately the various ways in which the material

studied ecan be applied, or when the pupils are unable to use the mathe-

' matical concepts they have acquired. When teaching aubjecéé/rich in- i

practical application, one must emphasize content, and not just formai T

o

The mathemati® curniculum for each grade. includes work on measuring

o “and graphic computations to be perforqed on data obtained by measurement

(making simple estimates, constructing'diagrams and graphs, solving prac-
tical problema, ete.). It also imcludes making models, working wilth \\

calculating instruments and tables, solving problems illustrati ¢ the

-
applications of mathematics to a variety of fields, and doing practical
_Xork in a locality . . *
' Bringing school mathematgcs closer to life, however, cannot be ' .

limited to fulfilling certain specifications of the curriculum. Thfough—

out any course the teacher must ‘show the unique 4ay in which the laws of
thematics reflect the real world; he must develop! the pupils' ability

\zi express practical work in mathematical form; he must develop in them

abilities and skills that are needed in.socially useful and productive

- . H

*
From Semushin, A. D. (Ed.). On Teaching Math ics in the Eight~

Year School\ Moscow: Academy of Pedapogical Sciences of the RSFSR,

leél, pp. .8426. Translated by Nancy Goldberg. . 2
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ot work, and he must work ystematicdlly at bringing together the school's
= ° nmethods of'solvini problems and the methods used in industry., (e

Let us golon now to a more detailedpexamination of these problems. -

Showing How Mathematics Reflects the’Real World o

-

One important means of'bridgimi the gap between mathematics instruc-

-

tion aud life is, to develop in thé pupils a proper conception of mathee

matics as a science concerned with quantitative relationships and spatial

forms in, the world of objects. The children mugi be shown, with well- .~
+ chosen examples, how the mathematical principles that they are learning- ’ 6

: reflect reality . . : . . i SR
’-Z::1~Jq§or*example, as ooncepts are formed in the first stages of;schooling,- .

»

- ' each concept must be the reault of abstraction from concrete properties.
of objects and phenomena known to .the pupil from~his everyday experienoe. b

-

~ Here one should use ‘the pupil's experience in® school shops anﬂ his“
. yé '
. participation in‘sooially useful'activities- material that illqstrat '
life "in his village, disgxitt, city, or region, and information ahput the

’

\; achievements of modern science. ‘ Lot

Concrete images of mathematical concepts must be: usegrnot ohly dpring ’

initial familiarization with these concepts, but throughout the entire. .
period in which fhey are studied. This makes it-pessible for the pupiLs

to recognize that if studyiﬁg a mathematical principle they are also v,

L ying many characteriatically diversge phenomena of redlity.

l Thus, in studying the proportional relationship y = kx: the pupils {'q‘

should learn that the function y = kx expresses a ggneral type of relation’

“that’ may exist between several quantities——for example, betwhen the < s

+ distance s travelled by a body at constant velocity v and the time t of .
its motion (s = vt) between the cost s of a quantity of identical items‘ '
‘and their number; between the circumference C of 'a circle and its diameter /

(C!s D, orC* 3. lAD), between the linear (circular) veIdhity v i%

N
#

meters per minute of a part D mm in.diameter put.on & lathe, aﬂd the
. number n of revolutions of the spindle in one minute (v = 1000), between oo
the mass of a body P and its volu@e V(P Vd, where d- = density),
‘between the power P and the magnitude of thetcgprent 1 under constant
. voltage E (P =:IE).~. A . o !

+ : .
In using these examples one should stress that although in the

. .
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> '

function y = kx the argument X, (and therefore the dependent psrlable v) S,
can assume any.'real value, for concrete physical examples the values of ;

the arguq#he and the values of the function are often Jlimited. Thus,
the mass of a body and its vdlume, the diemeter of a sheft and the ‘

circumfer ncecof its cress sectidn are expressed in pos tive numbers, : ,
the size of the shaft's diameter is limited by the.dimensions of the ="
lathe; and so on. Consequently, & graph of the relationship between ST
tﬁo propertional quanfities‘is eftan only.a part of the éreph of y = kx.

The best way to illustrate this is to examine the graph of the function

y = en tq‘construet a graph of the ratios of several proportional .
: quantitdes for cases where the variables cannot assume all real values. y
o Simila rk can be done when studying.the inversely proportional

.‘ré'tio .y = ;ck— "It should he noted, however, that for examples of various oo -~
}( retios--inversely proportionel ratios 4in particular—the selection of

dependen: and independent variables must be in keeping with the physice;‘

néture of phenomena Thus one hould not say that from Ohm's law, ,

E = IR ™Mt follows.that the resi tance a wire at constant voltage;

E is inversely propprtional to the current I, which would seem to come

from theﬂequation R = %u In fact, since E and I are not independent;\the

, size’ of the resistance is directly dependent only on the dimensions and T
# .
the material of the wire.' . s : .
-t “ In studying the linear relationship y = kx + b, the pupils should, .

be shown that this function expresses the connection between various

¢

"connrefe quantities, in particular, "the relationship of the final veloc- ;/) X
« ity v, of a body _and the time (t) of its motion at>the CQnstant pagelr

eration describped by v, = V. o+ at, where v

0

0 is the velocity at time tO

Ta -
’

and a is the ecceleration.
The number of examples of lineer neletionships that one may -use in
the eight—year schools is rather limited. 1In the upper grades, ‘there-
) fore, supplementary examples must be examined fcr the pupils to see " *
. clearly that the formula y = kx)} b expresses, in general form, the 15; ~\: "
reletion batween a large\Pumber of quantities~—for example, between tlle
length t of.a rod and its teﬁperature t zk = ¢ (l + at), where Q ) NN
the length of the rod for a fixed temperature taken to be‘B“F and A

between the pressure Pt and the temperature t of a gas at g constant

79 ) &
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temperature taken to be 0°. ’ SN

is ‘the presSure of the gas-at a fixed

- . 4 3

volume, Pt - P (1 + B8t), where PO

‘As a yesult of this work the pupils should understand that when

studying various types of ratios between two quantities in mathematics,’ .J/
-, . . t
we are interested in the type and B\g;;rties of the ratios: (Is the ratid

linear, quadratic, or‘of‘some other twWpe? How;does'the given functiod.
change? What is its domain or the range of ‘its values? etc.), but not
in the quantities themselves.' . . : '. s

This samé idea of the uniqueness vf the reflection of mathematical

'laws in® the real world should also be brought systematically tnto the

geometry course. The geometry curriculum in the eight—year school pro—

- vides that the pupil become familiar with the most important relation- °
" ships of the elements of a number of geometric figures (solid and plane)A

and withformulas for calculating surfaces and volumes of the basic

solid¢. In using this.material the teacher should show the applics—
bility of the derived formulas to the solution of diverse practical
problems. The pupils must understand, for example: that the formula
g = r v 2 can be used to solve such problems as finding the sides s S e
of the largest:cross. saction of a square besm_that'csn be formed from
a cylindrical ber of .given rfﬁius r; determining the dieme€Er of s‘metal ,
core EE: ?eking a bolt with a square head of given dimensions end t
others- ‘
For this same-goal to be schieved in the arithmetic course and in
the study of ‘the elements of algebra, the pupils can compose formulas ‘e
for ‘solving problems and can compose preplems based on a given formula.
Through such work they will see that t;Q\Yormules for solvﬂge prbblems

in various subjects are oftep tdentical, bute that, on ‘the othet hand,

+ b
. from ohe formuls (such as that fot the arithmetic sverage a ) one

can compose problems perhaps even éxternally unlike each othzr ut whose

msthematical content is the,same. In physics any formula expres.es’an

interrelationship witn‘concrete quantities, while this need not be s0

in mathematics. ’ ' - 3 .
New material should. be studied in close conjunction with the. . .

practical; new concepts, rules, and theorems should be intrdduced§ where’

possible, with practical applications. (Here "practicgl” ishused rather ,

brpadly, to imclude use in the various branches of mathematics as well

. ..

80 -
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"+ can be giveq, and one can explain thé basic mathematical content of a

SN of a windlass? .- . 5 |

&pzssentiel in conetructingait, and

LI

S R Y o e ¢ N Lt e R
‘ e L » ‘ N Y‘t ' : ‘ o
° ‘ . ¢

as in the other sciences ) Today, practical problems are often treated
in studying the elements of. geometry and trigonometry, bt it-is rare
for this sornt of groundwork to be laid in an slgehra course. By treating

B

-/the.ﬁractical more often, it should be possible to extend the applica-
bili y,of such an approach tq pther sectioné>5f the secondary school

-
mathematics curriculum. : . . "

+

One way to reveal the 1ink betwéen msthematlcs and everyday life\
«is to give the pupils practical problems at the beginning of & new topic

or section. The use of accessible examples helps to disclose the practi- _

'cdl value of the topic or section and'to4define itg place in the general
system of* the course! Sometimes simple problems with practical content
subject byvusing their soluytions as&examples. The pupils are 't wn
the uSefulness ‘of studying ‘the appropriate material In the seventh
grsde, before the circumference ﬂf a circle is studied, questions sdhh as

‘ these may be asked: W , )
. . X L “
-~ * , How can gp find the "distance covered by a wheel durﬁng '
one revolution? ' : R :
\ : : , . )
How can we determine the distance to the water in a - ~

- well from,which a bucket, is raised on a\chain by means , .

How far would such a bucket drop in three turns of
the windlass? : ‘ =
Before the volumé of a pyramid is studiedhin the eighth grede, prob-
lems can be given on finding the Volumes and weights of bodies, the capac-—
ity of ships and of structuges having the shape of regulsr pyramids.

N Occasionally it is good to introduce/;he pupils to new msterial Hy
using their own experience. As sigth graders examine various devices‘

] for'ceﬁstructing pé}pendiculer and‘parallel lines,)qme needs to.considen-
the skills they may have acduire& when making these constructions in the
shqps. Wﬁen axial symmetrf is taken up in the sixth grade, it is neces-
sary first to ascertain what; kinds f'fignreslhaving(an axis of‘symmetry
the pupils have made in the shopg, whether the symmetry of a part was

E{\nhowr its menufacture was carried out.

Finally, for this work to be successful, the teacher himself must find ’

-out beforehand how marking is done in shops or in factories and how

*
N -
. . +

N © 8l

L
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various constructions are carried out in actual .drafting and he must

" consider which of these methods can be. shown in class and used in

- practical work. P : . . ' )
g% In the study of qriangles ‘the pupilsgahould be made aware-—by their

manufdcture of various objects in the ghops—of the use of the 'rigidity"
of the triangle in consﬁruction, 1in technology, and in everyday life.

-

They should understandpthat the "rigidity" of constriction is ensured by

&

-« introducing slants in them, thereby/ forming triangles. An elementary

« example of thi® property's application is an ordinary gate (Figure 1). g-\\
The pupils should be shown that teats for the congruence of triangles
define their "rigidity." [ . T # o ) -

¢

o q I

CoL : ;, P Figure 1 ¢
: | In the seventh grade the pupils becoméf familiar. with examples making .

« practical use of the moveable quality of figures. Manyqexamples can be
considered whén the parallelogram is studied. Here too the pupils™ shop .

. experﬂence should be’ used, . ' ‘ Y v

In studying the similarity of figures in the eighth grade, the pupils
. learn that the properties of .similar figures areuappli d extensively in
drawing maps and plans to various scales Jn finding tances in marking -

¥ N
parts according to diagrams-in industry and so forth, The pupils must .

, . thoroughly understand“the connection between scale and the coefficient ‘ N
of simtlitude. A )
- A :f,, o
- Develoging Ehe Abilities and Skills Essential ’
.. . in Everyday Li€; and in Socially Useful,
| - Productive Work

Mathematics instruction presents good'opportunities for deveilqping
the pupils"aﬁifities and often the skills essential for socially useful
. and pro nctiVe work. The development of these skills should be carried

]
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‘ ing familiar with the mathematical principles underlying them.

- of angles, and the areas of geometric figures.

. R . : > ' . LN
. . o
. ~N ! te
. . . s

. . ©
. - - :
. ~

out systematically tbrpughqut the nupils',schooling, We should give

considerable attention to developing'comnutational skill (oral and :
written), including work with elementary calculating instrumegts and

‘ skill in operating with gpproximate numbers (rules for rounding off,

.—

‘rules’ for reckoning digits). A significant nhmher of exercises using |

[

- this material should fnvolvg problems with practical~content—-especially

problemg in whicnﬂtﬁe data Are-a-result of measurements made by the ".
pupils themselves. bolving these'probligg; first under the teacher's .
guidance and. then on their own, the pupils etermine what the accuracy
,of "the result,should be and acquire Rhe ability to work with the most
important measnrfbg instruments——the scale rule, the protractbr, the
vernier calipers, and the transversal-scaler;yhile simultaneously becom—
Teaching calculation on. the abacus 1s begun in the fifth grade. .To
consolidate and develop skill with the abacus, we should teach the pupils
to use such calculation in' later years as- well (for eﬁsmple, in making
estimates on the cost of repair of & building and solving other pro\lems :'
with practical contentl a S - , '
The systematic use of tables (of reClprocals, square roots, trigono-
metric functions, the circumferences of circles in terms of their diam-
eter3s and others) in warious Salc2lations will also help‘!o develop - Y
skills that will be valuable in preparing the pupils for practical -
activity. . J . ) R
'In the eightl grade, instruction }n the! slide rule is accompanied by
its use in the solutipn of many grobleps in the algebra course and then .
. by various calculatinﬂs in mathematics, physics,‘chemistry, and other -  \
sub&ects. The pupils should be aware mhat the accuracy attained with g
‘the slide rule is sufficient for solving many practicsl pcoblems. When
the slide rule is studied, the nupils are taught to estimate a numerical ’
result and to make visual estimates of’ the lengths of segments, the sizes -
The development of computational skill {is supplemented by {nstruction
1in various techniques for making calculations and s01ving problems. For

example, in calculating the area of a quadrilateral plnt of land drawn

to a ceStain scaleg we first find the area of the quadrilateral ABCD iA
represented on the map and thedfthe grea of the plot of, land ftiflf
W .h
° . . 831* . g . N
- l v N . | |
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The area of the quadrilateral is equal to the sum of the\ areas .
of two' triangles ABC and CAD. - It is. simplest to choose a dia'onal
auch aQ AC (whose length we call a), as the base of both triangled
and to draw altitudes of triangles from the Vertices B 'and D, of lengths

h, and h,, respectively. Then the area would be . - \
- ‘ - :
1 1. ’ . _
) § = Eahl + Ea.hz. - . [ . ./

.

It is more convenient to do the-calcplatiqns-aftef;this ekpregsion has /

beenfsimplified. . J .

[N

1\.
1 1 S

1 :
S.n Eahl.+ iah2 = Ea(hl + hz). . .

* This example‘can show how-a clever choice of the bases of the triangles‘

and the use of algebraic manipulation simplify the problem s solution.
' In stud&ing functions, which have a wide practical use, ‘eonsiderable
attention must be given to developing skills useful to the pupils in
later work., Thus they shoyld be able to "read" graphs of functions (that
is, to find ‘the value of a function for a’ given value of the argument,
or.the value of an argumert for a given value of the f tion)® 'For
example, they should be able tp estimate the square and cube roots

of a number by using graphs of the funct ions y = ‘¥ and y J‘x3, ahd

.they should be able to find the distance 8 travelled by a body moving °
at' & velocity v for_a time t from the graph of s = vt.

Comprete mastery of the idea Of functional relatiodship involves
much preparatory work throygh the tvonstruction of various types of graphs
in the arithmetic course..'To this aim all types of €rical data may -
be used--data on the fulfillpent of annual a#d quart:igﬁﬁp;oductinn plans,
‘on rural economy, and on the achievements of ons % ter¥itory, region,’,
city, or district. . Diagrams‘can be nade to reflect school life (the
amount of scr&p metal @nd waste paper: dollected by Pioneer teams, the
number of trees and bushes planted by the children, the use of eﬁé&tria

>
power in the. school at-varfious times of day, and so on). The pupils'

experience in other classes should also be utilized. For examph‘i .

laboratory work in chemistry, physics and biology can provide data useful
. ’ o - {
for practice in reading and qgnstructing.graphs: and the" school ghops

are often a valuable source of! factual mater%al'on direct and inverse

86 . o N
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Problems on finding parameters of equations-from graphs of these . -
equations are useful in developing mastery both of the abstract concept)'
. of a funotion ana\qg‘concrete prsctical skills. For example,ﬁthe pupils
might be asked~to detefBine the Values of a, b, ¢, d, gnd k from the

r. “
* graphs in Figure 2, 1In adaition to the prepared graphs mathemdtics
) leéﬂgn&, graphs made by the pupils themselves and based dn the results
of laboratory work in science classes can be used., " )
v 4 & . .
‘ ) . ‘! -
- y=ax+bx+ ¢ .
4 x‘ ‘
L Y o
‘r ) * - ~ + L3 ‘ . ._ - .
hs Figure 2 o . _ b

In,their mathematics course the pupils should become familiar with
gcalculations from givenlformnlas.i This makes it possible to increase
the number of pfactical exercises and helns to develon the pupils'
’ computational skill. Exercises ‘of this type can involve finding the ‘

nuterical ‘'value of an algebraic expression and, in the geomefry .
example, in studying the volumes of bodies symmetric about spme axis of
rotation,.the pupils can be given a problem on calculating ‘the volume -
of .a barrel £rom the formula: © ‘

* ¢ C

d.2 . .
e, oo

v = 0.785h (2 *;
I'd ¢ -

where V.- the volume of!the barrel; D = tne diameter of its widest.part;
\“kﬁd = the Biameter of its narrowest part, and h = the neight of the barrel.
.In geometry in the eight-y8ar.school, the pupils should be shown
* _how to use the construction devices that have the broadest practical ..
applieation (in drafting and marking), including the straightedge, the fz‘
compass, the drafting triangle, and the bevel
The techniques involved in especially important constructions
(constructing parallel and perpendicular lines, bisecting a segment or

¥

R an angle) shouli\ie 80 firmly grasped that wien the pupils later sohgh\\ P
\ .
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construction problems, they'will be able to concentrate on seeking the .
problem's solution, rather than on the ‘external form oflthe problem.
+To develop skill in constructién,\tne pupils must solve ccnstruction
problems effectively, that is, the solution they cbtain must be such
_that it can be carried aut to a sufficient degrae of precision using’
actual .nstruments. Since many specialized instruments-used in practi-
cal work operate on principles that the pupils c#n grasp, they should
be famiriarized with these instruments whenever possibleq—especially
ig these instruments will later be encountered ‘in the shops. .
It should be interesting to the studénts, to substantiate geome~
tfically not only the correctness 'in form of parts made in the shops,
but also the accuracy of the various‘aevices used to check this correct-
Pness.( Thus, in the carpentry shop the parallelism.bfnthe opposite sides
of a frame may be Verified by the perpendicularity of its adjacent sides.
In this example the pupils can confirm the accuracy of .the checking
‘device by themselves. . . 3
-~ * - The pupils should also be acquainted with elemeftary devices for
the approximate solution ofvconstruction probrems'like dividing a segpment,
OF 'ail arc of 2 circle, or an angle, into equal parts, and rectifying a
'circular arc.. These problemé are simple enough in themselves an& are

often encounterefi in practical work. : . Y : .
A\

L ]

the Methods
, Used in Problém Solving in School,
and Those Used in_?ract;%al
Work E o . / S
Children should be prepared to participate in socially useful and

Towards a Closer Connection‘betwe

productive work by perceiving a close connection between the methods of
solving problems in school and those used in industry, agriculture, aéﬁ
everffday life. The idea of functional relationship is used in almost
.any area of modern industry——diagrams, graphs, nomograms, and graphic
etho&s of problem solving in general, both approximate and exact.

Nevertheless, these methods of problem solving have not been sufficiently
discussed in aecondary -s¢hool instruction (grades 5 to 8)

Instruction in geometry can be brought closer ro the requirements of

industry, by reorganizing the traditional systert’ for teaching the methods

o M,,
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of solving construction problems. It has beeantated more than.;nce
* that the "classical” manner of solving problems with compass and straight—
edge does not take into consideration the requirements of everydsy y

&activity and does.not prepare pupils for practical work. tIq actual prac-

tice, construction problems'are solved using not only the compass and

the straightedge but slso the set square, the protractor, gnd various

equivalentsoof the bevel (an instrument that permits an angle to: be
-consuructed equsl to a gi%;n one, withoutihny auxiliary constructio;:§\

;» The mathematical aspect of sqlving construction prpblems with a compass,
straiéhtedge, setfséuggég and bevel car® and should be formulated just

’ss rigorously as in constructions using only a'compass and straignt—

edge. In the first geometry lessons in the sixth grade, before this ;\*\
‘aspect has béén formulated one can permit the ‘use of the ruler as a
. scale rule and of the protractor as an instrument for measuring angles,

Later the zuler should be used only as a straightedge, while the pro-
tractor . Ais used for constructing angles equsl to a given one (that is,

! it is used ss a bevel). ’ _

' Wieh the use of these techniques, constructions with compass and N

\ straightedge in tne scnool necome a realistic 'example of solving

construction problems using fimited means. Construction problems should
still be solved in the "classicsl”-manner, that is, the walidity of all
constructions should be rigorously proven. The complete solution of
thesé problems, therefore, involves four stages: analysis, constructiqn,
proof, and’ investigation. -

P The pupils shoufd thoroughf§ un&erstand that, depending on the ,"
conditions and purposes of the constructions, a single construction ‘can .
often be made with different instruments and, consequently, by different

"~ = methods, Thus, perpendicular lines are 5‘ﬁ§h constructed with the )
drafting triangles and the straighte&§e, or with the T-square and the .

, -

drafting triangle: "“n marking plane surfaces that have protuberances
so that ‘the triangle cannot be employed, the compass and straightedg

y are used for»constructing perpendicular lines.

H Using many instruments for constructions and teaching the mest .

\practical methods of constructign makes it possible to acquaint the

pupils with graphic methods of solving geometry problems thst are usually
related to problems on calculation. Theluse of grsbnic metnods signif{i“~

! cantly increébes the number af problems whose solutibns are within the
2 . Va *
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pupils reach, reinforces their ability to make constructions, deyelops
theirfaccuracy, increases their agtention span, and provides them with
. means of checking an analytic folution. The graphic method is often - .
) simpler than the analytic one and may still provide the necessary accuracy..

-

-'i It is ‘therefore often used in performing the mcst diverse calculations. o
‘ Let us give some, examples. : S o
Suppose that one must solve a triangle given certain alements——tha o
- is, suppose that one is given some e/f the sides and’ angles of a,«triang‘l@
) - and that one must find the others. This prohlem is usually solved ana—" ‘x'
lytically, but the pupils should also be shown a graphic solutien, espe-

cialhrsiﬁce it is very simple if the construction of the triangle from the

L)

, 'given elements has caused no difficulties. For a graphic solution of 'this
i problem‘a triangle must be constgucted from the given elements, then the
unknown elemehts measured (the triangle is uSually constructed to e ’
specific scale) . ‘ ' . -
Lgt us look at auother example. Say we}have to measume the distance
: ‘petween two points‘A and B, separated by an obstacle,, and syppose that
the measured qqantities ate the distances AC, BC, and the angle "ABC
- (point C-is.chosen arbitrarily) The wmost logical device for solving
the problem is the coanpt of the similarity of triangles: Fram the
given ueasurements, a triangle AlBl 1 is cqggtructed similar te triengle
ABC, and side ABy is measured off. The unknown distance fis obtained if |
- ge multiply the length of the segment Alﬁ by\$be cqpfficient of similis
: tude. In: determining the length of the slants of a structural frame
(truss) (Figure 3) it is also useful, instead of using right triangles
and the Pythagorean theorem, to determine the unknowrd length graphically,

.. using the similarity of trigngles. The graphic method should also be
. \
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“used more often in solving equations and sysEems\of equations. This
‘helps greatly in°® conso}&dstini‘the ahilitias and skills used in construct-

ing . snd reading Sﬁﬁ!ﬁs- . B ' R L .
In the eight—yesr sé&oql mpcﬁ attention must be given to,developing

| Jthe pupils spatial imagi nat n."This should be done not only by thorough

study of the relqiionships betwéen the elements of plane and Solid 31*. Ny

#

L)

figures, but also- by g,systematic us€ of stereometric imsges and concrete
" bodies in the study of plane geometry. 'Thus, in studying the sreas of
plane figures, ‘the gppils csn BE esked to‘calculate, from .the dimensiqns
given on the drawing, the latersl surfaces and the entire surfsce of a
solid composed of right parsllelepipeds (Figure 4). Sbnilar problems
-should be solved using models of solids and other, objects, with the

, pupils doing all the necessary measuring by themselves. v

Occasionally it is useful to have geometry problems jolved with

prepsred drswings given in_urthogonal projection (find thel entire surf;ce
and lateral length of the edge of.the pyra@id in Figure 5)tand fsmilisf
t6 the pupils from the.drawing course. This is all the more importsnt’:

-

%
.

v,

a2

" since orthogonal projection (composite drawing) is a fundamental method
of representation very widely used in technology§ ‘The sbility to re~
create a body from its projections 1s thus a very importsnt type of -
spatial imagination for pupils to develop.
‘ | Develgpiggrthé Abiligy to Give Mathematical ‘
- Form to Practical Problems
. A basi¢ means for developing such ability is to teach problem
solving according to the current curricular material. BeforersEIect— T

ing pnoblems to be solved with the pupils, however, one must égtgblish
new criteria. In mathematics Iessons a certain amount of attention must
be paid to solving problems of an applied natured—problems with indbstrial
content. from various subjeets i8 sehgol problems one must cope with in
| everyday living Moreover, the content and number of these problems '
‘should ndt distract the pupils from studying mathematics proper. 0
" The need for an examination of applied problems in the matheﬁatics

_
' course has slresdy been determine¢ in work experience. Thg mathematical

‘content of these problems should be clearly expresged, ’

,f
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described in.the problem sﬁg:IZéte contemporary and réalistic. The .

. %implest ample of~such a problem is the estimation of. expendi;ures for

varioug &8 of repair wor¥§(apartment decorating, electricel wiring,

simple construction;work, etc.)." o : A - .

- " oae .n‘

A significant.number of problems with practicel content ha&g been .
published in pe:iodicals and in various' cqllections. When the teacher

uses these prob&ems he'must acquaint the.pupils with: both exact and -
) approximate solutions.‘ It is useful to ~show that the apprbximate nature’

'of the answer can be pfoduced not only by uaing the problem s _initial
deta in approximate form, but also by the 1imited accuracy required in

\..ﬂw the answer as determinedcby the specific-conditions of ‘the problem_ pF"

.

For~example, 1n the first “two problems given bélow the’ deta are
approximate, In .the first the diameter of the cgﬁle (or rope) on ‘which.
“the load 1is suspended is not taken into consideration' in the secdnd,
the piece is assuged to have the shape of a right,parallelepiped. while
in reality the sides have large radii of curvature and there are lerge

tolerances for the linear dimensions.. - .~
. ‘ . : ' ‘ ’ L >
h Problem 1. The drum/of a winch was 400 mm in diameter
and made five rotations. How far was' the load raised when
this happened?
¢ o )
~ Problem 2. From a piece of steel whose right ‘cross
sectiod was 200 mm by 400 mm and whose length was 2m,
a rolled metal plate was obtained whose crossg’ section :
was a rectangle with sides of 100 mm and 250 mm. What
was the total length of the rolled metal if .the metal
. loss 1s assumed to-be 247

- *

-

Problem 3. Determing-the length of a cylindrical
spring with an internal diameter of D mm if the dismeter o

* of the 'wire.is d mm and the number of spirals of “the |
spring is n.

S

Using the last prpblem as an exaﬂple, the pupils can be shown how a

we make the dpproximation that‘the length of each spiral of the spring is

nnmber of as;;mptions are introduced in solving a@ practical prcblem. Here
~equal to the circumference of a g¢ircle 6f diameter D = D + d; and, a
result of this assumption, the unknown length ¢ of’the piece can be
found rather easily from the formula g = D, B h
At the beginning of the school year the mgthematics teacher
should become acquaintea with the trade and pol;technical,echool curric~

“ula and shotild learn what mathematics knowledge the pupils will need,
. = R ; (

R
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" and where énd to what extest the pupils wil1~;se‘thi§ knowledge; It
is nseful for the teacher to select in adggnce the types of pr?blems L
that the pupilé may' encounter in trade 1essons, whén studxing ‘related
disciplines, and {n everyday life. Some«of the most ingeresting prob~
" lems can be examined with the pupiis during -their mathematics lessons.

, Practiaq} work in the classroom and messurements in the field can help

. to develop the pupils abirizies to give mathematical form tb the practi— . ;

§
. P Lo
=

. l

cal problems of everyday life. .. 1
e, The content of pqgctical (app&ied) work is determined‘by the

" curriculiln of the eight—year school. Practiéal work should be conducted
throughout the school year in conjungﬁion wﬂfh the_study of the appropri— -
ate curriculum paterial: The time devoted.ﬁb this,work can vary from fé£;'
“10- or lS—miﬁute discussions (for anmple, at che “end of a-lesson) to

‘8 special, separate 1essons—rdepending an the complexity of the assign~'

+
-

ment. . ' ’ :
In'epblied mork . great use can be. made of objects in the'immediate
" surroundings (measuring the Length and width of.a room, ‘caleulating its l
area and volunme,, finding the perimetex and area of a pupil s motebook, ; )
s of ‘a tabletop, etc. ) Each school should aldo have apprbpriate materials‘
available for distribution.: For example, the fifth grade might have sets
of rectangles and triangles; the sev {ﬁ*grade——sets of ri;ﬂihparallele—
pipeds, right prisms, cylinders: tH igpqgggrade—vsets of pyramids. .cones,
spheres, and cGmbinations of polyhedra and round hodies. : /
These sets can be made by the pupils in industrial art lessons or
as homework assignments. The sets should include both eIementary manu-
facturing parts and material distributed in,the drafting coutse. In g
order to check the accuracy of the pupils' practical work, ‘models of sets -
can be provided to the teacher, ’and charts can be drawn.up for each of
them that indicate the dimensions of the items to be made. Answers to
all written problems should' also be provided. ] ,
Materials from industrial field trips may help the oupils fgrmulate
and solve problems whose content reflects practical requlrements; and ,
manual training lessons can:help them acquire somg skills in applying
mathematics to the.solution of practical problems. In such lessons the

pupils can applyltheir ability to solve construction problems (for

91 S . °
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example, in msrking piQCfB of wnrk) and their faniliarization with draw-
ings and representations and with functions and their graphs. Special : .
attention, however, should be directed to drill their skills in, approx—
imate calcitlation. ot . ,ﬁ j ‘

When-ehe same type of _problem!okgcurs in several subjects, the - teachers .

A -

must be eareful to use uniform terminology and methods in dealing with -

. these problems. For example, problems ogahercentage-and on proporticns“
‘in chemistry and, physics classes aust be solved in the sage way as those

in mathematics clessgp - . . . IR -

Eliminating the gap between mathematics and everyday life is impor— _
tant in preparing the pupils for ﬁ}aetical ork\ At the same’ time, reveal~ '
ing the connéctiens of the eight—yeer-school mathematies course-with life,

+  sith work-in the shops, with socially useful work, and with related school
subjeets is one way of demonstrating the abstract nature'of-mathematies
*apd of improving the puplls'~mathematieaI‘sophistiestign. .
. o
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“' | THE PYPIL'S ACTIVITY AS A NECESSARY connxrxon A
v FOR IMPROVING THE QUALITY OF INSTRUCTION - :
-~ . d ‘ .
- * , I. A. Gibsh

.o
The school rsorganizatioﬂ that b currently under wvay agsumes that,
new princip es of teaching the basic sciences’ will help to t the néw

demande educators, Of these princtples,/the most important is that

-the whole educational process should be based on &1method that wnuld
Cact #n every way possible to awaken the pupil™s gptereat and activigx

It is OBQiOUS\thBt the soundest knpwledge is that scjuired through
active thinking -+- through haViag idﬂcpendently found a method of
solving B problem and having gene;aliaed it as. far as one can — and
that the facts 9hus establishad can always be reproduced by the person

~ ‘who has opce found theém. ﬁdreo’er, the mathods of ‘reasoning and the
: gonclusions drawn by a pupil nvsolving a problem can be applied to the

solution.of other question thus broadening his experieace and helping

e

Such a degree and

him to seek means of ‘solv ng probleme of ever~increasing generality.

' chya level of pupil development will assure the
pupil of a substantia education in the basic sciencee in general and in
mathematics in parti ular.’ The knowledge he acquirea on his own and his
ability‘to pose, solve, and investigate a question will be his most

nt not only in mastering fundamentals of the sciences;
but in allfﬁia roductive activity in schools‘nd after-he has finished

-

school.

.permit him to show his independence and to display his personal creativi-

f

ty and Alent when he solves them. This is why instruction that increasts

the pupil's i@terest in the subject in every possible way and utilizes
his ¢reative abilitiea, is the most crucial of the tasks faeing the new
school and 1s justifiably coneidered the school's primary goal. The
teAcher .who recognizes the extreme importance of making the educational

. e :
/

From Semushin, A. D. (Ed ). On Teaching Mathematics in the Eight-

Year School, Moscow, Academy of Pedagogical Sciences of the RSFSR, 1961,

pp. 26-56. lranslated by Nancy Goldberg
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‘}process active will strivg to effect this activation in every possiple ~ !
’ way. He has at his dispossl many methods with which to do this, the-

most effective of which are the following et

The Statement of the Question Forming the N :

‘o . ' . Content: of a Chsgter or Jopic ' : h et

LY -
1

ﬂhe expositi&% of each section and, wherever possible, of each topic
of ‘the school- mathematics course should begin with a statement of" ghe .

ﬁundamental question Et be answered therein. This serves as a short f.

' in!roduction to the chapter, establishee ﬁhe connection with the pre- L

ceding material and exﬁlains the basic putpose of the topié-nthe problem _
that is to be so ved. This introductfon opens vistas to the audience, C
swakens their fnterest in solving the, problem, and often’ outlines generel
methods for the solution itself. \ ,
The .question. can be stated in two forms, which are nst‘shsrply differ-

entiated ‘ . X - ‘ .
1. The teacher may quickly bring the pu ils into jcontact with the- ‘con

. cept oﬁ small sphere of new concepts, without prefacing his discussion

_ with more general observatioms.

t
'

ggle i, The unit on "Triangles" is best begun by)explaining that .,

‘the triangle differs from all other polygons in its special property of

"rigidity,h which can be demonstrated by comparing a e}nﬁed polygon of
more than three.sides with a closed triangle. The first 1s subject to
deformation that changes the angles while retaining the sides, wheress
the sétond is not subject tq this deformation. The geometric expression
of .this fact 1s then found, and 1t turns out that the equality of the

corresponding angles of fwo triangles is a consequence of the ‘equality

of their corresponding sides. Here one can establish (and later. develop)

" the question of the possibility or impossibility of a converse conclusion .

whose answer leads to “the idea of similarity. . .
Example 2. It is advisable to preface the units on "The Segment

‘Joining the Midpoints of Two Sides of a Triangle™ and ''The Segment Join-

ing the Midpoints of the Two Nonparallel Sides of a Trapezoid" with a j.
question such as "Let two lines AE and AlEl be giyen in a plane. Equal
segments AB, sc, CD, DE are marked off on line AE, and through their end *
poiifs mutually parallel lines are projected ontil they intersect line

9% “~

.' ‘ . - ~ZA’,} .
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C.D .

AlE in points A1 31 1, 1, El. Will these segments AlB ., B Cl" 1% .

X 1.1.52 mutually eque}?
¢ Each pupil 'is asked to meke a drawing in hiefnotebook and to answer .

‘ th.e_ question experimentally by m*euriﬁg segments A B l 1’ l l’ S K
igka “E 5 It is thus shown that, eve though 'AE and AlE might be at various '

' -angles to eech other and despite the various 1engths of the ‘equal seg- ‘ ’

%, ments on line AE (due to the varioue lengths of the drawinge of line AE

’ itself), the corresponding segments made by the parallel lines op AlE .

. will be mutually equal. The need erisee of proving this assertion.” The

§e~ teacher pNdposes .that.a phrﬁ&cular cese‘be examined as a preliminery* /

) when thg ‘given 1ines intersect at' some point 0 and when congruent se .

-

. ments are marked oﬁf beginning from this point 6 #f f - :tfa
- ® The question-of the converse theorem s valldity nay be as%ég . ,"‘{f
- } ~ .

It is explained that the converse is true only* if the equal séémente aﬁe s
marked off from the point of intersection Oézf the" given: %ihls. From

here, there is a direct transition to the t
) . .

© /

orems on segpents Joining

- medians.

\ ‘,’

’ Example 3. To decide on the number of poinis thet‘determine a
circle, the pupils must first find enswere to these‘duestions: (e)'ﬂHow
many circles can be drawn through a givén point? /(b) How meny-circles
can he drawn through two giuen poifits? How can thié‘be,done? ‘Where are
their centers located? ) ' )
After answering these queetiogg, the pupils will eesily determine ~
how many circles can be drawn through three given points. It remains for
the tedcher to explain‘the necessary and sufficieﬁﬁiconditions for pro-—,
ducing a circle thrpugh three given points, to establish the reason for
the gecessity and sufficiency of these c0nditions, and to fgrmulate the

result in a sentence: "A circle is compleﬁﬁiy determined by three

points that do not lie on the same straight line," emphasizing that x
+ the term "completely determined" has already been‘enCOuntered.in appli-

cation to the straight line and that the sentence formulated with this

term eimply means that "one and only bne cirCIe may be drawn through

it

three points that are not opn the same stralght lire. The éfacher may
if he wishes make the indicated formulation in reverse order, but it is
important that the pupils express this notation precisely in order that

they learn the material thoroughly. .

. 95 . p
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_ general poeitions at the very beginning. This intréduces the pupils .

& i : . ’ ‘ . - ) e [§
- )\ -’ ‘ ‘
Example 4. ‘The theorem on a diameter perpendicular to a chord o
arises as a natural consequence of the fact that triangle DCD which e
Jyoins the centér 0 of theleircle with thé endpoints C andD of the v

chord CD, is isoscelés, go that the:theorem on the .coincidence of the
altitude of an,isosceles triangle witK itg median and bisectgrs_is appli-

r

2. The second way of stating the question consists in revealing its '
N .

‘essenge before hand, in order ‘to illuminate the question from.verious "

e
to the entire sphere of concepts and ideas that constitute the new SR
-material and serves‘as a preparation for tge mogt natural ‘and satisfactory
. perception of tlis material. : o ' L Q
——

» xam;: 5. The unit on "“The Circlte,' studied in th.e‘seventh grede,
is préfaced with the following generel conceptions. At first the pupils,.' v
-using their intuitive concept of the circle as .a basis can ¢ompare a °
circle with a straight line-and ascertain the similar and the distinctive
features of these curves: (a) both the cixrcle and the straight line
dividé€ a plane into two regions;feech containing points located om .
different sides of the boundary; a segment ing a pgint in one regignm
with a point in the other regien must intersect this boundary;, that ,
region to which the center of the circle belongs is usually cglled itsA | f
interior, and the other region is called its extgrior; (b) a circle is a .
closed curve. If, in going from some point A in the circle, we move along
it constantly going ih the same directien, we will return to the original
peint A; thig is what we mean when we say that a circle is closed. 'It is
»obvidus that a straight line does not have this property, it‘is not a’
closed curve. ) )

These two properties of a,circle, however, do not determine it. Any
convex polygon divides a plane inyo two regions—inteerior and exterfior-—
and if too has the éroperty of being clesed. ‘The circle has a property
that no other closed curve has, however. It is defined as a closed
curve (in a plane) all of whose'points are located at precisely the same
distance g;om a given point called the.center. This definition can be
made mere precise by showing that on each ray radiating from a given
point O there is one and only one point whose distance from 0 is equal

to a given segment OA.: Rotating the segment OA around its origin 0, we

see that its endpoint A coincides in turn with each poiut~§hich is at
y . 96 )
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)
“the gi;en distance 0OA from pcint 0* the union of all these points is N ( ;
a circle with center 0 and radius 0A. '
Example 6. The following discussion may serve as: an introduction‘
to the unit dn "Features of Similar Triangles." Having drawn an arbi-v e
itrary convex;pentagon AB®E, the teacher draws from sole point Al in the‘

L N

'plane a segnment A'B', pareﬁlel to side AB and equal to, for exemple ¢
%-AB; then from, point B' he-draws a segment B 'C', parallel to side BC -
armd equal to, eay,. BC‘ and finally from point c' he? ,

‘C 'D', parallel to side CD and équal to, say, z-GQ . If he next: draws : K :}

" ftom points D' and‘A' "half~lines ,D 'E' and A'E' — Which-are rallel - .
to sides-BE and AE, respectively v~ to_their mutuefvinterseciion at . . ’Q#' ':

g

point E', then pentagon A' B c'p’ E:(!g obtained whnse angles are corres-

v
2

draws a segment

pondingly equal to the angles of pentagon ABCDE, but whose sid&e e&e not
* proportional to-the sides of the latter since , % =~ L, u\" >

¥
v

AU LIS O 1L SO -1-LE | o .
. AB  2* BC 37 0CD 4 ' - ’
_ V :
The pupils' atténtion is directed to the fadt tngt in the cabe ofim
pentagon only the lengths of three of the sidee f polagon A'BTC'D’ E'\can
be chosen at.will, since the lengths of the lasf two sides ere already ‘%gj-
'determined by their, direction g o
. The same thing cén be seen in conetructing a quadrilateral A B'C Df'
whose angles ara correspondingly equal tq those of ° 'a givén quadxilateral
ABCD but whose sides arg not proportional to the sides of the latter. jb
Again the lengths of the ast two sides are determined by the choice of
the other sides. L . ‘ -
Anotheér conclusitn must be drawn in the simﬂlar construction of a
triangle A'B'C' whose angles are correspondingly equal tothe angles of o
triangle ABC. Here, having chosen the length of side A'B',} we ¢wre forced .
to stop since the lengths of sides B'C' and A'C' dre alrea y determined S

by their dire tion, and point ™ will be the poinﬂ of inte ection of

v

" - half-lines B'C' and A'C'. ) " y .

The question arises whether, the lengths of the sides of triangles
A’B'C' and ABC would not be found to be in some yatio with one another.
A theorem is stated and proved. "If the angles of one triangle are

correspondingly equal to the angles of another triangle, then the sides

. N 97.
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e of these triangles BLproportioml.u 'fhen the %hp ils cQﬁnpose and pm;,, .v .
formulatskons of the converse tlfeorems'expressing the second and third 7

L

features of similar triangles. . S

. L. Example 7. When ‘the pupils are introduced to the essence of the .
| Lmit on "Trigonometric Functions of the Acute Anpl.e gt s advisa&e td"‘
B ‘greface it with the following discussion. \ \
. 7 a1t follows from the conditions for the congruence of t:wo tri- ~ /.,

rangles established in ge.on}etry, that "y three indeggndent bastc elements (

des or engleé}ef a triengle determine the remaining basic elements —

.

%ah are thus funcﬁ“ons of the thiee given elements. 'If the three
. independent eleme&:s of a triangl‘e are given g;f/metricallpy (that is, .'
.. gra hi.cally), the rémaining elements of the trYangle chn be found’ by - |
’ .geoitric construction.‘ But if the three independent elemente ef the

 triangle are g,;Lven by numbers obtained ‘By mee%uring these elements, the
.. remairing elements must b% calculated. .

Y

v -

-

= . Tiis calculation, however, can be made only if the unltnown values .

' \;are_ successfully related to the given data by avhystem of equetions
expressing a functional relationship. But no equatiBn exists .‘thet

’ 'expresses the relationships lxetween angles and gides of a triangle by
_means of the ord:{.nery functions the pupils know.ﬁ' ‘ S,

’

' To solve this problem, special functions were ‘introduced'h long ago

*

that served as a unifying element betweén the a‘ngles and sides of a
! triangle and permitted the geometric\method of finding the elements of

v {
a triangle to'be replaced by th&® method of solving equetions — the so- n
. called analytic method. Just what®functions are these?
N b. 1t on one "of the sides of an acute angte AOB (Figure 1) we take

ﬁ ‘ .Jg» «an arbitrary point C and construct its projection C' to the other side
& © of the angle in a direction perpendicular to the second side, we simul-‘-

'Qt‘ane_ously construct a projection 0C' of sé’gment 0C onto side OB. 'If we

| " A

v 0
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mske the same construction beginning at some other point D on side gA, -

we simultaneously construct a projection op' of segment OD'apto side $~'
‘ 0B. With a change - of position of the original‘point on side 0X, thé

Nt projectisg segments (CC', DD') as well'gs the projected segments (OC,XI'
\\10D) and their projections (00" D‘) will hsngs. At Ehe ssme,timeg

howeverz/each of. these ratios will remsined fixed. _ < ° g
(a ) ' projecting segment (b) projectingfsegmeut ‘
N projected.segﬁént" projeetion . ’ . .
“that 1s,. . ' s y
‘@ e _ D' - ( @ Cromos o
o T oL oct T op' * -

-, . . ¢ ¢ . . <
. . .

L Thus esch given acute angle uniqgely determines each of tha ratios

(a) and (b) t It is easy to prove' the converse that esch of the ratios
(a) snd (b) uniquely determines a certain acute sngle. Therefore each
of ratios (s) and (b) may be considered a new numerical characteristic .
of an angle, but this numerical characterfstic pf an angle is distin-
guished because it is not found by measuring the angle, but By measuring
,tWo segments connected with ghis‘angle and dividing one of the results
of this messurement by the other. In view of the peculisrity of the
‘ connectien of the value o of angle A0B with esch of ratios (a) and M), -
“the exsmination and study ‘of these ratios has proven especially fruit-
ful;.and they have been given special names. Ratio (a) is called the _
"sine of angle a," and ratio (b) is called the "tangent of angle a."

c. After giving the pupils the above information and thus reveal-
ing the essence of the tepic with sufficient thoroughness. the teacher
asks the pupils: - (8)- to fihd experimentally (using measurament of the
segments) the sine and tangent of an angle given geometrically; and (b)
to find experimehtally (by geometric cohstruction) an angle, given its

sine or tangent. - .

:

. lThe proposed definitions of the trigonometric functions of an
acute angle have the advantage that: (a) they stem from the exami-
nation of an angle and not of a triangle; thus the relationships be--

" tween the elements of &' right triangle-are already the ‘consequences é
of these definitions; and (b) they make possible s natural definition
of the trigonomettric functions of an obtuse angle.

]
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. - The Heuristic Method of Imnstruction

The hegristic method of iniftuctionQEonsists in the teacher shssking
the pupils, with am aim to estabiishing new concepts and facts, a se—
quence of carefully composed and ordered questians that the pupils must -

_ answer, thereby grsduslly developing for themsé)ves the essence of the

- new concepts and fdnts. The effectivenese of the heuristic form of

instruction depends primarily upon the extent to whicH the sequence of_
questions 1is %gmposEd‘cor:ectly — both logically and'methodoi:fiéally -
and on how adgptly the‘teaeher conducts the lesson in heurist¥{g! form«

Here the statement of the questtaﬁ’is an organic part of the lesson (a'

' lesson devoted to the dommunication of new material). .Thus, the system

of questions posed by the teacher should embrace this part as well.'

Examglg 8. Unit’ on "Quadratic Equations. ‘.

.

Tescher: Whe can write the simplest equation having "2 as a root?

§

Toe

-

Pupil: x - 2= O; ‘ . i )
Teacher: . Who can write the simplest equation having 2 and 5
as roots?
. Pupil: (x - 2) (x —5) = 0. . ¢

T: Correct. But if we multiply out the left-hand side of

this equation, we may replace it by the equation x? - 7x + 10 = 0,

which has the same rodts. If you were given this latter equation,ﬁ
how could you prove that it has rootls of 2 dnd 57 -

P: You could factor the left-hand side of the equation and
represent it in the form of (x -2) (x-15) =0, and in/this form
{t would be clear that it has 2 and 5 as roots.

r

T: And how would you factor theitrinomisf %2 = 7x + 107

P: Ve would view its middle term‘as a sum and rewrite the
trinomial as the polynomtal x2 - 2x ~ 5x + 10, which we woghd -
factor by the method of grouping.

T: Correct: But can we factor any trinomial of this type .in this
way? For example, how would you factor these trinomials:

x2 - x - 12, lﬁx - 16x + 3, xz - 2x + 57

P: xz - x-12 = xz —4x + 3x - 12 = x(x—4) + 3(x-4)= (x + 3)
(x - 4); and 16 2 ~ 16x + 3 = 16x%% - 4x - 12x + 3 = 4x(4x - 1) -
3(bx ~ 1) = (4x - 1){4x - 3); but we don't know how to factor
the tripomial x2 - 25+ 5. Can i&?reslly be factored?

-

-
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g 'a'rr Yo have fact.red the fiyst two trinomials correctly i
and should now be able to solve the equation x% - x ~ lg - d
and. 16x2 '~ lﬁx + 3 =0/ : X o

“2:- The first equation has roots —3 and 4, and the secona ‘ _
" hak roots % and 2 S ; /S _ '

t

A " oo

-4

accidental t you couldn't factor it — it‘cannot be Lo
« factored. Not all of you,, howaver; were able to find the

T: Correct. With regerd_tokthe third trinomial, it wasn't . {fh =

\
_ |
2~ factors of the first two trinomialsy and’ those who were able \'.

' wasted time a; it.. The questdon, arﬁges of when a trinomfal i
~of the form ax? + bx + ¢ can-be facthred and whether some! SR
general method qennot be found to factor it when this can = ° Y&
,be done. ' . ; !

> ’ : * - 4,
The ‘teacher then acqueinxs the pupils with the method of forming a
perféct square from a quadratic trinomial axz + bx + c. In so doing,

of - cburse he begins with’ particular cases and passes gradually to the’

_most general case. v - . ¢ . :

~.¢gilven in any form in the plane there corresponds one and only one straight_

mgle 9. From geometry it 4s known that a straight line is
detgrmined by two giyen points. Consequently,: to each pair q; ‘points

- line passing through these points. Let us consider that Qn -a plane

:uoordinatized by some system-of axes points are chosen with coordinates

(2,5) and (-1, ~4) Let us try to determine the equation of the line
passing through these:points.

ﬁ T: What form should this equation have?

P: We can look for this equation in the form of"
y = ax + o N -

T: Correct. Consequently, to determine the unknown
equation we should find its coefficients a and b. How
can this be done? )

-P: We must use what we know about the equation's unknowns. -

é“x
\‘ .

T: Correct. More precisely, we must subordinate the
coefficients (make them subordinate) to the requirements
that are made of them as the cofitions of the problem.
what are these requirements? .

¥
. P: The unknown equation must\beithe equation of a straight
line passing through points (2 5) and (-1, —4)
101 . o

' . ’ AR

. N -
o ' . .

. . ? &N

, ERIC- . Lo

N

R S



. . .‘. at -“ ’ A ‘, - ‘ ' 4 . ) -
4 . v - L T, (¢: -, . . [N
: fI PN But how/can we express this\zeguirement*alget : ‘ = .
IERITL L O SN i" o Core
A “ P YWe mu &rite down that the psi;Szaf numbers (2 5) and ; .
> (51, “4) are:the sg}utions of- sn«equation y =ax + b. .
o T: Go-to the blsﬁoarcf and wri& this. T
. . - . ot >
" - * " - - - . ‘& ’
. ™p: 5= 2a~+ b, =4 -.—a + b. ROSE 4 o~ /i" ’
, ‘e.‘ - L w ¢ vl
Ts. - Wt shall we do now? . . ~
P NQL we must solve this sysggh bf eQuationg\for ‘K/, “K .
_ the unknowns d snd b. . ~ . .
. ‘ : - . A ‘e h * 3 . - .
“ *  T: Correct. Do it. . ‘E . v U A
-~ . . \ V- ~— ‘e - .’

- . - T a N . . ~q
\P; 3a = Qia = 3; b '“‘l‘s}t . \'- } '/‘}
. s L.

1. Consequently, wkat equation satisfies the conditions .

.

of the problem? ' < .(/ AN ¢

“« = “a
s

P: y-3x—l | ‘ I : o %

- ‘ ‘.‘ . - ’ ) Coe ! ¢
7  This example scqusints\the pupils for the first time with the method of
undetermined coefficiépts. After the tupils have scquired som:/skill

in applying this method to the solution of the same problem, th

o

different point?fgiven,‘the teacher cgn aék_them to solve the problem
‘4n a general form. : ‘ - o ‘: .
The uSe of these examples can help the teacher form a definite
g conception of the essence of the heuristic method of instruction. To :
prepare the best system of- questions (which.musm be asked cording to a
a given system), the tefcher 1is sdvised to prove tpe stat nE\or solve
the problem in advance by means of a careful analzsis, which is the: most
. power{ul means of attaining the indicated goal and which the pupils
should master.

" Assuming that the teacber is wholly familiar with the essence and

3

means of applying the analytic-synthetic method [2;3], we shall limit

Ourselves to three examples.

Example 10 10.” The altitudes of an acute triangle are extended until’
they meet a circumscribed circle. Prove that the segments of these lines
between the point of intersection of  the altitudes and the point of inter-~

section with the circle are bisected by the sppropriafe sides.

192 L ‘




e R Figure 2 I ' A
- ——
e Analxsis. If 0 1§ the point of intersection of the altitudes of ¥ ' _
triangle ABC (Figure 2). pbiﬂi D is the hase of altitude AD and the - 7' -

tvextension of altitude AD intersects tbe‘nircle at point E, then the . .
problem 1s - to. prove that OD = DE. : . oo

< ) . . ) ' . LI (Y
, .. We pake the following scheme of analysiS' . : I
L. /} r . N . R o o . ‘ ~

. 1. OD 2 DE L ,. - - . o
~ Q oy ’ . ‘ cra

2. AOCD ? £ ECD ("If the ‘titude of 'a triangle is = e 0t
gimultanecusly a bisector, then the triangle is
isosceles").

" N . -0~ ,"'-, ’
; 3. <0CD % A£BAD (both are complementafy ‘to angle-B),' / T N
£ECD = ¢BAD (inscribed angles based on a common _ f . )
arc, BE)

-~

The converse course of reasoning (3, 2, l), that is, the synthesia,
" 1is the proof of the theorem. o ’

* &

Ele 11. Prove that the product of twd sides of a triangle is

equal to-the product of the altitude on the third side and the diameter
D of the circumscribed ciftle.

.

/

o?

Figurévl : )

Analysig. Designating the foot of the altitude hc by E (Figure 3),
and by D, the diameter CF passing through vertex C of the triangle and :

103 . *
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the center 0 of the circle circumscribed about it, we make a scheme

‘of analysis:

1) a.-b.sn .D.
. . [}

?

2) at:h =D :ib. -
C

© 3) Triangle BCE | Trisngle FCA.

4) ¢'B Loir (inscribed angles based on a common arc, AC)
Prove that if the feet of the altitudes of an acute

Example 12 12.

~~

e

triangle are joined by straight lines, a new triangle is formes for which

Analysis. If altitudes AD, BE, CF of triangle- ABC intersect at

point 0 (Figure 4), then it must be proved
that DO, EO, FO are the bisectors of the
corresponding angles D, E, F of triangle
DEF., Let us prove, for example, that:

(a) £FDO =  LEDO.

How can we prove this? Where
should we begin? To answer this

BDOF with two' opposing right angies} in exactly ‘the same way, angle

the altitudes of the. first triangle are angle bisectors.

L

Figure 4
‘question, we must study the conditions and the drawing carefully. We
note tHawangle FDO comprises side DO and diagonal DF of quadrilaterat—==

EDO is formed from side DO and diagonal DE of quadrilateral CDOE with

two opposing right angles. Consequently, to prove equality (a), it is
sufficient to establish that one may circdﬁ§tfibe circles around quadri-

lateials'BFOD arM CEOD, since then

(b) £LFDO = LFBO,
and to prove that

(¢) £FBO = [ECO,

~ angle A.

,

LEDO = uaéts\

" which follows from the fact that angles FBO and ECO are complementary to
b .
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The Teacher s Role in Developing the Pupil's Ability

. to Find Methods of Solving - Problems Independently

'

It is obvious that the pupils ability to find proofs of _propo- '

" sitions’ and solutions to examples and problems independently must be
"encouraged by the teacher's use of a system of teaching and a methodology.

1

l. The teacher's primary job is to develop the pupil's ability to seek

independently the answers to mathematical questions by the example of his

teaching: giving prepared formulas and results and indicating methods of
solving preblems,é only in those relatively rare cases when it is impossible
to{éi:ect_the pupils to.find the solution entirely on their own. Usually,
however,‘the teacher can remark in advance on the natural; most 1ogical

course of solving a problem and can lead the pupils along this course

during their active efforts in class to find proofs of propositions or

to do exercises.‘ This permits him té give many examples of how to seek
sd!utions to problems, whigh should teach the pupils an appropriate
methodical approach to independent work, instill good habits in them, and
become a constant stimulus to their work determining its character and

direction. . . @ N

2. A significant role in developing the ability to solve mathematical

problems independently is played by the detailed explanation of general-

izations and general instructions that can be made with regard to the

application of the methods, deviceg, and ggggadused'to prove'pfopositions
and to work axamples and problems. The teacher must not miss any
opportunity to do this. It is (st such general Instructions that are
able to help the pupil bggig!the necessary reasoning, to §ug§est tdb him
the choice of the most natural{fmost expedient way-—-to hand him a thread.
In conjunction with this, the methodpology of mathematics.teaching
has long recognieed the necesaity and advisability of ending certain
sections and even topics of a course by generalizations of this type,
by the use of some system of general instructions that are often put in

the form of schemata, tables, summaties, and drawings. The following,

for example,'are usually presented in the form of a scheme: (a) the
method of solving a first-degree equation with one unknown; (b) the

‘ method of tnvestigating the first- and second—degree equations and systems

P L
105

*



\
of first—degree equations; (c) the method of eveluatiqg trigonometric
iunctioné (by quadrantsf;‘and some’other fesults.

There is far freg\enough of this, how;ver; An essential element
of the teaching of school mathematics should be for each teacher to
compose (with the pupils'® help, of course) general conclusions that
would not only summarize the material systematically but that would
also serve im the future as startin;—éoints for the-pupils' independent
reasoning. o

Example 1. As is known, in both algebra and trigonometry an
important place is occupied by algebraic identities or transformations.
Is 1t pgpper for methodological manuals on teaching algebra andﬂtrigo—

nometry to contain no general instructions in this area, for them not to

isolate the principles that should underlie the use of"these identities,

and for them not even to indicate general methods? .

It is almost)impossible to think of a book or evern an article in

which any space is devoted to the systematic use ogralgebraic identities.

Only*occasionally do 'authors group exercises aecording to the methods

of solving them, thus isolating the methods and influencing the readers'
acquaintance with the system of methods afgglied in solving exefcises of
each type. Thus in exercises concerning the rproof of polynomial identi- i
ties the following methods/are indicated: (a) the method of transforming
each side of an equality to an equivalent term; (b) the method of arrang-
ing both sides of an equality by powers of some Jariable x and subsequent
comparison of the coefficients of the same power of x on both sides of
the equality; {¢) the method of shortening the given identity before—
hand by replacing it with another that lends itself more quickly to being
proved (for example, by placing similar terms on the same side of the

‘e

equation).

_ Equipped with the knowletige, the pupil is no longer helpless in

» solving an exercise in this field; om the contrary, he will activelz
* strive to use the most proper method known to him and will try to 'find

- or devise the best solution. {

§
Example 2. The following general hints may be given to introduce

. some sense of ordef and to orient the pupils as they begin factoring

polynomials. * . -
. 106 ’
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1. First remove t%e common factor.
_ 2. If a polynomial (after thg)common factor is removed) is
(a) a binomial, (b) a trinemial, or (c) a polynomial of four terms, then
investigate to see whether it may.be (in case (a)) a difference of
,§quares, Oor a sum Or difference of cubes (in the upper grades—-the
difference of’two elements raised to an even powef, the sum or difference
of two elements raised to an odd power); (in cage (b)) the square of the
sum or difference of two elements; or (in case -(c)) the cube of the sum
vor difference of two elements (in these cases factoring can be done
,according to tHe appropriate formila).
, 3. If hint 2 does not apply, take any variable contaiegd in the
polynomial as the main one, arrange the polynomial by powerS‘ofuchis ?
variable, and then factor it — grouping the elements in the order in
g which they were writtea,
4. ' 1f the device described in Lint 3 does not help to factor the
-polynomial, then an attempt should be made t¢ group the terms .of the ‘ | .
polynomial in another way, using as a basis: (a) their signs, (b) their
coefficients, (c) their dimensions, (d) the possibility of applying
multiplication formulas to some group of elements. : .
5. 1If a trinomial arranged in descending powers of some variable
“is not the square of a sum or difference, it is rearranged (in the °-
seventh grade) by deéomposing (solintering) its middle element into two = ~
summands or (in the eighth grade) by completing the square or finding
its roots. '
* Example 3. In solving proﬁﬂem; related to the median of a tg}angle
it is ‘often helpful to use a construction consisting of extending the
median a distance equal to the length of the median, thus'gonstructing
a parallelogram from the triangle. Using this construction, (a) we can
prove Fhe‘statements that a median coﬁstructed from a vertex of a tri-
angle at which two unequal sides meet forms a greater. angle with the
smaller of these sides than with the larger side; 'that every median of
a triangle is less than half the‘sum of the sides that it lies between;
that the sum of the three medians of a triangle 1is less than ite perimeter;
(b)..a formula for calculating the/f;ngth of the median is developed; and
(c) a triangle is constructed from two sides and a median produced between

them.

[}
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Examgle 4. Having established a necessary and sufficient condition

for 'a circle to be circumscribed about a convex quadrangle, the teacher
.also points out that if a circle is circumscribed about a convex quad-
' thngle ABCD and we draw diagonals AC and BD of this’qegﬁtangle; we have
‘divided each of its angles into two angles and obtained eight inscribed
angles——based in'pairs on a common arc--and consequently, the‘engles
making up these pairs are equal: Z ABC = £ ACD; L ACB = £ ADB;

£ BAC = L BDC; LCBD = L.CAD. .

This general remark can be used repeatedly in the proofs of theorems

and the solutions of problems when a convex quadrangle about which a

circle is circumscribed is given ougﬁight or, can be incerporated as an

IS

" auxiliary figure. :
Example 5. In solving a great many problems on triangles, it must
be remembered that if the sides AB and AC of triangle ABC are not equal
(say, AB < AC), thee when the altitude, the angle bisector, and the
median of this triangle are dropped from vertex A, they are distributed
in this order: . - .
(a) smaller side, altitude, bisector, median if angle B is acute;
- (b) altitude, smaller side, bisecgpr, median, if angle B is obtuse;
(c) altitude (smaller side), biseetor, median, if angle B is right. >
\s The pupils%%hemselves come to.Ehis general conclusion after they
have examined successively (under4£he teacher's guidance) the kinds of
angles formed by sides AB andﬂAé with the altituge, bisector, and’median
of the triangle, and into whaf parts these segments divide its base BC 1%§{<
in the first and second caéés nmentioned above.’
A set of exercigeéﬂconneeted with the solution of this problem and
containing (for the'first case above) the following prghqges can be
done by the pupils without difficulty: |
~\\(a) the altitude AD and the shorter side form a smaller engle than
the altitude and the longer‘side; the base is divided into parts BD and
DC such that BD < DC; )
(b) *the median AM forms a larger angle with the short side than
with the iong side; -
(e) the angle bisector AL divides the base. into parts BL and CL such
that BL < CL.
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ggggle 6. It is tmportdht to’'show that the points lacated at
“the center of a circlef the middle of a chord, and the middle of the
-two arcs' cut by it, are all cqllinear.

‘In setting forth the’'theorem-about the diameter of a circle that

is perpendicular to a chord, it is useful to ask the pupils to formulate
aand\brove all converse theorems. -
xample 7. Various usls ﬁar the center ‘of a segﬁent must be combined

in a single instruction; these uées are: (a)r finding the locus of

points equidistant from its ends, (b) finding the center of a circle
'circumscribed'about'a friangle, and (c) joiuing the centerqu a chord
- with the center of a circle (ef. Example 6). ’

- Example 8. To prove that three points, A, B, C age collinear is

identical to proving that the Ewu half-lines BA and BC form a straight

line. . ’

Example 9. Eaéh angle inscribed in a given circle completely deter-
mines the length of the arc on which it is based and the length of the
chord which cuts off this arc. | ’ '

3. Although the device indicated in section 2 helps the pupil to begin
the proof of a hypothesis or the solutioen of a problem, it is quite -
insufficient, of course, for future progress toward the required goal.

The question of the means that the pupil should apply to find the‘entire
reasoning prgcess on his own and to bring it successfully to an end is ;'
considerably more complex. . N\~

3.1. The famous Frezch scholar Sé\qadamard, in his Elementari '

following rules that pupils can use in their

Geometry [1], suggests th ‘
-~

independent search for ways to prove prOpositionS'

. First rule. "In the course of the proof, one must emley the
hypothe$is and, in most cases, the entire hypothesis'[l: 262]. This is
a very important rule. It means that: (a) before proving a theorem one
must establish its conditions %reciséf; and)with exhaustive thoroughness;
and (b) when pgouing a theorem one must strive to use all points of its

conditions without exception.

It is the content of a theorem's conditions that almost always leads
the pupils to the proper way of proving it. The teacher wishing to lead
the pupil in this direction nearly always says to him: "Turn back to the

<conditions of the theorem, consider what you know; can't you make use

of this?" During this proof itself the diffic¥lties, hesitations, and

109« .
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failures to follon through in‘réasoning‘can‘often be eliminatéﬁ by
considering the conditiens that ane not yet been utilized.

. | " Second rule. "Dne must substi&ute definitions for the &erms which _
they define"[l“ 263]. . We can explaip this rule with the fo lowing ' '

examples. N \ A
N (a) In the proof of a theorem on éﬁe bisector of an a le, ,
\ the term "angle bisector' is replaced by‘¥he‘qprds “the halffline coming

from the vertex of, the angle and dividing it,inﬁo two equal arts.
(b) In the proof of a theorem on; the righqiangle, the ,erm “right
angle" is replaced by the words "the angle that 15 equal to }ts comple~

ent." : ' | '; f ,
v (e) Having defined the express{on n/zﬂ-where a>90 andén = any .
' natural number, by%the relation ( JP—) - a,’we use.ig the p%oof of each

s definition

theorem establishing some property of the expression n¢§ _
whichﬁves sense to this equation. ‘ AN

-(d) The term "the distance from point A to line 2" is ”eplaced by
" the words ''the length of the perpendicular dropped from point A to' line
2'." , i

(e) The term '"the center of the circle circumscribed a‘nut a

given triangle (or insdribed in 1it)' is replaced by the- watd: "the point

that is equidistant from all veftices (sides) of the triangl
.This device (replacing a comcept by its definition) can‘be success—“\

ﬁylly applied by the pupfl from the moment he agggosches the‘¥roof of a

" proposition or the solution of a problem; he should discover for himself,

with the necessary clarity and thoroughness, the contents of tAe conditions.

. z \
(what is given, what is known?) and the conclusions (what are we trying
A O
to do?) of the proposition or the text of the problem. .
: !
. For example, these replacements might be made: ’
The statement: ) is traﬁgformed into
( & the statement: Y
' 1. Point A belongs to a circle 1. Point A is located at a
. with its center 0 and its ‘/f distance R from point 0.
A : radius R. - :
2. Points A and B belong to a 2. Points A and B are at pre-
' circle With.ifs center O. cisely the same distance
M from 0.,
3. In triangle ABC, segment AD 3. In triangle ABC, AD L BC,
is the altitude, bisettor, L BAD = £CAD, BD = CD.
. and nledian. . ‘

Loy o . ‘_ ‘
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4, 1In triangle ABC, point O - - 4. In triangle ABCt V
. 1is the center of both the 0A = 0B = OC,
‘ + circumscribed- and the . . 0K = QL = OM, where
“w o . inscribed circles. 0K L BC, OL _L AC,
.. ’ ) - QM -‘-i .
. , ~ co ‘
5. Parallelogram ABCD is both a 5. In pardllelogram ABCD,
rectangle and a rhombus. ; angle A is a right angle,
t : . o . ~and the adjacent sides
‘ are equal.
6. KL is the mean line of S.ﬂ In triangle ABC, the
triangle ABC. segment KL joins the -
‘ - mid~points K and L of ~
R - ' ! . two of its sides.
7. ABCD is an equilateral . 7. uadrilateral ABCD, ,
T BC, AB = CD.

trapezoid. AN

,
These examples illustrate. chses in which the "transformationﬁ of a
statement consists only in translating its contents into the language of)
mathematical symbols and bringing it closer to the form from which a .
precise dascription of its.content ma¥ Be derived. ' - 7 '
In discovering the contents of the conditioms, howaver, it isg often
possible to go further and replace a condition bé,one of its ﬁmmediate

?

consequences. For example*‘EJ
- -

The condition: : N o be replaced by
- : ' : thd condition:
8. Segment AB is longer than 8. AB = BC'+ CD. ’
segment BC. . .
-9, &L ABC > LDEF. ’ 9. L ABC = ADEF + 4KLM.
10. Point P lies inside (outside) 10. OP,< R (0P > R).
a circle with center 0 and ' .
radius R, oo ‘
11. Points A and B are located 11. Segment AB does not
on the same side (on intersect (intersects)
Adifferent sides) of line &. - line 2.

-

Similarly, theJ€:::ents of a conclus%on may be revealed by répeatedly -
replacing 1t with a statement from which it follows directly, and the
proof. of any relationship may be replaced hy proof that a sufficient
condition for the presence of this relation\is satisfied.

" 111 - ‘ \
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3}2: In a lecture on "Directing Methods of Mathematical Research,"
delivered at the Second Congress of Mathematies Teachers ‘in 1913, M. D.
Osinskii suggested that the following general principles guide research

in mathematics: : . - 't

Pl

(a) The equality of segments and angles 1is proved from the

*  equality of the triangles in which they are found. ¥~

(b) Second—degree equations are proved from the equality of
‘triangles. . ) '

P ”

P (é), An eguality shows that its proof mﬁst be made;\*"

-

(d) "1f the equality of two values cannot be proved directly,
one ar both of them must be replaced by an equivalent
value and the equality of the latter proven.

- (e) In the proof of thegorems and the solutlon of problem$;
analogies with the proof of known theorems and wish
¢ problems that have been solved must be used. -,

4. 'In cenc;‘pion, we present several examples in which we investigete

how the pupil's 4deas could arise and develop when proving theorems

“ame”" and ‘solving problegs. Here we shall strive of necessity tqiueeAtﬁe

general instructions given above and to employ the general rules that

have been formulated. -

Example 10. Prove that a straight line joining the midpoints of the
bases of a trapezoid passeslihrough the point of inteéseeeion of 1its
diagonals. | . ‘ ‘

Proof. Let ABCD be given trapezoid with bases AD and BC, and let

its diagonals AC asd BD intersect at.point M. We must prove that point

M belongs to segment KL, which joinagﬁhn-ﬂgdpoints K aﬂd L of BC and AD
. ~

respectively.

*

-

Thinking over the content of the conclusion, the pupil should trans—

-form it thus; "'This means that we must prove that helg—lines MK and ML

lie on the same elraight 1ind." Arriving at this idea on the basis of
the genergl instructians (Example 8), the pupil then attempts t@ prove ’
that angles KMC and AML are vertical angles. To do this he examines
triangles XMC and AML and establishes that LKCM = £1AM. But this is
only a small step. For a proof of the equality of theythird angles he

mugt prove the similarity of triangles KCM and LAM.

- > A
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But how can this be done? At this point he must reexamine the

.conditions of the theO£em. He fiinds that he has not used the fact

that ABCD is a trapezoid and that K and L are the midpoints of its
bases. From the first fact®he concludes that triangles BMC and AMD
are similar; the second fact suggests that he should look at sides BC
and AD. ' These sides are part of the similar triangles and,
coﬁsequently, BC:AD = CM:AM. But then KC:AL = BC:AD, too. Therefore
the triaﬁgles KCM and LAM are similar, so.that LKXMC = ZAML. Conse-
quently these angles are vertical angles, from which we. conclude that
half-lines MK and ML are the continuagion of eatch other.

Example 'Pl. 1Inscribe in a given circle, a triangle 'in which the sum,
of two-sides and the value of the ahgle opposite one of these sides are
known. " ' A '

Solution. Let §s suppose. that the problem has been solved, that'is,
that triangle ABC is inscribed in the given circle and that the sum of
its sides (AC ; BC) and its anéle A, opposite side BC, are known.

sthe pupil has thorouéhly learned the general instructions in .
Example 9, he knows'immediately that side BC of the triangle is complétely |
determined by angle A and, ther fore, that to find side AC it is enough
to subtract side BC fram the give

> b -

sSum.

Anplan of construction will _thin become clear (a) We inscribe the
given angle in the given cirele. (b) ts sides intersect the circle at .
points B and C, determining the segment BC; this segment is the side BC-:
of the “#nknown triangle. (c) We find by consiruction-the difference
between ‘the given sum (AC + BC) of the sides AC and -BC amd the segment
BC; this difference is equal to the side AC of the unknown triamgle. (

(d) From the end point C of the segment BC with a radius AC we describe

. an arc that intersects the circle at point A. The triangle ABC is the

unkpown trigngle. :
Example ;g< Let ABC be an equilateral triangle inscribed in a

~circle, and let M be a point of the arc BC. Prove' that segment MA equals

MB + MC. , >
Solution. To show that segments MA, MB, MC are related by the equali—

‘ty MA = MB + MC the pupils have no other means than to try to prove

that some point will divide segment MA into two segments that are

*
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\e corresnondingly equal to_eegmentséMB and MC. How can these segments . ' .
be found? It is obvious that ta find the unksown point one of the’
segments, say MC, must be laid out on segment MA. -

As a resylt of this procedure, we find a point P dividing segment
MA into segments MP and PA, with MP = MC. o N

4 The problem has been reduced to proving that PA is equal to MB.
The equality of segmente is' most often established on the basis of the

equality of triangles.: . J . .
Of which triangles are segments PA and MB a part? Segment PA can

be a part of triangle APC. Segment M%, however, is a part of triangles

* AMB and MBC. Both of these triangles have one side equal to one of the
| sides of triangle APC: -AB = AC and BC = AC. But triangle MBC also has

an angle equal to one of the angles‘of triangle APC: MBC = PAC. We
‘ shall therefore compare triangle APC with triangle MBC. A difficulty

:2/‘,1 ‘arises here. How can we go on? What have we not.yet useg?

A " Since triangles APQ and MBC each .have a pair of corresponding sides
equal and a‘pair of corresponding angles equal, let us examine the remain-
ing angles. We see easily that angle BMC.- 120°. In triangle APC only |

. angle APC can be equal to it, since angle ACP is less than angle AQBE-
60°. But for .angle APC to be 120°, it is sufficient that the adjacent
angle at the base of the isosceles triangle, angle MPC, be équal to 60°,
and consequently, that angle PMC at the vertex of this triangle also be
-equal to 60°. . ; '

N
awing we see, immediately that this is true. Consequently,

From a

triangles APC apd MBC are equal, and AP = BM, which was to be proved.

-

- Example 12 Was presented not for class use but only as a demonstration

of how to extricate oneself from difficult situations given a sufficiently

large number of conditions. )
Example 13. Prove the identity: . . .
A + )2 + b+ a)l +c(a+b)? ~4abc = (b + c)(c +a) (a+b).

First method. Following the instructions, the pupil wills first

. attempt to transform the left-hand side of the equation into the right,
for which he carries out the following transformatipns on the left-hand.

side of the equation:




Y

*
+ a?b + azc,+ 2abc + b2c - b4abe;-

. -

(a) He removes the parentheses eni\multiplies out each term:
eb2 + 2abc + ac’ + bég + 2abe

“(b) he combines like terms:

o~ .

ab + ac2 + bc + azb + a c + b

+

Ze + 2abc,

b Y L]
(c) following the instructioms, he arrangee this polynomial in
decreasing degrees of a:

(b + c)a + (h + ezﬂx 2bc)a + be(d + c);
(d) he puts the factor (b +'c) euﬁside'the brackets: |

. Gk + c)[a2 + (b + c)a + bcl; :
f‘ o ) - . \
(e) he factors the polynomial that is inside the brackets
i 2 |

a“+ab+ac+bc=(a+b)(a+e). -

Second method. The pupilj following another instruction, first

tries to compare the coefficients of ideﬁgé}airpowers of a on the left
and right sides of the given identity, for which he composes a table:

‘ Power of ar- Coefficient of this power of a on the

left and right sides of the equatiom:
32 ) b+c=b+¢c : :
1 . . 2
a (b + c) + 2bc + 2bc - 4be = (b + ¢)
a® be? + bzc - (b + c)bc.
¢ 4

Independent Lxecution of Exercises by the Pupils

Finally, since the pupil must necessarily work actively to solve
" problems ih mathematics on his own bBoth in class and at home, the
teacher should try as often as possible to make him seek the solution

of theorétical and practical problems independentlg. The pupil then

would be applying his own energy to definite mental work withoutﬁ!epend—
ing on the teacher's "nudging,“ although this does npt mean that the
pupil should be deprived of general guidance in 'his independent solution
“of the proposed problems. The teacher should begin u%ilizing this
technique as soon as he starts teaching mathematics in the school,

The problem of develaping the pupil's ability to do exercilses in

115 ™~
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algebra independently can be presenﬁed and solved quite clearly. But

Ehe pupil's abilities to do exercises independently can be developed only

if the system of exercises for each topic satisfies the following basic

"requirement. Each consecutive exercise must not repeat the précedingf

one exactly but must be distinct from 1&_13.§6me‘bési¢‘p;inciple. The ',
- difficulty of these principles shoul§ bé allowed to increase almost ~
imperceétibly'(for the pupils, of course), but éach time they should
force the pypil ~— even if only for a very short timg§—— to think about
the solution of the questionm, and to meditate on the applicability to
this exercise of the method or device used in solving the preceding
problems. Gradually the pupil should begin not only to reflect, Eut to
delve mg;e sariously into the essence of the question and to tr§'draw-
ing conclusions about the method or device best used in its solution,

Here the teacher should not miss any opportunity; when there is a
possibility and when the need arises, to show the pupil the most natural
and expedient -- or rational —- methods of solving an exercise or problem.
This forces the teacher both to seek and establish these methods, and.
to communicate them in turn to the pupils as.a conclusion and as a result
requiring mastery on their part. v

But it would be a mistake on the teacher's part if he omitted those °
exercises in the workbook that do not have é distinction in principle'
from their predecessors. Exercises of this type can be most helpful
~as ''practice material”™ for work in class and at home.

Somewhat more complex is the problem of developing the pupils’
ability to do exercises in geometry independently. Here it is signifi~
cantly more‘difficult to attain a systématic‘order in the arrgngement of
exercises, an'order which'ensures_the possibility of basing the solutiog\
of a given exercise on the experience of the preceding one or ones. It
must’be admitted, however, that those textbooks on geometry which arg ag
the teachef's disposal do offer him a great deal ?f help in arranging
. exercises into a system satisfying the basic requirement stated above
with regard £o the exercises in algébra.- The teacher must do this work
if he wants tg.mike the study of geometry feasible for the pupils while
awakening their interest in and enthusiésm‘for the subject and Fheir own

creative abilities.
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"Laboratory Work for the Pupils .

Until now wé have understood 'exercises that the pupils should do
independently' to mean examples and problems from:the appropriate prdblem
{ -
books. Such tasks demand ¢f the pupils only mental activity and con-

centration. But today teachers are also using the laboratory form of >

instxuction,‘a form of instruction based on activating the pupils' senses,

‘ especially sight, touch, and muscular effort, Qs a stimulus ﬁo the pupils'
activity. There are two fundamentalhtyﬁeg of labof%tory work. . '
1. first type has arisen as a result‘sf the teachers' desire.—f
" particularly in the fifgh through seventh grades f? to prefgce each )
general statement (conclssion, proof) with some §§Eeriment that will
involve the pupil and convince him of the correctness of the concept *
being proved. ' | . o .
| Even in the fifth grade, the puplils go as far as finding the formula'
for the circumference of a circler by the experimental method."Beginning

in the sixth grade measurement is applied as a preparation to proving

theorems,'and'ﬁhg result is that'each pupil — by"means'of inductive
reasoning —— draws a general sonclusion whiﬁh, of courseée, must then
be proven. - In this way a number of the geometric theorems studied in
the sixth and seventh grades~are established intuitively before they are ‘
proven. ’ .
At the higher stages of geometry instrustion (in the eighth grade),
the deductive proof of a s?atement may still be prefaced with its induc~
tive establishment based oh measurement. This method is wholly admissible
when the ‘teacher considers it’ expedient for surmounting difficulties
connected with the direct proof bf a statement, or for ascertaining more
concretely Fhe essence Of.the statement itself. ‘
‘ For-examplé, we may be convinced by measuning: (a) that the
corresponding equality of the angieq of two triahgles implies the i
proportionality of their sides (a theorem which is:false for polygongy
otlrer than triangles); (b) of the theorem stating that the product of
segménts of chords psssir}g through a given point withinicircle retains
a‘constant value, and $0 om.. '

Those experiments that are masht to Improve the_pupils' sbility to

visualize the solutions. to geométric problems also belong to the first

»
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type of' laboratory work. 1In them, imagined operations (such as placing-

figures on top of and beside one another, reflecting a figure about some

axia of symmetry, rotating figures about a point, recutting figures) are

replaced by- real operations performed with the aid of appropriate figures

cut from a material such as paper, wood, or tin.

+. It can har&ly be doubted that these 1aboratory taaks which bring
the pupils' eyes and hands into action, promote mastery of the geometry
course, which is otherwise difficult for some pupils to ecomprehend.

2. The second type of laboratory work is that directed at achieving

an organic link ‘between mathematics and industrial work. This type of

a¥
.

laboratory work originated in the ‘early practice of teaching a school -
mathematics course, gradually acquired a broader and deeper content in

polytechnical educatdiofi, and will mow occupy quite a solid place in

’
[y
b

mathematics instruction in the schools. ' i
If, as a result of the current school reform, mathematics instruc-
tionkis to be closely linked with txpesure to the methods provided by
mathematics for "solving practical problems, then the performance of the
e second type of laboratory work will represent an experimemt in applying-
" these mathematical methods‘to,real~life aituationa, to actual prodictive
work, and to reality in general. - \ )

This segond type of ‘laboratory work includes all those tasks which
demand the complex application of methode of calculation, measurement
construction, and graphing; it also includes the performance of separate -
" tasks in school shope and in the mathematics study room turned into a

- &

laboratory. ' .

(3

~

The school labordtory shouldngf.well equipped witH all the necessary
referenae books and calculating i
slide rule); with millimetric, legarithmic, and semi-logarithmic. paper®

g
truments (abacus, calculating machine),«

and later perhaps with simple.electronic or mechanical computers. ¥

- The second type of laboratory work should include (a) graphic
\\ .

eaercises, (b) measuring work, and (c) work on making models.

< (a) Graphic exercises involve the cogstruction of diagrams and
graphs of functions, the graphic illustration of the solutions of equations
and inequalities &nd\ systems of equations and inequalitiea, and the graphic

Jeolution and investigation of these equations, inequalitie§ and systems.

-
-

.
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The construction of diagrams, done in the fifth and sixth grades to »
promote the pupils' understanding of the idea of measyrement- and their

conception of the idea of the functional rél?tionship, is a first opportu-
nity for pupils.to use actively their mathcnntical knowledge..

As early as the sixth grade, pupils go from the construction of .
diagrams to the construction of graphs of functions. The major problems
assoclated with this idea, organically connected with the problem of
constructing a mathematics course on the idea of the function,.are solved
gradually, in a definite sequence; and the subject is examined with great
thoroughness and depth'in the upper grades as a means of building up .
reldted material. ) *

The pupils first acquire skill in constructing graphs by plotting
points. At this stage the pupils' activity igdnanifested in plotting '
" points on a graph from given‘coordinates;gtﬁoy begin using the dlass
blackboard.covered Qith a coordinate grid, then éaper ruled off in squares
in their ("arithmetic") notebooks. Gradually, an increasing independence
and activity in performing assignments on.constrﬁcting graphs of functions
is demanded. | |

Beginning in the .eighth grade (and indeed, to same ektent in the
seventh grade, as well) the pupils conbtruct graphs of functions after a
preliminary analytic investigation of their properties. At this stage
the consfiruction of graphs of functions -unifies the pupil's mental and
physical activity in.a combination of theory and practice. [These exercises
are usually of great interest to the pun&lsz especially if the functions
illustrate a law governing some natural phenomenon which they have studied
in science (physics, chemistry, technology, or biology). ,

Exercises in constructing gr&phs of functions have so much value
‘for the study of mathematics in fhe school and in institutioms of, higher
education, as well as for the pupilo' future practical work, that the
teacher should not limit himself to the types of functions indicated in
the curriculum, but should freely use othors which are similar in
construction to those being studied. Thus, having acquainted the pupils
with the method of transforming the graph of the functionh y = x2 into
graphs of the functions |
y = x2 + b, y= CX«a)?, y = kxz, y = k(X~—a)2,

119 | .
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the teacher may suggest that the pupils independently apply these

transformq;ions (translations expansions, and compressions) to the
graphs of other functions. o : g *
Finally, the construction of graphs may heip in investigating equa-
tions and systems of equations and may provide graphic solutioms.to them.
This meth8d is especially valuable when the anmalytic solution of an
%guaqidn or a system of equations is particularly difficdlt. The graphic
invéstig;tion of an equation or an inequality containing a parameter is .
very interesting and instructive when that investigétion consists in \
constructing a graph representing the relationship of the parameter to
the unknown equation or ineduality;wthis'work proceeds in a non-standard
way . |
. (b) ’Meésuring work, when properly organized (done partly in the - .
classroom, but mainly outside it), constitutesthe active type of task .
- that should aid in the pupils' polytechnical training and in communicating
useful practical information to them. L TR -

(¢) The kind of modelling that involves the pupils in the actual
construction of models develops elementary skills in construction and
hapdicraft wor$ in generalb(in work with wire, car@board, glass, tin),
and develops the pupils' creative abilities —— often forcing them to
construct mcdels’of complex geometric figures resulting from the proof
of theorems. and the solutign of problems. Construction of models

- illustrating the change of various elements of a figure during the course
of the change of some parameter opens an especially w{és field for the

pupils' creative activity. ) e

*

[
The Use of a Syst&m of Questions Designed to Give
Depth to the Pupils' Knowledge and Development -*

A prepared system of questions -- applicable during drill on a’newly '
studied theory, as well as in reviewing itiand in checking the pupils! .
‘ knowledge -— may be used to a significant extent not only to make the
. pupils participate more actively, but also to bipaden thelir mathematicalnpﬁkﬁh;
.knowledge. The concepts and facts (relations, conjunctions) dealt with in
these questions must be subjected to thorough examination; their essence

shauld be explained so‘Fhat the ability to answer the questiané correctly,

: ° 120
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will indicate how well the pupils' degree of logical thinking and
creative abilities have developed. ‘ T
This idea (of the néed to bring about the pupils' conscious mastery
éf the stidy material by developing their ability to solve theoretical
_questions independe?tly) has led to the appearance of a number of articles -

and books to assist the teacher in his work, We refer the teacher to
them.

- -
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; INDEPENDENT WORK FOR PUPILS IN ARITHMETIC B
. LESSONS IN THE ELEMENTARY GRADES . ' »

M. 1. Moro

Problems and Methodology of Investigation y
The Twenty-second Congress of the Communist Psrty of the Soviet Union
. presented our schools with the problem of the comprehensive harmonious
 development of the child's personality, of imparting the qualities of
future builder and member of a communist society.~ In the dzcreee f the
' party.and -the government it was recommended that instruction in t
school be built on the basis of the principle of a close relationshiy with =
life, and thet all educational work should be directed toward a develop-
ment of childrenvs_cognitive skills and toward instilling in children
. independence, actinity,.initiative, and creative principles. From'this
recommendation the following requ‘irement can b'e'inferrecl, which, in’our
view, is a8 most {Egottent one. In the instrudtion process cond{tions
.should be created thdt provide opportunity for th® children's systemetic
exercise in the independent application of previously acquired knowledge
to the solution of various educational and practical problems, as well
as in the independent‘scquisition of new knoﬁledge. : : ?\—ﬁahq“*"\.
| 'In the course‘of systematically conducted (on which children work
independently) tasks organized for all lessdbs, the children should:be
instilled with a feeling of duty and responsibility for an assigned task,'
and with the persistence and. tenacity essential for overcoming the diffi-
+ culties that arise in solving a problem in school or in work. . There is
no doubt that without using independent work for children as one way of
organizing educational aotivities, it is impossible to solve the problems -
that have been posed. ‘
Questions of the content snd methndology of. directing ‘the pupils
independ t work therefore presently assume a special timeliness snd

acuten@éss. Many works by Soviet didacticians and methodologists contain

-

: Of the Institute of General and Polytechnical Education, Academy of
~«.  Pedagogical Sciences of the RSFSR. shed in the series The Teacher's
Pedagogical Library, Moscow, Publishing House of the Academy of Pedagogi-

cal Sciences of the RSFSR, 1963. Translag\n by Lydia Hooke. ™~
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a number of useful hints and recommendations on these questions, and the
literature that illuminates the practical gxperience of the best teachers
has been enriched, but until now the questions that arise in connection
. with the problemprof developing the pupils' independence have not yet
been completely solved. ]
In the prasent manual we consider the place of indepandent work for.
pupils in arithmeticffessons, its aspects and forms at different stages
of imstruction, features of organization, and the system and gethods of
its execution, The‘starting point in the inveétigation was a study of
_éll those aspects and comcrete forms of indepéndent work for pupils that
are used in the practice of arithmetic inmstruction in the lower grades.
In cénnection-with this study, one of our chief metho‘ yf research was
the observation of the wark of superior teachers, and an analysis of,
and generalization from, their experience. For this we used not only data‘
from our own,observations but élsa facts that have been elucidated in the
methodological literature. ~
In the academic year 1959~60 we studied the organization oé pupils'
indeﬁendent work in arithmetic lessons, attending the lessons of superior
Nzgachers of grades 1-4 in schools in the Mosgow,‘Volgograd, Yaroslav,
and Orlov provinces, and in 1961-62 in the Moscow and Lipetsk provinces. -
Altogether, more than 200 lessons were analyzed. From the records of the
lessons, a rigorousz§tudy was made of the time spent on various activi-
ties. The assembled dafa characterizes the content and methodology of
the execution of practical work in arithmetic lessdns, and allows'one to,.
- Judge the place set aside for it.in practice, the average duration of
arious aspects of assignments, the relationship between the work per-
formed independently by the pupils in class and that conducted with the
teacher‘s direct pf:ficipation and help. The appropriate data will be
examined below. ; ‘ \ -
Since we did not limit ourselves to observing lessons, in each
school we became familiar, in the methodalogical centers, with those
visual aids and didactic materials ‘that are used in arithmetic instruction,
and we ascertained, through conversations with teachers, the methoﬁolo@&
of ‘their application. Moreover, we studied the class registers and pupil
notebooks, trying; with the teachers' assistande, to understaﬂd the sort of

independent tasks in arithmetic cited 1in themthe content, how they

-



‘were organized, how checking and appraisal is accomplished, and the like.
We attended individual classes of supgrior teathers in the elementary
grades, but w d “no opportunity to become acquainted with the general
system of their woik. | _ :

Systematic observations of the arithmetic instruction of‘ghilé:ed'
in school No. 315 in Moscow (teachers A. M. Logacheva, Z. V. Kozhokina,
L. E. Zaikina, T, V. Titova, M.~E:riorosteleva) were made with these
objectives in mind. In the first stage of the inyestigation (1957-1959)
the observation was limited to the work of the best teachers in’ the
schoql: During this observationtfye introduced almost nothing that was
new in principle into the organization of independent assignmentts in
class.. In the next stage (1959-1961) the character of our work in
school No. 31% changed--first in the first grade, then in the second
grade (teachers L. E. Zaikina and T. b.,Titova). Experimgntal instruction

was organized that wag constructed in light of our. study and generali-
zation of the work experience of the best teachefs gnd our analysis of
the literature and of the educational problems to béhfaced by the |
teacher at each stage of arinhmetig iﬁstruction. In the organization
of experimental imstruction in grade 1, we also considered the results
of experimental work-that we had previously conducted in the first
'grades of the same school. This work Qas devoted to the study of.the
leveél of arithmetic preparation éf\séﬁen—year—olds who enter first
grade, to the special features of wbrking with them at the first stage
of their school instruction [19] and to, the elaboration of & system: of
visual aiq d,didactic materials in arithmetic for gque 1 (after
-testing the ggﬁ@t of such didactic materials in the course of experi-
mental inatrd@tion, we described them in our pamphlet) [11]. s
Parallel with the experimental instruction in class, we systemati-
cally conducted experimental classes with individual pupils (as a rile, *
average and poorly prepared) and with small'grdups of pupils. The
purpose of these classes was basically a preliminary check of the
various aspeéts of assignments tha&,%e had outlined for subsequent lessons.
In the course of these assilgnments, we studied the difficulties that
the childreg experienced in fulfilling an assigned tésk and outlined ways
of forestalling these difficulties. The latter consisted of modifying

the formulation of instruction; breaking down the assignment into smaller

¢
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' parts; and devising some additional pxeliminary exercises; special visual

aids, didactic material, gnd the like. Each change introduced into the

- content and methodology of the outlined work was tried .out afresh during
‘classes with other pupils. C '

After having defined the tasks as a result of this preliminary selection,
we then tried the system with the ehtire qlgss participating. During the
trial, further perfection and specificatisn‘éf_the content, organization,
and procedure of the tasks was continued.

We conducted some lessons in which new assignments were given in '

_ order to have an opportunity to introduce necessary. amendments immediately

in class. In a number of cases we had to determine the relative va!!e

of 'various aspects of aSSignments, or of varfous methodological ‘devices -
that could be used in conducting the children's independeﬁt‘wnrk. To
clarify their.albantages and defects in comparison with one annhher, ve

'subjected them to an experimental check in two parallel Cl&SSES, u@ing a

-

different methodological approach in each (or a different assignment)
During the school year 1961-62, work in the same direction was -

A
AN N

‘conducted in grades 3 and 4, in whith we observed the arithmetic instruc~-ﬁ .

" tion of children by superior teachers. In one éxperiment questions 'tvf:

related to features of the organization of independent work were investi-
gated. Principal attention was directed to dé:;rmining the~possibility

of using independent work at the‘Stage in which the pupils are familiar-
ized with new educational haterial. This question was examined in the
miterial for the topic "™ilMon" in grade 3. In two experimental clésses
the study of this topic was conducted differently. * oge class thg\basis
for familiarization with the new material was the teacher's explanation,

and in the other it was the pupils' i{ndependent work. is gave ﬁs an

'opportunity*to compare both methods and to amswer the problem that was

posed. The system of children's independent works in arithmetic instruc-
tion was elaborated only in material for grades 1 and 2 (the creation
of such a systém for grades 3 and 4 is a matter for the futdre). Tge
system outlined was tested in the work experience prograp‘of 25 teachers

in Moscow schools who were students in the annual courses in improving

s

' : /
one's qualification at the Moscow advanced training institute for teachers

in 1960-61. The present work is by nature a methodologjcal aid, which

was intended to give concrete help to teachers in organizing and conducting

.
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iadependent work for childrem in arithmetic lessons.
However, befor® moving on to the practical part of the wark, we
| " should examine some general thearetical questions related to a
" - definition of the concept of "pupila sodependent work" and to classify
A various aspects of such work used in arithmetic instructinn in the
elementary grades. Confusion in the solution of these questions is; .
we feel, one of the obstacles to introdpcing, into the broad practice
of instruction, methods that would create themost favorable conditionms.
for developing pupil's independence, initiative, and creativityg

-

Fundamental Aapecta of the Pupnils'’ Indenendent Work

Definition of the Cbncept "Pupils' Ind;penden]iWQrk"

-

In §E§ recent pedagogical literature a debate has developed over
~ the meaning of "independent work." Many authors cbn%entrate on_an analysis
" of the essential features of children's activity in performing various
types .of scholastic and practical tasks. Comparing the diverse forms of
assignments used by teachers in-their school practice, these authors
have shown that the pupils' activity often amounts to imitation, or the
~ precise execution of the tescher's instructions. At first glance, such
" work demands no. independent. thought of the child--no initiative or inde-
| pendence in stating the probyem or seeking a method for its solution. .
Because of this, some authorg are not inclined to include imitation in
‘the ranks, of independent work. For example, R. B, Sroda writes, "By
the pupils' independent work we understand york in which they manifest
a maximum of activity, creativity, independent judgment and initiative" ‘?
[21: 7]. The contrast between ﬂimééative," "careful" activity on one
hand, and "independent" activity on the other, may be found in stftenents
by E.'Ya. Golant, R. G. Lemberg, and others.
In the final analysis, such a contraativé distinction leads to an
extraordigarily narrow understanding of independent work, which would
_not incluSE such activity as solving examples of the problem types
.5; familiag to the children that are analogous to problems they solved
511 lier with the guidance and aid of the teacher. Under these conditions
.\ﬁitzﬁ demand for raising the proportion of the pupils' independent work

+

du;ingethe educative proceaségould have to be understood only as a demand

for frquent utilization of so-called creative tasks in instructional
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practice. Even'though the role of.such work, which opens the greatest
possibilities'for the children to evince their independence of thought,
iniéiative, and creativity, is'great, one must admit that by ;uch an
approéch‘importan: possibilities of raising the efficacy of educative
tasks (incl&ding training tasks) could be overlooked by gnvestigators
stud%ing these~duestions, as well as by pfactiéing teachers. Neverthe-
less, observations of arithmetic instruction in the elementary grades
" show that questions of the content, organization, and method of carrying
:nn;these tasks (extremely important in teaching arithmetic) still
remain far from clear. . ; .- ‘
Tfaining_gssiggpents/é}' iggortaﬁt not only for developigg appro-
priate arithmetical skills,. t“also ﬁor getting children to master a
whole series of facts, abilities, and skills of independent work with-
out which one cannot imagine.any kind of creative activity. To clari-
fy our understanding of pupils' independent work, let us examine a
concrete example from instructionai practice'that was evaluated in
contradictory ways#in two recent works dedicated to this ;ubject. R. G.
' Lemberg [7] used this example as an illustration of the incorrect under-
standing of‘the term "scholastic independence'” of pupils, and BK'P? ‘
Esipov [5] used it as one of the forms of the child's indepgndent work.
The exa;pre concerns that period of imstruction during which chfldren
master the ability to write letters (and numbers). Lemberg stated:
"For a long time Peter could not write capital letters; he had tb be
continually helped, but now’he writeé indepeqdently; '"Here he has drawn
the letter B exactly as on the blackboard,' says the teacher". Then‘the
rhetorical question followed .whether the term '"independently" was used
correctly which is followed by the categorical answer, "of course not,"
and by the explanation: "The little boy wrote skillfully, not independ-
ently.' Lemberg then produced, for comparison, an example of the correct’
(in her opinion) usage of'the term "independently"”. The pupil reads
alogd and .-
' his intonation and gestures do not copy the teacher's manner,
but express his independent relation to the text, his feelings,
,his.understandéng. . « » Of course, the concepE 'independent ° (\
operation’ should assume not so much the pupils’ independence
" from guidance’ as their introduction gf something persenal into s

the work? ot

-
.
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. By this criterion Lemberg distinguished 'performance" activity,
which consists of "listening to the teacher, doing his instructions
and assignments" from independent activity, which consists of &
Meertain contrsposition to it," *
_ If this division is thought through, the question arises whether
;- the pupil may bring something "personal inmto the work even when he
_yorksusn assignment of the teacher's whieu demands that some given .
'ﬁ;instruction be followed. Say, for exemple; that the teacher explains
and shows first-graders how to write the numeral 5, gives a-model of
~ the writing EE this’figure,uénd asks them to write it five times in
their notebooks. B. P. Esipov was apparently correct when he wrote
that "if work on such assignments is orgsnized so that the pupil doing
it will consciously strive to. best achieve the aim i.e., strive for
the b|pt quality shown by the model, this work may be called independ-
ent work [5: 5]. In fact, when doing such an assignment,, the child
should evince purposefulness; detetmination in overcoming diffioulties;
" an ability to’make compsrisons independently; and a capacity to
apo;oach his own worﬁ criticéally, to-évaluate its results, and (on the
Bssis of this critical examination) direct his efforts to eliminating
errors he made in previous stages of his work. For him this 1is connected
only with muscular seusstions and the need }o eoncentrste his
attention, to strain his will, to impress his consciousness with a respon~
sibility for the quslity of his work, but elgo with his sctive thinking.
‘ At definite stages of instruction even th \fulfillment of assignments,
-seemingly based on simple imitation and on the precise foiiowing of .
instructions, in “fact depends upon the children's showing a certsin
amount of independence and demanoi*of them active conscious participation.
Such fulfillment of assignments therefore can,rightfuiiy be related to
the category of pupils' independent work. However, owing to the pupils'’
, development during the instruction process and to their mastery of
appropriate facts, knowledge, and skills, the nature of the children's :
' activity in doing zhe samé assignment changes so that it deases to e
involve evincing of cognitive activity. As a rule, fulfillment of the | ;,ff‘ff
teacher'stessignment’without direct assistance on anyone's part demands -
that the children show independenoe (even! though in an extremely limited

3

amount)
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Let us ;3;n again to an example f}pm teaching) practice. Teachers
are well acquainted with situations in which the child doing his
homework assignment or taking a test in class, cannot cope with the
assignment juSt because he does not feel the teacher's direct support,
which he has ewn accustomed to under the conditions of collective
work in class. Here it is enough for the teacher to come up, -stand
awhile alongside such a pupil, and nod his head to signify that all is
correct. Then new strength seems to flow into the child, and he
cosiidently continues his work.
Lack of self-confidence, indecisiveness, the need for constant minor
—-protection from somebodyielse, the lack of elementary independence
(which makes it impossible to apply ome's knowledge, abilities, and skills
even when doing a familiar type of assignment)-—all this is unfortunately
still characteristic of pupils in the lower\grades. |
' Therefore there can be great value in organizing the children's
sfudy activity so that they work alone, without the teacher's direct
;articipation, on various assignments.- This idea was expressed in the
definition ef independent work given in R. M. Mikel'son's book: "By
independent work we mean the pupile' completion of assignments without
any assistance, but under the teacher's’observance" [9].
In many articles that appeared after Mikel'son's book this aspect
of children's independent work——the absence of anyone's assiséance when
doing an assignment——was emphasized. Some authors, however, perceived
in such a treatment of childrenfs independent work a depreciation of the
teacher 8 guiding role in the educationgl process. Criticizing Mikel'son's
definition, they pointed out that all tgéxpupils work,‘including independ;
ent work, needs constant control and guidance from the teacher and that

o~

in ,onduct;7g‘the children's independent work, the teacher is obliged to ¥
* .
necessary assistance.

render the _
Thus, for .example, in A Reference Book for the Elementary-School

Teacher, we read:

The children's independent work in class should not be a
form of instruction which in any way reduces the teacher's .
role. On the contrary, developing the ‘children's ability to
work. independently is pOSSible only when the teacher system-
atically guildes the children's independent execution of A
assignments, explaining devices of work, observing the process
of the execution of the assignment, correcting mistakesj and
helping the children overcome difficulties [8: 159]. ?
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In this and similar ayguments there is a confusion of two different
things--the question of the necessity of the teacher's,guidance and the
question of rendering direct assistance to the children during the work

o

The fundamental characteristic of children 8 independent work is,

process.

in our opinion, the fact that during its completion, “the pupil is

deprived for some time of his accustomed guardianship from the .teacher

and remains alone with the problem before him whose solution iuvolves

definite (perhaps even significant) but sufmountable difftéulties. In

working on such an.essignment, the pupil must put his strepgth to the . _.

task and--relying on his own knowledge, abilities and skills; keenness

of observation, quickness of wit; and sometimes ingenuity-—find a way to

solve the problem and complete the - solution.\N |

, It is quite natural that mistakes may arise in the pupil's inde;~
pendent work; that one mistake may lead to ardbther; and that an incorrect
answer will be obtained in the result. Does this mean, however, that the
teacher must halt the pupil's work at the point where a difficulty occurs
when a real threat of stake in the solution has appeared? Must
measures be taken so the possibility of an error's ar%sing is always
foreseen by the teacher so the teacher, interrupting the pupil's path
of argumentation, would eliminate the difficui&\\ﬁhdtredirect the pupil's
thought and actions along the right channel? Is it not more correct to
give the pupil & chance to realize his error in the solutiom, to attempt
to independently ‘to find his mistake and correct it? Ié seems that the
‘last—mentioned pedagogical method is significantly more expedient whenever
the pupil is well enough prepared for the corresponding work. v

The teacher 1is forced to interfere in the pupil 8 work——to give him

‘direct aid inghis completion of an assignment-—only if the proposed ) .
assignment is not at the appropriate level of the pupil's attention. 1In
this case the teacher takes steps to eliminate whatever difficulties there
are (either'by simplifying the assignment or by renderingkthe pupil direct
assistance), but by doing so he deprives the pupil's work of its genuiné
independence. In our view, the pupil's genuinely independent work is only

" that work which is done, without direct assistance from tge teacher ——with~

out the teacher 8 direct participation in the work at the time it is being
i . * ‘
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done. This does not exclude “but presupposes, the teacher's guidance.
‘ The definition given the concept of pupils' independent work in the
book by Esipov cifgd above gives more.insight into the essence of the

matter. This definition® is presented in its entirety:
N .

h The pupils' independent work embraced by the educational
process is work done without the direct participation of the
teacher, but by his assignment, in a time period presented
especially for this purpose. Here the pupils consciously . '
strive to achieve the aim presented in the task, using their

" capacities and expressing in one form or another the result
,of mental or physical (or both simultaneously) operations
[5:,34]. .

It must'be further stressed that independent work by necessit§
would be connected with‘the children's conscious act}vigiim:hat the »
efforts which the children make to achieve the proposed a should
be directedHtggsrdfsurmounting not just any difficulties (any work
generally involves the need to make certain efforts toward its completion),

-

but the difficulties connected with the solution of one or another cogni-

 tive problem./ . o

e

And so, by pupils' independent work we shall understand a form of
- - ' :

| organization of the children's qognitive activity in which they con- .

sciously end actively strive to‘ﬁttain the proposed aim,,overcoming
difficulties §hey meek on their path without anyone else's help in the :
course of completing the work. If in his observation the teacher is
oonvinced that an assignment is unintelligible to some Pupils, he should
give them:the necessary assistance or replace the assigmment with an .
easier\one. In_the future he should prepare these children for.completely’
indgpendent solutioq of a similar assignment. In conducting'the children's
Jndependent work it sometimes appears that the assignment given by the

teacher needs additional ekplanation. If so, the teacher interrupts

“the children's work and gives additional instructions which make the work

more intelligible. o N 5}'“€-yfi" o .
By this understanding of inﬁependent work it becemes clear that a
more frequent use of such types “of work broadens the possibility of
exercising the children in independent application of their knowledge,_
sbilitie33 endlskills and in.independent masteiy of new factsj %hich is

the/ggin and fully necessary condition for the development of pupils’

<
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'independence as a personality trait.

Classification of the Basic Aepects of Pupils Indepesdént Work in. oy
Arithmetic Lessons S .

.‘In their:practice the best teachers use various devices to conduct
the pupils'-independent work, utilizing divefse forms of exercises. In
teachers' works ene may find numerous examples of assignments used in ‘
arithmetic lgssons, valuable ideas, and apt observations indicating which
‘requirements shoudd be filled by such assignments and ﬁhich“difficﬁlties
are encountered by the children in doing these assignments (see, for
example, [10, 12, 201). The .analyst’s 4nd genefalization of all this
material .is, of course, still far from completion. There is still no
complete agreement on the- proper classification_of various types of
independent work. - - ' .

Without involying ourselves deeply in the juxtaposition of various
points of view, we shall formilate here only those conclusions we have
drawn on the basis,of a critical examination of the literature, an _
analysis of the work experience of the gest teachers, and the observations
of pupils in their completion of diversified exercises as independent work.

From all this data we may pxopose the following classification &f ' °°
various types of indeperdent work. )

1. Using as a crixe on‘the pedaﬁoéical aim pursued Ain conducting
independent tasks, we may divide them into basic .groups—instructive |
. tae&gﬁﬁﬁd checkipg tasks. Instructive tasks can be subdivided into:

(a) tasks preparing the children to percéive new study material; (b)

.taske in acquiring new koowledge; (c) tasKs directed toward eXpanding
deepipgng the acquired knowledge; and (d) tasks of a training nature
whose aim is to secure earlier—mastered knowledge, abilifies and skills.

Checking tasks can be subdivided into (a) tests whose aim is to ascertain

and evaluate the pupi%;} knowledge; and (b) test work having no ascer-
taining nature, conducted by the teacher in order to specify the levelwof
the children's preparation and their possibilities. Such Specification
.1s essential for & correct definition of the content and methodologylof
future instruction (the‘work done on the latter tests- cannot be evaluated,
for it is conducted for example, at the beginning of the year in order

to establish what part of previously studied material has been forgotten

~
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« by the children over the snmmer vacation, or at'the end of the school
year in order to teview the material studied during the year and so on).

N 2. Independent tasks may also be.subdivided into types aceording to
the nature of thexéctivity they demand of the pupils. (a) those based
mainly on imitation, or reproduction by the pupils, of the teacher's actions
and his arguments; (b) tnose which demand that the children. independently
apply knowledge, abilities, and skills acquired earlier under the teacher's
guidance, under conditioms analogous to the conditions in which they were
_formed, (c) those tasks which demand the same application as in. (b) but
under conditions more or less distinct“from those under which the know-
ledge, abilities, and skills used by the children in doing~£ﬁe assignment

-, were formed; and {(d) so—calied'ereative tasks which demand that the child-
ren show independence in posing the question end in seeking ways of solu-
tion--independently making the‘essentiel observations, obtaining a result,
snd selecting the material needed to compose a problem.

3. Independent tasks may be subdivided according to the curriculum ,
material on which they are performed. In arithmetic instruction in’ ‘the
elenentsry grades, this feature may be used to distinguish work directed;
toward forming basic arithmetical concepts and work connected with;téaeh#-

' -ing the solntionfof arithmetic problems; arithmetic examples, practicai
_ _ | R

work (measuring, etc.)- '

One might list 'several other criteria by whiéh independent tasks- K
may be distinguished but which have lesser significance. ~Thus, such ' .
tasks may be distinguished,’ according ‘to thheir form of organization in
. the lesson, as general classwork™ (in which the whole class works on a
single assignment), group work-(in which sepatate groups of pupils work
simultanégusly on different assignments), and individual work (in which
each pupil receives an individual assignment from the teaeher) Many
methodologists also subdivide pupils assigned werk into fully independent
o and semi-independent work. By senmii- independent work we usually understand
work partly conducted with the direct participatibn of the teacher. It
seems €xpedient to refrain from using the term "pupils' semi~independent
- wotk” with this meaning, since it conceals the distinction between non-
independent and independent work. | o

It ig more correct, from our point of view, to consider as separate
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that part of the work done with the teacher's assistance (and is there-
£°fe not independent), and’that part of the work characterized by tRe
features essential for independent work. ¥ Then the practicing ‘teacher
fand the investigator studying‘ghe features of the children's independent
work will always concentrate on this part of the work, and will consdider-.
its other part (€onducted by the thildren with the teaeher 8 essls;ance)
only as nreparing the children for independent, execution of a more
specific assigﬁment. | H .
Let us return to the classification of independent work given above.
_It is clear that a single task may be considered of different types
if it 1s evaluated from different points of viewg Such a versatile
approach’ should help the téacher diversify the types of independent tasks
‘and note thelir system. In addition it must be remembered that all the
“types and forms of tasks mentioned above (even within a single gﬁoupl
rarely appear in complete isolation in teachlng practice. More often
an asslgnpent for ‘independent work eﬁhodies more than one type of work,
. sometimes .falling into a single classificafion group. Some assignments,
howewer, seem to be trensitional from one type to another.\ ‘
| This transitional nature is demonstrated ‘through an example of
- children's %olution of a familiar problem. Su®h indepdndent work may v‘\~\<"\\
be “considered, as a rule, among”the tasks directed tqward broadening
and deepening earlier-acquired knowledgel(insofar_ﬁs Ehe independent
solution of each new problem, even of a familiar type, furthers #&he
.children s deeper.realization of the characteristics of prohlems of .
a given type and of théir solution method) and among the tasks intended .
to prepare children to pergeive new material (e.g., when the teacher
presents a simpile problem for independent solution before he begins to
s examine, with the children, a problem of a more complex type including,
‘ in partic¢ular, this previous, familiar problem) This work may test
the pupils, but at the same time it will be instructive, since the r
childrén learn something in thé course of its completion, perfecting
and strengthening thelr previously obtained knowleédge, abilities, and
skills. _ |
Thus 1f the division of Independent work 1s examined ‘even by the
first Weature mentioned--it is evident that this division has e relative

character. It may be a matter not of a strict differentiation of various
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types of independent work according to a selected criterion, as ds done
in any scientific classificétion, but rather of isolating the essential
characteristics of the.work (again according to en‘isoleted feature) in
every concrete case of its application in practice. ‘

With an approach to the types of indepeﬁdent work like that mentioned
above, the pupils should net be surprised if a single task, at the same .
stage of instruction and in identical circumstances, is appraised for .
example, at one time as instructional and at other times as verificational,
‘because in conducting it, the teacher may have pursued one goal in one
case and another in the ogPer. Despite the condition of a given division
.of independent tasks into types, the d}yisio has practical value 4in -
that 1t helps specify the goal and place of each such task in the instrpc—
tion process and notes the corresponding methodical devices. 1In parti—
cular, depending on the teacher's aim when he proposes a familiar problem

" to the children for independent solution, in the case examined, this work
wili be conducted in various w;ys in c}ass'and the pupils®will be variously
prepared to do the assignment in class. The nature of the teacner's gul-
dance of the children's work is determiged, in a given case, by the exact .’
aim of the work. ‘ *

' What has bben said above may be extended to those subdivisions which

, relate to groups of taeks isola;ed according to other features. The ~
solution of any ;&ithmetical storynbroblem involveg the performance of
various calculations. Therefore, the indepéndent work constituting the
solution of a problem may also be viewed as an exercise in halculation. If
so the teacher, in thinking over the content and character of the insttue~
tion to be given the children before the corresponding work is under-
taken, should take into account those difficulties that children may
encounter in connection with plénnihg the solution of a problem, and -
those that are connected with calculation or renaming. Having notioed

.for instance, essential difficulties ip a problem he intends to use, the
teacher can consciously simplify the work pefore presenting the problem
so as to make the assignment within the power of the pupils and also to
allow the pupils to concentrate on that aspect of the prqoblém whicn is
(from the teacher's point of view) most important at the time. Another

- time, the teacher maykconsider it expedient to keep the content of the

problem intact and to organize.tﬁe instruction to assist the children
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“in oveécoming difficulties of a different type, etc. But in all cases
it is important that the éeac?er take into account the aim of his con-
templated assignment and to which of the types listed above it belongs.

Thus, we see the practical value of the above classification of
various types of independent work in arithmetic instrxuction in the
elementary grades. This classification should help the teacher in his

- analysis and critical approach to the assignments he intends for inde-
pendent work and to the instruction’ahd other forms of guidanhe that he -
proposes to use in conducting these tasks. A wide knowledge of all
types of work should help the teacher in selecting a system of such
assigoments and in faciiitati;g their diversity and gradual increase

~in difficulty.

It is evident that if one does not clearly imagine, all possible
types of independent work for éhildren and if one does not group tﬁié
work according to definite features, it will be.impossible to Eggin to
develop a system of such work. This problem demands, moreover, a very
careful study of fhe charéeteristié aspects of content, the organi-
zation and method of executing independent tasks of each type, and a
dafiﬂiéien of their plgFe of independent tasks in the psdagogical

process. . ] ,

“

The Place of Independent Work in Arithmetic Lessons

The Proportion of Childrem's Independent Work i3 Each Lesson

Our method of observation of arithmetic lessons included a precise
indication of the length of time of its separate parts, which made it
possible to consider all types of independent work used by the teachers
and the time aalowed‘for each. The data from observations during the

~ 1959-60 school year are given ig Table 1. Lessons from schools in the
Volgograd, Orlov, and Yaroslavl' Regions were analyzed. The an is
of lessons from the Moscow Region was limited to 14 lés;pns ofﬁj:ij;Ek\
Moscow teachers and 6 lessons observed in Perovo. We purposely omitted
material of the work of teachers of the.base schools of the Kcademy of
Pedagogical Sciences of the RSFSR, where our eXper}mental work. was
conducted at this timé. In Table 2 thiﬂdata characterizing the organi-
zation of the pupils',lsik in schoolébof the Lipetsk Region are presented.
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. The first thing of importance is that &% the 100 lessons analyzed
(see Table 1), independent work for pupils was absent from only 10. This
indicates that the concept of a good lesson is already firmly connected
in the minds of the best teachers with the necessary organization of such
work. Further, the teachers used independent work 120 times during only
90 lessons.. Thus, in some lessons independent“work for_pupils was given .

more than once. In addition to the data given in Table 1, the distri-

_ bution of. independent work by lessons is given as fdllows: no independent

work--10 lessons; one independent taaks——64 lessona two independent
tasks—-21 lessons; three independent tasks——five lessons.

These data are now compared with the data characteriaing the lessons
of. teachera of the Lipetsk Region contained in Table 2. In the lessons
represented by Table 2, independent work for pupils was used signifi-

. cantly more often than in lessons represented by Table 1. For Table'l,

there were 120 cases of independent work in 100 lessons and, for Table
2, there were 57 cases of independent work in 12 lessong. “The puoiis'
independent work was not observed at ten lessons, was observed at 64
lessons one time each, dnd was observed at only five lessons three times’
each, for the cities_in Table 1. %here was ﬁot & single lesson then,
in which the teacher did not conduct at least thrge independegt tasks,
and durlng certain lessons (see, for example, the é&cood—grade lesson,
conducted by Sushkova, in Scheol No. 19 of“Lipétsk) their number reached,_
nine. | o -‘ _ ' -
Zhose 12 arithmetic lessons in the elementary grades which we observe
in schools of the Liptesk Region were diatributed as follows'V no indepeh—
dent work--none; three independent tasks—«(at least) . one lesson; four
independent tasks—-(at leaat) seven lessons; five-six independent tasks ——
(at ledst) three lessons; more than six independent tasks——one lesdon.
If the data of the ‘tables characterizing the pfoportion of inde- |

pendent tasks of the Lipetsk Region teachers with that of'teachers of

other regions are compared, there are very meaningful differences. Actually,

it is clear from Table 1 that at 100 of the lessoas observed, the ahil-
dren worked independently for approximately 1000 minutes—- 22.2 percent
of the total school@ime. From the Lipetsk materials this percentage is

64.7. It is clear, then, that Lipetsk Region teachers, having orxganized
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THE USE OF INDEPENDENT WORK

. T‘ !EIE‘\l

IN ARITHMETIC LESSONS IN GRADES 1-4.

P

*x: (a,b,...);y means x cases;

minutes
%k

total and by city. -

157/

*
Type of Independent Work: No. of Cases and Times ' ;\
- Partially ‘ o
City . ‘ ' Independent Independent - Independent Work
[90;.101** Copying from Solutions of Selution of A  Solution of "in Learning New
A Blsckbogxﬂ ﬁxamples Problems Problems ' Matetrial Total
Volgograd 6:(15,64,21,7, 16:(§,5,4,6,7;v 6:(25,7,14,12, 3:(14,6,7):. 1:(4):4 32:273
[25: 1] 10,13):70 - 3,3,3,4,6, 15,8):81 27 : K
~ - o 11,4,10,7;
-6,4):91
Novo- 4:(10,13,7, 2:(20,16):36  3:(10,6,6): .. 17:166
~ Annensk 4):34 . 8:(11,17,3,7, 22 N :
" (Volgograd 12,8,10,6):
Region) 74 ¢
i [12: 2} . \ ‘.
Orel \ 3:(4,6,10): ~9:(7,4,3,8;6, 2:(10,12):22 3:(5,7,10): 2446 .,4):10 19:124
[16: 2] ¥ 20 5,6,4,7):50 - 22 ' .
Perovo 4:(5,8,6,4): 6:(15,11,12,8,  1:(11):11 1:(8):8, L. 12:117
(Moscow 23 13,6):75 :
Region) ’ . ,
[6: 0] - .
Yaroslavl' 2:(10,6):16 4:(8,10,12,6): 2:(10,7):17 2:(8,6):14 1:(10):10 11:93
[7:33y - o 36 ‘ ) , ~
Gavrilov-  21:(6,4):10 6:(8,10,13, 2:(§f’12):22 2:(10,7):17 22:107
Yam 6,14,7):58
[10: 2] :
Moscow 2:(7,4):11 6:(10,12,6,8, 3:(8,6,12): 4:(12,12,7, 2:(8,4):12 17:1&3'
[14: 0] 12,5):53 26 10) 141 :
Total ‘23:184 55:437 . 18:215 18:151 6:36 120:1003

the first of a minutes duration; the second of b duration; étc, for a total o

* : ‘ .
[a:b] means a lessons in which independent work was used and b lessons in which independent work was not



_ ‘ . TABLE 2~

o " THE USE OF INDEPENDENT WORK IN ARITHMETIC LESSONS IN GRADES 1- 4 -
T L SCHOOLS OF LIPETSK ' REGION ‘ . . ’

Type of Im}ependent Work: Time in Minutes
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Lipetsk NO. 19 l .y ! 5 L] 3 3 5 L4 10;8 . . . 34 6
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, 2 : 7 - 2 11 .o 4 - 2;2 42 9
4 . . « 11 , 7 4 7 -} 7;2 38 6
Lipetsk No. 1 2 : 6 3 6 "7 9 . 31 5
3 . 5 4 12 8 .o oo .o .o 28 4
k ;
, -
Total for \__»
12 Lassone oo 1/1. 8/38 7/53 6/18 13/92 7/37 11/92 2/4 3/12 347 57 %
| ~ 15%
Note: 1In the' columns having two numbers in the Total, the. first number designates l‘t‘zymiﬂ:@r of casgs involvir
o ) use of independent work of the given type and the second number designates the*total time {in Minutes)

[MC devoted to tasks of this type for a total of 12 lessbns.
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*the problem of increasing the efficacy of arithmetic. lessons, followed "
. the path of increasing t the proportion of independent work perltesson
"' at the expense of other types of activity. They did this, signifi-
. castly, not by increeeing_the duretion of each tabk, but by .more
frequent inclusion/S% independent wprk in the process of the lesson. )
Is this path correct? - From our observations of the’ teaching process
~in experimental classes, we can affirm that this tendency, realized
in the practice of the teachers in the Lipéetsk Reglon, satisfactorily
ansyers the problem of raising the efficacy of instruction. 1In |
- analyzing the problems of each individuel lesson, selecting eﬁercise
materials correSponding to these problems, and determining the methods
of carrying them out, we were convinced each time that a lesson cannot
be of full value without including pupils’ independent work.’ |
. For the duration of the exPerimental instruction in grades, 1-3
of School No. 315 in Moscow, there was not one lesson in which isde-
pendent work for puplls did not have a place,qr was not né&eseery.
Strivingntenincrease the pupiks' activity at each stage of the leseon,
we usually conducted independent work not once, but two or three
times, and at some lessons even four times,

' ,However, both the frequency of iIndependent work at lessons and the
time devoted to it depend on the neture of the curriculum material, and
change from one topic to anotherf/ Even the duration of individual tasks
changes. Although in the beginping of the first year of instruction
the problems for independent woék are most often calculatéd at three or
four minutes {sometimes less)/end a maximun\bf ten or twelve minutes,
by the end of the year (for example, at review lessone) it 1is possible
to devote up to 20 or 25 mlnutes to such tasks. The most oﬁtem
- encountered tasks, however, are of 5-7yminutes duration lnzlater grades
such regularity was not observed Beginning with the middle of the,
first year of instruction and in subsequent gredes, short tasks (5-7
n&nutes) and tasks of é-longer duration are both used with equal right.

l The amplitude .0of the'oscillations in this respect: is very great (2-3
to 35-40 minutes). _ '

The same applies to the frequency with which this form of organi- -
zing class activities 1s used. It depends chiefly on the purpose of

each concrete lesson and is determined by the nature of the study
141 ' -
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materigl examined during the lesson and by the degree of the pupils'’
familigrity with it. In our experisent independent work was used at
various stages of the study of new material, but still the propor'tion
of independent work was especially great during the consolidation of .
knoﬁledge acquired by the children under the teacher's guidalcel ane
was less during lessons devoted to the study of new knowledge.

For guidance let us note that in our experimental class Eh/’
number of cases of independent work yafied accordiﬂg to the c0ncrete
content and purpose of the lesson from one to fiva-six (when thé’;ain
aim was to consolidate and rev;ew prevzous.material). -
| Still, freqﬁene’switching'af the children from one type of task

~'to another, which was observed at variqhs lessons of the Lipetsk
teachers, may be to the detriment (if.it is takex# as a model for the 1
everyday work with the pupilg) of training the children'a,fixed atten~
tion and” forming in them the skills necessary for length& independgnt
work. However, the ratio betweenithe children s independent and non—
‘ independent work.in our experience generally appeared to be\approx-
imately 1:2.(32%) during the ent?re period of the-experimental instruc-
L tion (grades 1 and 2); and during individual lessons the children's '
independentf'work took 8-10 to 30~35 minutes. ’ v

We turn to the question of the' conerete: position of independent
work for children in arithmetsic lessons. If the minutes of lessons
are 8xamined from this standpoint, it can be observed that independent:
work ip/the public school is now being conducted, as a rule, after the 7
explaqation of new material as a consolidation or as a check of the .

previous material, as well as for review. However,

iflependent work at arithmetic lessons can and should find its place in

checking homework assignments (experience of teachers in Leningrad,

B

I .

lIa evaluating the results of comparing lessons in Lfﬁetsk schools
with those of other regions, one must take into consideration that all |
32 lessons observed by the co-workers ¢f the Academy (A.S. Pchélko and
.myself) in the Lipetsk Region were based on material already familiaf
to the children. We could not observe any lesson in which new material
was introduced. Consequegntly the pupils' independent work in the
Lipetsk experiment was observed oply at the stage of consolidation.
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Moscow, Lipetsk), in"conducting oral calculation, and in preparing to
examine new study material. This experience has already been .
" described in our literature. K ' '
We shall therefore concentrate on examining only one very important '
but ﬁ;:etofore neglacted question-—the question of giving independent . zﬁ

work to children who are learning some new study material

Teaching New Material by Giying Children Independent Work
' At the lessons we obsetved, children were seldom given independent

work at the stage of their familiarization with new study material (in
6 of .the X120 cases in Table 1 and not once at the lessons observed in
)&e Lipetsk Regiomn schools since atfe latter were always built around

A
[+

_study material familiar to the children). Observations and conversations[V\
with teachers confirm that these indices are not accidental. There is
“a rather widespread opinion among the teachers that the study E£,new
material through pupils independent work is possible dnly in the upper
grades. Authors of modern methcdological guidebooks ‘on arithmetic
instruction also proceed from this implicit assumption. In discloaing
‘fBé‘methcdalogy of familiarizing pupils with one or another new mathe-
matical fact, they limit the expositidn, as a rule, to a detailed
description of what the.teacher should explain and hni he should )
explain it. ' _ ' ' -
Trué, it is often a matter nf which devices and means of worE help
raise the pupils' activity, attract their attention, awaken their inter-
est in the.problem being examined, etc. The skillful dse of visual o
. alds, deonstration of<the ‘practical significance of the problem being
considered, careful selection of material on which the explanation of
a new operation or concept is based, skillful construction of the
disaussion with the pupils, and other devices or means of work may be
used in familiarizing ‘the children with new material. However, it is
almost never mentioned that it might not be impossible, if only in a
few cases, to ask the children to try by themsel&ee--completely inde- ¢
pendently--to gairn an understanding of a problem which is new to them. o '
Moxeover, the final goal of elementary education is not only that.the \

. childten learn the information imparted by the teacher, or even that

¥,
-
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v theyx lear-rhow to co‘\,iously aoply it——it is very important‘that: the
pupils who Qave finished school be sufficiently prEpared for the
independent mastery of new knowledge

It is perfectly clear that the ability to independently master
new knowledgo will not appeaf spontaneously. It must be trained little -
by little4 gradually and ;ystematically. Is it right to begin such

- training, let us sayy only in the fifth grade? Is there soffiéient
justification for relinquishing an earlier introduction.of the devices
and methods of instruc&ion which the children would need for indépendent
" solution even of ve;y:.ﬁncomplioaxed, easily understood, but still
unfamiliar problems?‘ ) | '
~. Let us consider the solution to the problem of the forms of tasks
dealing with new material proposed in one of the latest manuals of
u methodology (published after the promulgation of the school law) [17].
| In a special section, "An gxplaﬁeiion of the New Edudational Material

N

, Often a new operation presents itself as a complication

of one mastered earlier. Thus, the addition and subtraction

/ of many-digit numbers presents {tself as a complication of

e - the aldition-‘and subtraction of three digit numbers, mult¥= .

: ' plication by a three-digit number as a complication of multi-
plication by a two-digit number, etc. Upon the introduction .
of each new operation it is advisable ‘that the pupils inde-
pendently carry out that patt of it" with which .they are
already familiar and shat only the new material be explained

* to them. Thus, when introducing multiplication by a three-

digit number, it is possible, after an explanation of the |

- decimal stricture of the multiplier and a scheme for carrying .
out the operation, to ask the pupils to independently multiply
the multiplicand by the units and tens of the multiplier; the
addition of the three partial products can also be carried out
independently by the children. Thus, only the new elements
of 'this operation’are explained here, significantly increasing

+ the participatdon of the children im its mastery. But even

the new elements should be explained so that”the children
appear to consider the problems along with the teacher, so that
they themselves, under his guidance, deem to find the means of
‘solution [17: 24 25].

Polyak wrote: >

~

© .

. o :
The recommendations quoted above are directed against that clearly
" harmful practice, which, unfortunately, to this day still occupies a
! place in the work of some teachers who consider it/Pecessary to'explain

te the children everything from beginning to end——mot only what is
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really new, ‘but even what is .already familiar to them. However, even

pere the author limits the iqdependent work of the children to the
reproduction of what has already been masteﬂgd. Even for a minimal

et
. step forward, which must be made, for example, at the transition from

the addition of three-digit numbers (already known to the children) to
the addition of many-digit numbers (with whose decimal structuxe .they

.

.are also already familiar), the author considers it impossiple to

entrust to thé pupils themselves. ' It 14 proposed that the teacher
explain this new material and‘that‘the children be asked to follow his

explanation attentivély, since later on "they will be asked 'to giye just

. 8such an explanation." - .

Is i# not pOSSTBle to organize the work dn a different way,.so

‘that from the beginniﬁg the children attempt to gain an understandin

of an unfamiliar instance, the understand{ng of which has*® already

been fully prepared for by all the preceding work and so that the
children do not appear -to consider ‘and do not "seem to find, by
themselves, the means of solution', but reélly considér and search for
it independently? We found experimentally that such tasks are within the
capabilities of younger school children. As a result of our research,

it was estahlished that with appropriate methods of instruction,

" independent tasks for children can be used in the introduction of new

arithmetical problems even in the first year of instruction. “Necessary
prerequisites for its employment are: (a) systematic work in aCCOrdance

with the children's develoment~on the practice of lndépendent taskg—— °

; .
{ the systematic but véry gradualgincrease of the demands made on the

~ children to independently compare and generalize from observed facts;

s : .
and (b) the ability to establish a connection between what is new and

< B

what has been mastered, to transfer knowledge and skills acquired
earlier to the solution of a new task. | S A
Lefrus examine several concrete examples indicating exactly how we
fostered the pupils' capacity to generalize, and how they afterwards
made use of this capacity ghen new arithmetical Tacts were introduced.
It is common kno&lédge that first graders meet great difficulties on
their first acquai;tance with numbers. The formulation of abstract

cancepts -about numbers 1s.based on the examination of a great number

[y

of concrete facts——practicél dealings with groups of objects. However, °

even here~~f&terally from the first step of instruction--our goal was

to focus the children's attention on the numbers themselves. Thus, by
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“introducing his pupils to the forﬁaticn of the number two as the
addition of a unit to one, and then of the number three as the addition
of a unit to two, of the number 4 as the addition of a unit to three,
- ete. {of course, at first using, objects and only later on at an -
- abstract level), the teacher tried to méke/the children aware that each:nnnber'
;3 can be arrived at by adding a unit to the preceding one. This was
accomplished in practice in the following manner.‘ At every claﬁs
devoted to the introduction of new numbers, beforehexamination of the
formation of a new number we went over (as a preliminary) with the
h children the means of arriving at numbers mastered in preceding lessons..

'In the lesson devoted to.the number five, for example\ the teadher cput

a circle on the}demonstration apparatus and asked: // i
¢ . ’ ‘
i - How many circles did I put out? What must we do to get
‘two of them? , L3
e ‘ : (I * : : i
.- . When Bhe received an agswer the teacher put another dircle on
the board. ’ v /
. How many circles a?\ there now? (two circles) .
* ' How many circles will there be, 1f I put out k -

another gne? (three eircles)

) And what should I do to make four circles? (Add - L
one more to EPE three circles.) :
. : , ’ ~
Then the children's attentton was directed to the row, of , figures
cnﬁthe apparatus £1,2,3,4,). The teacher, pointing to the figures, R

asked the children the following questions: »
" How much must we add to one tn order to make 27

'Howfmuch will there be if we add one to two? How
fuch greater 1is four .than three? How much must we add s R ©
to three to make four? ’ ' » ;7
After she had receivedganswers to these questions (the questions
did not present any particular difficulties to the children, since they
had been reviewed -at the study of each number) the teacher asked:

(, . What numbér comes after four? How much, must we add
to make five?

¥ . .
When she had received the correct answer to this question
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(formulated in abstracﬁ terms),ltge teacher{ shifted the work to. the
level g;‘szcrete operations with objects.{ She asked the children

to ‘cdunt out four circles (from -the*didactic cut-out material which
each pupil had) and tojlay then in a row on their desks. When she had
ascertained that everyone had executed hig task correctly, she said{

Now, make it so that there are five circles. What £ ‘ ’
must be done for that? ) . . ~
., o« . B

Then analdgous exercises were performed using other demonstration

and individual material (counting sticks, fhe beads of the class abacus

-

and others), The results ¢f the work were summed up with the qqestions.
What number comes after four? How much must we "add
to four to make fige? How did’ we get the ngp er 5?

&
individual experimental lessons with pupils in the class. Children were
'gation {carried out before the beginning of- school) were less well pre-.
~pared ‘than the others. In the experiment, we went ahead a little.
‘During the period for ind1vidual tasks we asked the children such

-~

, questiofis as: . .
}‘ What ﬂumber comes .after five? How can ye get this

number? Count out six sticks. What must be done to

get ;seven of them? etc. ’

' With the preparatidn described above, even the most.poorly pre—
pared children were able to answer these questionst Thus, the appro-
priate generalization was within their ﬁ\yer of understandiéé.‘. |
' Let us consider another example. During'the study of each new

number a great deal\\ngﬁme is devotedkto the consideration of its;
.eompositibn. Usually the mumber "s composition‘,just like 1its fo ion,
is considered in class in always the ‘same fixed way. The lesson begins
with practical exercisesw-the children lay out the assigned ngmber of
objects in two piles, name several variations of such a division, and
then examine the drawings in their textbooks which iliustrate‘all the
.'poasible-combinations of the given number into two addends. Finaily,.

g

thay re:eet all this on an abstract level. _ . Do
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As we w8re observing the progress of these lessons in the classes
of varipus teachers, we became convinced that children (with rare
exceptions) are not capable of indepengdntly noting a consistency in
the enumeretion of all the possible combinations of addends of a number,
which would makeg it possible not to lose sight of.a single one of them.
Usuali§ they ngme the various combinations in no definite order. Thus,

. some combinations do not get named and others are repeéted. As the

‘cﬂdidren proceed to the study of each successive number up to tenm|, no

-

essenfial change 1is evident. Moreoever,; since the number of various
cembinations become larger d4nd larger for each successive number ?

ed/ the reproduction of all of'tﬁginfrom‘memory (which many teachers
require) become mote and more d fficult for the ehildren.

It is perfectly clear that this task would be si nificantly facili—-
tated if it were possible to teach the children ;\Sysiem for the enu-
merifion of all these instances. In relation to this the following,
questions occurred to us: '‘Would it be possible to do this? Would
such a requirement be too difficult for first graders? Would it require
too much time?" At first, during the individual experiments and‘leter
during the trials with the class, we tried 6ut various forms of the task
as well as methodologicel devices directed toward imparting the proper |
capacity to the children. As a result, we selected a particular. system
cof exercises oréanically included in the lessons and devoted to the
mastery'of.the composition oﬁkthe numbers studied. This System of

exercises, -used in the experimental classes of school number. 315 in

-u_‘f*\\Moscow, made it possible to increase, from lesson to lesson, the amount

of the children's independent participation in examining the compesition
of the new numbers, and to gradually accelerate the shift from practical
operations with objects.to anIeganination of the composition of the
number on an abstract leve "This task proved to be gdod” preparation
for the study of QEEIEIZh and subtraction. -

Thus, the composition of the numbers 2,3, and 4 was discussed on
Lhe basis of practical operations with concrete objects. The children
were asked to take in both hands the proper number of sticks and to
lay in two piles the proper number of circles, squares, etc..p~Fhen they
were shown with the demonstrarion materials how to make gradually and

successively, all the possible combinations of addends. The teacher

0
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upé (four—-three andgsne; two and two; one and three) )
Each time the proper figure was placed on the shelves of the demon-
.-stration apparatus. Thus, as a result 6f the examination of the compo-—
sition of the number four, the following grray of numbers was'placgg

" on the demonstration apparatus:

3 21

- 4 .
| 1 2 3 :
°©. ‘Analogous tasks were carried out by the children with individual

' material. They made suitable sketches in their notebooks (outlining
the appropriate number of squares and filling fhem in with pencils of
~ two colors). In conclusion, the teacher asked the children either to
»  enumerate aloud all the combinations of addends whose sum equaled the
number being studied; or to indicate them with the help of cut-out
(movable) figuras, taking-care that these combinations were enumerated
' successively. ] . .
The study of the composition of the numbers five and éix was
~ accompanied by essentially the same tasks, but everything was done by
the children themselves--the teacher showed them nothing, but‘called.mn»
one pupil after another to the board and asked them to demo;strate
indefendently what groupings could Se ﬁade from 5 apples, 5 squares,\
and others. The phildren had to follow the answers of their'clags-
-mates‘and correct  them if they made any mistakes.

s‘ Aféer examining the cdmpositidn of a number with demonstration
materials, the children were asked to.indicate its composition using
cut—out figures. Each pupil had to do this independengly,*élthough
the teacher walked along the aisles and helped the pupils who neéded
it. At home thé_children independéntly drew &llustrations of the compo-—
sition of the numbers beilng studied.

The ;tudy of the composition of the numbers seven and eight did not
even begin with a demonstratlon, but with the independent work of the

children with individual materials. However, each step was examined

* collectively under the teacher's guidance. During the study of the
L4
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number eight the teacher asked the children to carry out all work

' independently—~to take eight gircles and lay them out in two groupé’to
indicate all the possible combinations—ef addends, labeling them with
the aid of. the cut-out figuree, The result should have been:

7 6 5 4-3 .2 1°.

1 2 3°4 5 6 7
A This is a difficult assignmenﬁ which demands great concentratien
and prolonged careful attentidn. Even those children who had grasped

the principle of its execution had difficulty ca¥rying it to a conclusion. g

The teacher. had to give individual help to several’ pupils. When they
had finished the indepeqéent work, these pupils were called to the board
and had to indicate with the help of the demomstration material all the
" combinations of addends whose sum equaled the number eight. Meanwhile
the remaining children checked their work. | |

The results of . tbis preparation;were evident at the next lesson.
The repetition of the composition of tbe numbers seven and eight with ¢
».which this lesson began presented none of the difficulties which had
.beep observed in the other lessons. During the lesson on the composi-
tion of the number nine, the teacher conducted the foltowing discussion
with the children: . |

On the upper shelf of the demonstration apparatus
there are nine circles. How can I find out what pairs of

groupings I can divide them into? What must I do? .
(Remove one circle and put it on the lower shelf). .

. How many circles are there left on the upper shelf?
How many are on the lower? (On the upper shelf, there
are 8 circles and on the lower there is one circle )

. A
And what shall we do now? (Move another circle
from the upper to the lower shelf.)

How many are there now left on the upper shelf?
(7 circles.) )

How many are there on the lower? ‘(On the lower shelf
there are 2 circles.)

Represent thds situation with the cut-out figures, and
then show the next division with the'ﬁelp of the figures.

150

-1535§



N

After this lessén we questiong& several-children and were con-
vinced that even the slowest in the class nnderstooé\the main point—-
namely that all the combination; of two addends composing a number can
be named without missing any, if one group is successively increased
‘by one at the expense of the other. The only difficulty they encountered
was in determining the size of the rew groups. With the use of visual
aids even thgse children were able to demonstrate and name all the
combinations of two addends composing a number.

“In the lesson devoted to the camposition of the number 10, the
teacher immediately asked the children to try to enumerate without re-
course to visual aids the possible combinations of addénds composing it.
In this lésson, visual aids were used dnly to check the pupils' answers
and for consolidation. ' li '

It is perfectly clear that the study of the composition of the
numbers from 1 fo 10 was not limited to the exercises described above--
they constituted only a part of it. We dwelt at length.on the descrip-
tion of them only in order to indicate how gradually children are. |
brqught to an independent mastery of new_materiél‘through questions
analogous‘to those relating to smaller numbers. |

We strove to increase the children's independent participation in
‘the study of new problems also in work with other educational problems.
Thus, in the study of the topic "Addition and Subtraction of Single
Digit Numbers' the children were maée aware of the general principle.
which forms the basis for all these cases, namely tbat any number may
be increased or decreased by 1 or by any of the groups of numbers compos=—
ing it.

In the study of addition and subtraction of numbers totalling leés
than 20, both wiﬁh and without carrying, the first few examples were '
based on a detailed explanation by the teacher, but the ihdeﬁendenﬁ
. participation of the children was elicited more and mage in the course
.0of the demonstration and explanations. In the course of this work, v
the teacher tried to get the children to grasp the general principle on
which each concrete solution was based. With such preparation it proved .
pessigle to carry on the congideration of new instances, analogous to
those learned earlier, hased on the children's independent work.

Still greater possibilities for reliance on children's independent
151 -
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work when introducing new material were discovered in the next grades,
as the xange of numbers studied is gradually broadened. Having
thoroughly mastered the basic methods.of calculation with numbers under.
20, the children have acquired almost all the knowledge negessary for
carrying out the addition and subtraction of numbers totallidg less
tﬂgn 100. Therefore, in second grade we almost-.always start from the
children's independent work, in the study of new cases of addition and
subtraction. We need only direct this work, choosing appropriate visual
alds, controlling the process of its execution, giving 1t the proper
direction, and helping the children summarize the work (i.e., clearly
formulate the rule thag they had used when solving one or another

example). 1In the third grade we conducted the study of the topic

., "Million" im one of the experimental classes (teacher T. V. Titova) so

that the children's indepefident work served ss the starting point for
the explanation in almogt every lesson devoted to addition, subtraction,
multiplication and diviéion of aumbers less than 1,000,000, The pupils
had to try independently to gain an understanding of the application of
a familiar computational operation to a broadegtrgnge of numbers. 1In

sﬁk&her class (teacher M. A. Korosteleva) the introduction of the new

material was conducted as, recommended in G. B. Polyak's manual quoted

L

above.
l In this way the following picture of the study of new material'q§s
developed. 1In the élass where the teacher explained everything to the
children, the work progressed very calmly, the children almost never met
with any difficulties in the understanding of the new material, but it
did not arouse any great intéres; in them. The children met with diffi-
culties only when they had to apﬁly inde@endently the rules éaplained

by the teacher to the solution of new examples and to the explanation

of the derived operations. We came upon such pﬁenomena more than once

in this class later on in the §ludy of subtraction, multiplication, and
division. In the other class, difficulties arose immediately--as soon as
the children were asked to try to understand independently a new example
and to prepQFe an explanation of its solution. The progress ol this

work is illustrated using, as an example, the explanation of the

addition of many digit numbers. -
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The teacher began with an example, familiar to the children,

'

«  of the addition of three digit numbers totalling less than 1000. The
solution of this example was put on the board with a full explanation

. by one of the class's average pupils. Next to the solution on the
board was hanging a chart of. ;ﬁg decimal places. Several exercises were
given in the Htiting and readlng of many—digit numbers using this

chart._‘Aﬁgerward the teacher said: .

If all=f you have learned how to explain the solution
of such examples and remember the names of the decimal

places,yyou will be able by yourselves not only to solve
a new example on the addition of many digit numbers, but

also to explain it. Now I am going to give you such an
%\ example. Solve it without. rushing, explaining each step

to yourselves: the significance of the numbers you are

v adding, what‘the results are, what you ard keeping ia
mind, what you &te writing down. When you are read} to
explain the whole solution raise your hands.

On the board,: in the columns gf the numeration chart the teacher
wrote the example 2347 + 6485 and the children started their independent
work. ‘Affg?afzo minutes, five pupils raised their hands, after another
%hree‘ginqtes-—lS. Wéywalked along the aisles—only four had not

‘written down’the solution to the problem. Two of them had simply mnot:
had time to wriQe it down, because thgy hadn t -started working at the
same time as everyone else; but the two others asked in bewilderment

" "How can I solve 1t?" We had to talk with them‘separately. Five min-

‘ ther'the work had begun, the teacher asked, "Who has not yet

Solvea the example?™ It turned out that everyone had solved it. After
this, the teacher called on four pupils oné after ancther ("in a chain')
to give the necessary explanation of the sélution. During the exélana—
tion they were per;;}ted ts iook at the chart of decimal places and at

- the example written on the board. All the explanations were gorrect.
Nor did the next example (whiéh was solved with an explanation at the

board) present any difficulty.

We attribute this suogcess to the fact that (due to the teacher's
instructions) the chirg:;n understood from the very beginning that in
thelr éxpla tions of the example's solution they were to be guilded by

the knowledgé hey had gained from the study of addition totalling less
than 1000 and from their knowledge of numeration. It 1s also important
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that the requirement of gaining an understanding of the new material .
independently "without the teacher's help" always arcuses heightened
interest in children. The fact that the example was written in the
columns of the table of decimal pldces also proved of great help to
them. . ' |

' An examination of the children's mastery of the new material in
sacceeding lessons indicated thatfthe children gained greater mastery '
of the new material when they tried‘to understand it inéependently
from the very beginning, and received help from the teacher only 1f
they could not find a solution no matter how hard they tried. Thus,
the possibility of children's independent work on the introduction of
new -educational material is dependent on the fact that éuring‘the shift
from one éycle to another, the pupils work with material which is
similiar in many respects, and tpat the essence and methéﬁs of execution
of arithmetical operations remain the same, no matter what numbers are
involved. Mdreover,"a greater and more daring reliance on the active
- independent working of the pupils' minds is also made possible by the
factythat during the learning process children gradually amass knowledge
of a great number of varied fécts, paving the way for and sometimes
spontaneously leadinfﬁ?& one or another generalization, or to the
deduction of new laws.

One df the greatest advantages?of children's independent work - .

appearé when, guided by the knowledge -of numerous facts, they inde- .

'bpéhdently.make new deductions. One must apgfoach the construction of
such £asks carefully, estimating their difficulty, and preparing the
material and assignments thoroughly.’ \ |

Consider the following example. Starting in the first grade, when
children, in the study bf the addition of numbers less than‘lo, are
introduced to the commutative property of addition, they constantly
use - tHys property in oral calculations. The recommended .method (which
has be}n widely put into.practice) is the rearrangement of addends
during the study %of each-mew instance of addition, where this seems
advisable. However, the formulation of ‘the commutative pyoperty, and
the introduction of its application in the yerification of solutions

to examples in addition, are not given until the fourth grade.
~ ]
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Let us consider the explanation of the teacher E. G. Khvatova in |,
the\}ésggn,described in her article 'Devices Which Increase the Efficacy

.of an’A;E;;EQCic Lesson" [6]. After a check f the homework and oral

during which there was not o pr lem req ing the.re-
g g

métérl%l: « o

s ° \ﬁ ‘L
I\begin the explanation by writing the first addenJ
as 14, and the second as 18. I ask for the sum (We
wWite down 32). I give the second example, but this |
time with the addends rearranged. The children solve ilt.
Four more examples are solved: 27+55= 82; 270+320=590
and 55+427=82; and 320+270=590.

I ask the children to look carefully at each pair of examples and to.

v )
say what they have Wticed. They all look, think, raise their hands
' ’

. and give their conclusions.

The fiést addend becomes the.second and the second the first, but

.the sum is the same. _ _ \
™ adden&s changed, places, but the sum stayed the same.

I confirm the correctness of the COanuS n. The pupils make up
their 'own examples and repeat the conclusion. {Then i ask them to read
‘the conclusion on page 53 of the textbook. : -

Let us check this rule with large numbers.

Then they so;ve‘éeveral examples in the addition of many-digit
numbers with checkg. In other lessons, just as in this one, I strive
to activate the children's thought processes anq their independgnce
in work. . |
| What can wé”éay about this lesson? The teacher clearly strives
to organize the work around the new material so that the childrep are
as active as possible, so that they independently observe, think,

£

draw conclusions, etc. And this 1s correct. This aspect of the
material of the lesson is very gratifying, since preceding ingtrucglon
laid a firm basis for the chitdren's conscious perception. However, the
teacher did not succeed in sufficiently realizing these possibilitiés.
The reasoﬁ,is that a connection between the new material and what the
children already knew was not established. in the léésonz/‘This teacher's

lesson conforms to the classical scheme: from the children's

.
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the addends, the teacher turned to an explanAtiOn of new



independent observatiog of a number of facts, and the anelysis and
comparison of them, to an independent coaclusion, perfected in subtlety
and accuracy of formulation under the teaeREr's guidance, and then
consolidated with new examples composed by the pup themselves.
In many aases one could not object to this meEhod, because, as a
rule, it demands the strenuess and independent working of the children's
" minds and furthers their development and uhderstanding and mastery of
the new ma;erial . ‘
The task, which is rather Lomplicated and demands a clear formu-
lation, was set up rather’ well by the teacher. The number of examples
' chosen was sufficlent for the formation of"a cohclusion and they were
appropriate to the task; the questions were clearly formulated the |
children were given time for refleetions, etc. The presentation would
be acceptable, if all this work did ndt ignore the fact that the pupils
had been familiar with the commutative property of addition since the
i first gra%e. It is Self—evieent that, under these conditions, any
. consideration of this problem in the third grade should be carried out
' with exnensiée use of what is already known, and that the children's,

knowledge should serve as a starting point for further progress.

S , .
\\\ To prepare for an explanation of the way to check examples in N
\ addition (in essence, this is the only new material in the lesson) /

A

there should be a preliminary solution of several examples in which
. the use of the commutative property of addition facilitates computation. .
This task can be set up both directly (in the foffm of oral recitatien)
and as independent work for the children. It is important qnly that
before beginning work on the new material the children be:told once
more that, in the addition of two or more numbers, it Is not obli-
gatory to perform the aperation in the order in which it is writgen'
and that the addends cén change ﬁlaces withouF ch;nging the results.
After bringing this to their attention for the cases involving
small numbers, to which tpe property had formerly been applied, it is
(\ possible to ask the children to check 1ndependently its appliecability
- to larger numbers. After this rule has thus been formulated and ex-
tended, the teacher can put the folldwing questiqn to the children

- When and why do we use the commutation of addends?

LN
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The children will answer: e

4

When the rearrangement of addéhds facilitates computation.

In the next step the teacher tells the children that this device 3§y
be used not only to facilitate computation, but also for checkimgWit,

and asks them to think about how the rearrangement of a&dends ¢can be

used fo;\this purpose. The children will be sufficiently prepared

to answ;r this questionf' The teacher's job is to help them formulate
the appropriate rule and devise exercises to consolidate this knowl-

edge, as in the lesson described aboye.

By using this example (taken from the work experience of a
teacher) our goal was,to indicate that children's independent work
with new material, when prepared for by previous instruction, can be
successfull}\cénducted if, in the lesson devoted té the study:of the

. new maggrial itéglf,\a connection is established between the ‘new
material and what the children already know. All the children's knowl-
edge, capabilities and skills in the area showld be~initially brought
into play. As for the required content and character'ef the inde-
pendent.tasks given to thé children, the most important thiﬁg is
that they direct the mental activity of the child to the solution of
a new problem which is within his capabilities, the solution of which
1s based on facts which are alfeady,known to him from past experience,
and that. furthermore, the.independent tasks gequire him to make
obsarvations, comparisons, and analyses within his capabilities. The
best teachers successfully carry on this sort of work in the third.‘
and fourth' grades. Take, for'example, an exerpt from the class record
of a lesson giveﬁ by the teacher A. V. Kozokina (School No. 315 in
Moscow). The lesson concerned the rule for the checking of multipli-
cation by division: The teacher started work on the new material by'

. asking the childrert to try to understand independently, aséignment
‘number 164 in ithe textbook. Here is the assignment. .

Solve the following examples. What is the result
"when a product is divided by one, of the multipliersyk-

80 x+6 = 120 ‘ 8 +x = 240

16 x 5 =
80 ¢+ 5 =16 1206 = 20 240:30 = 8
80 16 = 5 x = 20 x = 30

, (*\ 157 s ‘,J | {
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Before the children began to work, the teacher put the following

-questions to them. M

o

Look at the first linér-what do we call the number
167 5? 80?7 Read the second line--what was the number
« 80 in the first line? (Product.) '

- And the nuﬁber five? (Multiplier.)

Now by yourselves, look carefully at the results -
of this example and the next 4nd then consider the - ' .
columns and be ready to answer the questions I asked.

When many hands had been raised in the class, the teacher asked
) who had not yet understood what had to be done and could not answer.
There turned out to be two such pupils. A discussion was condugted

. with them in which the other children also participated, consisting N

N

of the following questions.
A

]

Read the first line naming what each number represﬁ?ts
in this 1ine. (16-multiplicand, 5-multiplier, 16 mult
plied by 5 makes 80, 80 is the product.) .

\" [
- Right. Read the second linme. (8Q divided by 5.)

- That's enough. What is the number 80 in the
first line? (Product.) -~

y
Thé number 5? «{Multiplier.) ‘{//f

What happened when you divided the product by tﬂgr

multiplier? (Thejresult was 16, the multiplicand.)
: ' 4

A )
Tell me what is going on in the third line and i
'$ what the answer is. (The pupil's answer follows here.)

- Question to the class:

 what is the result when we divide a.product by one
of the multipliers? S
Two pupils, one after another pave a Zomplete answer to the

question.

Class assignment:

Once again look carefully at the next columns and

tell me when we use this device. (When we solve examples Lo A
where one of the numbers is missing.)
158
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Who can put it better, more exactly--what examples,
what number?

-

The pupil who was called on gave the.corrétt formulation.

How can this device be used for checking multipli-
~cation? ‘ B

r

She called on the slowest pupil in the class for an answer;
although the answer he gave was not completely precise; it displayéa'

correct -understanding. . u '?,q
St

You must divide by one of the multipliers agd *
you will get thg:atber.

f S , s
The teacher gave a more accurate fofmulation and then asked the
children to independently do exercise number 165 whiqh required the
solution of a numbé?‘of multiplication examples and the checking of
these answers by division. Five minutes after the stant of the inde-
pendent work, two pupils ware called to the board to, write the solutions
to the first examples an¥ théir explanations. After a detailéd
analysis of these two exampies and a géview of the formulation of the

o rule, the rule was read from the textbook.

-

We see that in this lesson the study of new material is based on

the children's independent work, and the pupils as a whole manage it
‘very well. The explanation of the material to the two pupils who-f¢und

She task difficult took place after all ghe others had successfully

completed it independently and could take part in the explanation. Further

work was based on the independent application of the derived rule to new
instances and the analysis of them was given at the board only after all.
the pupils had_done the necgésary.work themselves and the teacher was g
satisfied that~éveryone had managed it. The only purpose of the
analysis at the board was a further repeti;idn of the conﬂecting expla-
nation to consolidate theAnecesséry formulation in the minds of the .
pupils. The analysis was conducted by the pupils--the teacher only
guided them, and, where necessary, called on'other pupils to eliminate
a few rough spots from the formulativn. _

Children's independent work can serve as the starting point and
basis for the consideration of new educational material ndt only when
what is involved is the transference of a method of:operation learned
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previously to a wider ramge of numbers, and not only when the way
: r

E

has been paved for independent generalizations by previous experience.
In some cases the worl can be so organlzed even in -the study of a ftew
"kind of problem. We will take as ‘an example the execution of such
‘ work in a lesson (experimental second grade of School No. 315, teacher
L. E. Zaikina) devoted to the clildren's introduction to a new kind of

*

problem, the addition of several units to a nymber in two operations.
\ i '_
This is the problem. . , ~ .

"In the first there are so many, in the second there
are so many more than in the first, and in the third Jrj
there are so many more than Yn the second. How many ar
there in the "third? (Problems 187-190 in the second-

\. . grade textbook).
R In the lessons when ohserved‘gp various timeeqand with various"
-
. teechers, the e!plagation of the solution of .the problem was carried
out in accordance with the description of this work,in the manual by
N. V. Arkhangel'skaye and M. S. Nakhimova [1:20—21‘{ We cite this
description in full so that it will be clear what changes we effected
im the methodology of the study of flew material in our experiment. In
s * t:ifgeurse of the qescription the questiOne whieh occirred to us while
' « werware oBserving and anelyzing thése lessons are noted.
‘-1, The teacher calls on two pupils, who stand in front of the -
class.lACalling on a third pupil, the teacher tells him: v
. Y
\ Give Kolya five pencils and Fedya three more than
, that. How many pencils dods Fedya get?2 . - .
2. Then the teacher calls on three pupils and tells 'a fourth:
t * g Glve Volodya three pemcils, give Yura two more thapn *
, Volodya and Lev four moreljthan Yura. ’
.y - 9
So you'll be able to remember how the pencils were given
1'11 write it on the board. She writes:  V: three pencils;
Yu: two more pe cils; L: four more than Yura., .
. | :
<‘f How many pencils d’d Yura get? How many did Lev get?
' »
+" ,

Is it really necessary to dramatize this simple problem and to
make such great use of visual aids during its solution, if we take
into account that the children have been familiar with the addition of

- mseveral unit§ to a mumber since first grade and have already solved
many similar problems without direct recourse to visual aids? M.M.
- . 160 ° | !
,f/’f!#ff : ' o
- Q ) o




-~

" possible

< .

. A o
. . .o

The pnpils_repe&t the p m. - e . - =B
’ -After distributing pencils and refeiving an answer, the teacher ¢
dwells at length on the question of how the pupils figured out how
many pencils each boy received. ‘ . - ‘

Is it possible to find out right away how " many; pencils Lev

»received? . . S ¢ ’

)Finally the fourth task is .carried out.

It “becomes clear that first it was necessary to give the pencils

to Yura,and calculste Low many he had received and only then was {t

ger writes the solution on the Board. 3 L ,’f§§<';
4 ' N

-

« - In “the next stage of the lesson the teacher can(igs out the third N

[

task in exactly the same way:
Give three @upils notebooks——to the first two notebosks,
to the second three more than to’ the irst and to the third
two notebooks more-than to the segond ‘

f

On the class blackboard circles should be grawn in
" three lines -—on the top-line six circles, on’ the middle
lihe three more than on the top, and on the bqttom four

¢ more than on the middlei How many circles should be

- drawn on.the middle line and how‘many'on the .bottom line?

v N

'Furthex'along in" the plan a description of the whole course of this.

work 1is. given, from which it is e¥ident that both the drawing and the
writing of the, solution Qn “the blackboard are done by the teacher him-

" self. in practice the teacher more often calls On pupils to do the

-1

v

“ .
-

drawing and the writing of the solution.

& w ¢ » . -, '*‘

3Observations of the work of the teach and children at the .
lessons indicatethat tire ‘First,part. bf the task--the practicdl .
‘solution o éﬁge problem~—does not cause the childres difficulties.
p¥fficultiesthre encoun¥ered’ only when the teacher turns, their thoughts
to the begénning of the task 4nd requies an analysis o?ﬁéébh_step of
the solutidn, when he asks for a translation of the problem s, solution
{nto. the langudge' of arithmetical oper tions. With these methods
this patt of the task takes up much. ofj;he pupils' time gnd effort apd
in the end,the teacher must write'the solution of the problem himself.
in connection with this’ one asks whether it is necessary to separate "in
such u way the children's practigal sglytion of. the problem from the
writing of the solulbun. Would it npt(ée fore appropriate té6 fixate_
each step of. the solution, so.that thel)children would nothave to
return to an analysis of their actions after the problem is alregdy

o solved?—rM M ' A - v - . .

ve the‘pencils“to Lev and calculate‘how many he_ received.
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" out two assignme s ‘given by the teacher.

- .

i ’ N \]

-

-~ After thisﬁam:curriculum dictates that the children carry-
l. The teakher asks the pupils to put sticks in three . rows——in

the top row, seven’ sticks, in the middle row four'more than in the top,_
-and i%:éhe bottom row, three more than in the middle. The assignment
.is to find out how many sticks there are in each row and to state “how
this can be determined.-a‘ - A X
2. The teacher has theé pupils draw crosses in their notekooks—— . -
an the left, four crosses "in the middle, two more than on the left; -
and on the right, two more than 'in the middle. The assignme i€ to
write the corréEt number under each ‘group of crosses. - ‘

. Only now does the teacher turn to the analysis of problem nhmber
.93 £ rom- the textbook, which is completely and concretely illustrated 4
' This is how the analysis of the problem looks: : _ .'l

The ‘pupils read’ the problem and examine the illustration.
Then the teather puts the problem on the‘Bgard~dn an ‘abbre-
viated form: : , v

H »
- . ,

Bottom -- 10 books

Middle -- 6 boeks more than on bottom _
» Top —— . 4 books more ‘than on middle
) ’ A
An analysis of the problem.is conducted. , _ o

/( What 1s asked’ in the problemf .
L . * N , . - .
Is it possible to find'out;.at once, how
many bogks are on the top ehelf?

¢ ' ‘ N '
Why 1s it impossible? What' is-1t posgible
to find out from the first? And so forth.” .
. } T
Then comek an.oral analysis of the solution to still another of °

this sort of problem ‘(the children write the solution at home) . Thus,

:both the authors of the curriculnm and the teachers who follow the

*

recommendations cited above consider it necessary” that the children
analyze two prohlam& of a' new type also with the aid of dram\tiaation

and flnally,.that’thcy solve yet another problem under the teacher's .

._guidance, with the full.illustration of the whole course of its

¢ . ‘ , o

Y

‘ ’ T
. 4T,n"the book uoted,.thie problem 15 listed as number 187+ 7
tee [pD. . e B
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solution put on the board by the 'teacher. Only after all this has‘been
done do they consider it possible to turnito the children's independent
work with individual visual aids. But even atfthis skage, each step
in the children's work is controlled by the teacher and is explained
to the’ children with his help. It is also proposed that the assign-
ment which the children do in their notehooks be exesuted with the full
use of concrete visual aids. The next problem (from the textbook) is
still not to be given to the children for independent solution (more-
over, its conditions are illustratedcinfthe book) but is to be éﬁélyzed
“‘collectively from beginning to’&nd and the childreh must only write
down the solution : , co ~
However, as has been noted above, before ‘the introduction of

¥ these problens, the ehildHLn\have already solved many problems which

, required them to find a number” bigger than\dnother ‘one by geveral units;

_'theyvhave;siso-soived\campound‘PF§§1EQ§,;'Thus neitherlthe fact thit-
in order to solve the problem it is fifst necessary tq'find some misSing‘

-

information, nor the neeessity of increasing ﬁ’number‘by several uhits
is new to the children. By this time,the pupils should be able to

solve problems on the addition of several .units to a number without
recourse to visual aids. b . -: ) > _ / ‘
All these’considerations, suppowted, by the data gathered in our
# observations of pupils' class work, gave us grounds Eor .assuming
that‘the share of the children's independent partic{;anion could be
substantiallyhinereased As always,.we first cheqked this supposi— ™
tion during separate lessons with individual pupils.” jhe sessions
- continued up to, the introduction in LlaSS of the!irobl

derationr The aim f introducihg the problems

qifficulties children would encounter in the solutions, and ,in accor-
dance with the difficulties, to outline a method of. insttuction ¥hich
would minimize these difficulties and provide a faéter transition to
the independent solution of the problem Proeeeding from the fact that

the suecessful solution of this new type of problem requires a firm

NS

knowledge of . simple problems in the dddition of severgl units toa -

number, we selected for the sessions only students 'who, up ‘to nhis'

-

time, had, been able to handle independent VOrk in the solution’ of qnch \

problemg in class. ‘ e, - f e
. . .

T
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.- This work consisted of three tasks.‘ Ve

*
¢

1. Outline six'squares‘on one line, and.two more
than that on the next line. "

2. Solve the following problem. - L

'In ome plece there wvere 30m. of material and in '

& in another 10 m. more than ig the first. How many meters
of material were there in th§ second piece? !

t

3. . Formulate the question and the solution for the
following problen. ¢ C
Kolye solved 5 examples and Tanya solved 2
b ~ examples more than that. Then write down a complete
) answer to this question.

L4

* ‘ N Such tasks were carried out more than once in drills conducted

ig the first grade. Dhring the session we also began with a practical

sssignment. Draw four circles on #ne line and two circles more than that on

¥
the second. ‘Each time.we asked the child why he had drawn six (or nine)

circles. All oi,the six children with whom we had sessions were able .
to handle this task. Then we assigned the following proble® from the

-

A

- - * textbook. ' s
v . In one boxﬁthere-are 3‘pencils, in the sewond there .
are two more than in the first, and in the thidd there
‘are four .pencils more than in zhcisecond. How many :

“ 7 'pencils are there in the third bok?

Wevassignéd such a problenm for in%;i:ndent solntion in the first-
sessions conducted with .good students i™Norder to find out what diffi-
cultieS‘tne children, might encounter., We found out from this that

the errors committed during the ‘solution were connected not with |

.choosing an opcrscion, but with insufficiently .analyzing the condition‘
of the problem. Thus, one pupil ended his solntian after having carried
:. ; out only the first pperation, and a r, in both operations, added
" “first two and then fcur pencils to three pencils. : \ ‘
Because of this finding in the sessions with the next pupils
;‘;‘ . (for these lessons slower. pupils had been chosen) speclal attention
was ‘devoted to Lhe analysis of the conditions. « FifEE} we' reminded the

children of the form for the sehematic represensation of the conditions
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which was useq'in the, solution of simple problems on the addition
_of several units to a number, and then asked them to represenf the

. following problem diagrammatically.
In one box there are 3 rengils and in the second

there are 2 pencils more than that.. How many pencils
are in the second box? '

, o - . . \
; After they had writtem down: ' '
R | Threge pencils f'.L ? \
) two pencilsfmore than inI - «

we asked the children to write down the solution to the problem.

‘A'éomﬁound problem then was assigned:

" In one box there are 12 candies, in-the second
‘there are three more candies than in the first,
and in the third there are six mo%e candies than in
the second. How many candies are there in thg third

box?
. &

The problem is read independently. Then the following questions

were asked:

How many.boxes are there in all? (Three.) .

) . ~ .
gffa Make three rectangles and write in them as much as
you know from the problem about the number of candies *
in each one. R 3
i

1f this task caused'the pupii any difficulty, we helped him by
asking leading questions. ‘

L3
{€< Do vou know how many candies there are in the firéE
¥ y :
box? Write it down in the first rectangle. Does it

say in the problem how many candies there are in the *
: second box? (No.)
Put a.question mark in the second rectangle.“Does the
problem say how many candies there are in the third box? .
Now write down what is said about the second and third
b . .
¢ OX.ES '
. As a resu}; the following representation wdg written down:
‘ CI. TT . I
12 candies } ? J { N v
" Three capdies more than in I--six candies more than in II
1(?5 ! r




After this was written down, we asked them to selve gpe‘problems
~independently and again observed how the children handled the work
“and what caused them difficulties. T
v We were prepared to help the children in the final analysis of
“the problem. But, in practice, this was not necessary. All four o
children with"whom we conducted these individual lessons solved the
SRR problem Qy'themselves: It is true that when we asked them to explain
why it was*impossible to find out at once how many candies there were
in the third box, not everyone could answer precisely enough, but it
was evident that tpe‘sblution had been carried put with an under-
’stanging of the essence of the matter. Here are the answers.

Slava K: First I figured out how many were in the
second one, and then how many in the third..

. Misa M: There\ are) two problems ﬁere. First 12+3 makes
15 candies, and 15 plus 2 more make ‘17 candies.

I asked: But why did you add the 2 candies to the
15 candies?

.

. ' Misa M: TFifteen~--that's in the second and in the .
third there are 2 more« A

Tanja M: Because in the third there are 2 candies

more than in the second, but how many are in the second’
must be figured out first. u
Then. problem number 187 from the textbook was considered. The
children had to read it through themselves, examine the drawing in
the book, and write down the solution. ‘And a?ain evefyone was able
‘to handle the problem’ Only Yura Sh wrote down both operations in
one line: - »

10 books + 6 books + & hooks = 20 books
!

Individual lessons with six pupils, of whom four were emong the
slower pupils of the class, convinced us that problems of this.type
are not so difficult that their explanation fequires the prolgnged
work that N.‘t. Arkhangel'sk%ya and M. §. Nakhimova recommend. - In
accordance with our formulation, the teacher L. E. Zaikina conducted.

’
.thig lesson in am experimental class in the following manner.
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At the beginning of the ;esson, in the checking of the homework

and oral calculations, two problems were solved orally--one on increas-—
kY

ing and the other on decreasing a given number by several units. Then
the pupils were asked to compose a preblem to fit a diagram and then

to solve it. For this composition two variants were given:

Three more Four more

¢

We cite exampléé of the problems the children composed:
. ‘ - S

In one box there are 10 kilograms of apples, in another{
there are 3 more than that. How many kilograms of apples
are there in the second béx?

Brother found 10 mushrooms and sister found three more
than that. How %xy mushrooms did sister find?

In the garage there were six cafs and in the parking
Jot there were four cars more than that. How many cars
were in thé parking lot? s '

~ Each pupil wrote down in hise.ebook tfie solution to the problem
- he had made up. ' The teacher walk p and down the Qiﬁgfs andwgijjkgﬁ§

the correctness of the assignmerit's execution ; then she called

t!M\ee' pupils one after another to read their problems and explain the, .

solutions. The rest of the children listened and checked the answers..
N I .
For the solution of one of the problems anothef pupil wag called on.

Then -the teacher wrote on the blackboard an assignment to be worked

independently in the notebooks. . -~ : .
. ‘ . .
Outline squares: -« '<:jr

On the first line——four squares
[ ]
On the sagond line-—two squares gore than on the first

After this assiggment was carried out, the teachar asked:

How many squares are outlined on the first line, how
manylgn the” second, why six?
When she had gotten answers to these questions, she added to
[ ¥

the ‘assignment by writing on the board: \
IO

~— »
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" On the :hird——three squares more than on the
) second'line. .

Thig additional assignment was read by one of the pupils. The
teagher once more gpphasized the condition with the question:

. _ Three squares more than cnlwhich line?

, The 8hildren answered that they were to outline 3 squares
more than on the second line. After this assignment was carried out
too, the teacher again asked how many squares thére were in each
~line and why. ' -
After th%s the children were asked to listen attentively to a

problem and to compose independently a diagram for it.

'

In one box there are four pencils and in a second
there are two pencils more than that. How many pencils
are there in the second box? "

The problem was repeated by two pupils, and then the children turned

_to its aiagrammatic representation. ‘_‘ . ')

During the exetution of the assignment the teacher had to help

twc pupils. When almost all the children had handled, the task, ope
of the pupils was called on to draw the appropriate diagram on the

poard. The rest of the children checked to see if they had done the

diagram in the same way. The class wds given the question

.

. "4 Do we know @ow many pencils there are in
. ~ the second box? (No.) y .
Can we' findkput? (Yes.)

Then™ the teacher continued the probleﬁ--”And in the third box

there are three pencils more than in the second. How many pencils are

there in the third box?"--and called on one of the pupils.to completé’
the diagram on the board. The.class was given supplementary questions
about the diagfam.
5
Why did Jura put a question mark in the third
rectangle? (Because we do not know Row many pencils
‘there are in the thixd box.)

What does the problem say aboutgthe third box? (1t
says that in thg third bpx there arégihree pencils more
than in the second.)




. - AR }
The words "in the second” were underlined on ‘the board. The

children completed the diagram in their notebooks., )
Then the following question was asked of the class:

Who wily be able to figure out how many pencils IR 4
there are in the third box? | .
Many H%nds were raised. ‘ | %
Q

Who does not know how to solve the problem? (Two
hands are raised.) ' ~

"Solve it, children. . , ’_ \\A;/ - ¢
The teacher goes over to the children wha had hesitate& One of
.the pupils who had solved the problem incorrectly was subsequently -
called, to the board and under the teacher's guidance and wi;%’the help
{rof his comrades carries out a completagmnalysis of the solution. '
The next ,stage of the work wad the ésolution of probleh number 187
from the td§€§ook.5 The cﬁildren independently read the conditions and
‘examined the drawing for~the problem. The teacher asﬁed them to compose’
a diagram independently. Before the <hildren begaﬁ téé task she asked
them how. many rectangles would bé in thelr diagram and showed the most
‘convenient way to draw the a@ctangles on the board (top, middle, bottom).
After the assignment was carried out, one of the pppils drew the diagram f’i
ow the board. o '

The course of solutioa is outlined in the direct questions asked
~
_Fhe.class. . ‘ * 1 ‘ .
Can we find out at once how many boogs are on the ' .-
top shelf? Why? = What must be found out first? " :

One of the puplls repeats the plan of trhe solution:

D)

First we figure out how many books there are on the
middle shelf and”then how many books on the top!shelf.
pe LR

The solution is written down by the children independently and
checked cpllectively. Then problem number 188 from the‘fextbook is’,

3ssigned as an independent task.

. . -
£

-

, £ 8
5Here and later we refer to #he standard textbookb [13, 14, 15,

and 16]. - Y ) ’ fjl
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£ first strip is 5 cm long. Tﬁe second strip .
cm longer than the first. The third strip is
lofiger than the second. Compute the lengths
of {the second and t@*{é strips.
the children were. able to handle th%s task. Thus we see that
by making considerably greater demands on the children, for which,
however, they were. properly prepared, we succeeded in constructing all
the work of the lesson on the foundation of the pupil's active,inde—(
L pendent work. Thq\lesson turned out to be more interesting and livelier
for the children, and the chi}dren consciously mastered the material.
The pupils' independent work served as the starting point for the °
examination) of several other types of problems in the second gradg—-
‘theexplgnation of problems on ”the‘reductiOn into units" and its inverse
~and others. ' :
Pupils’ indepéndent work can sometimes be used evVen when first \\\\\ .
introducing children to instances of qrithﬁetic operations that are new
to them in principle, if the teacher é&cceéds in selectigg the exercise
material or(constructihg the visual aids to lead to the right means of
solution. We demonstfaté this by a practical example €rom teaching in
our experimental class. Subtraction of one*digit numbers’ Within the
limits of 20 without carrying ovetr ten was introduced to the children. o
Beginning with the consideration“of new cases of subtraction’ of
- the type: 16 — 2, 17 - 4, and so forth the teacher, instead of
.- tyrning i@mediﬁgely to an explanation of the new subtraction device
(with a demonstration of the approprigte operations';ith demonstration
material) asked the children:tggsolve‘thamselves the example 17 - 4
 using counting sticks. Ten of each pupil's counting stick; had earlier
been tied into a bundle. Thus, when they were ag}ed to take out 17 -
sticks, each ong | hqd a btqﬁle and seven separate sticks. Of course,'
when they were taking away four, none of the children tried to untie
a bundle but used for this purpose the seven sepapgte sticks. To the -
feacher's question; "How many sticks were 1 fﬁg:;§xhe children confi-
dently angwered; "13 sticks were iéfn.”
-Then came the questions:
How did you £ind out that 13 sticks were left? How
many. separate sticks were there? Why were only 3 left?
170




~In ans::ring, the pupils, in fact, reproduced the chain of reasoning ‘

, to. which the .teacher had“wanted to lead them.
| Still amother example (15 = 3) was solved in the same way. Again,

- in the¢ check of the independent work, the teacher posed t'h‘e questions.:

. How many were left? How did you find it out? |
How did you take gway, from which sticks?

‘After this the teacher asked the children to figure out mentally how
many are left if foyr are taken away from 19. A'fggzst of hands went
up, and the pupil”called on not only gave the correct answer but also
explained how he had computed it. i - '

Only later, during the summary of the Work which had been done,

did the teacher (at the dictation of the children who wete called on)

* again demonstrate the solution of an example of this type. - In the
course of the demongtration the formulation, which had been arrived
at through the children's explanation of the solution, was specified,

nd 4 detailed representation of the solutiOn was put on the board.

The fact that the children, from the very beginning, had, during the
+ execution of the assignment, followed the course which the teacher -

required, can be explained in this case by the selection of materials

which in themselves led up to just this course. If the sape counting
y  sticks had not ‘been tied up in bugdles earlier, the method of addition *

" and subtractian with which the teacher wanted to acquaint the children 1
woq&d haydly have succeeded i coming to their awareness on the basis
of independent work. ] -

, This approach was also used to examine new methods of subtraction
and in the introduction of additiog and subtraction with carrying over -
ten. For thiis latter purpose we used the widespread deviée "Tﬁe I ‘; - ;
Second Ten.f This is a demonstration device coﬁlﬁsting OfﬁtWO“IOWS

10 pockets edch, in which cut-out gdometrical canvas qggures can be

placed. The Hevice had already been used for the organization of
;gupils' independent work inrthe examination of numbering within the
ﬁQunds of 20, in addition and subtraction in cases where-one of the ’

addends is equal to 10, and then in addition -and subtraction without ‘ 3
carrying over tem. With such preparation using this device (each

child in the class ‘had his own), the study of carrying over ten addition .
171 : - g §
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and subtraction within the bounds pf 20 proved to be campletely
within the children s abilities. #n all the cases considered, the
Lessons proved to be beth moxe interesting and more productive than
the lessons completely constructed\around the teacher's explanatioms
of new material, where the children\only had. to listen attentively,
remember, and repeat his actions andeoﬁaé. | ’

) Described above are separate instances in which we succeeded . N
in cons;ructing the introduction of.neo material on the foundation .
of pupfls' independent work. Through analysis, of che ﬂumerouo\facts
of this sort, which occupy aqgh§ce in teaching experience in our
experimental‘classes we came to the folldwing fundamental conclusion
about the aduisability of such an approach :gﬁthe_study of new e?uca—

onal material in arithmetic lesson8 in the elementary school.

The use of children's independent work as a starting pointffor“ .
‘the.introduction of new‘educational material proye; productive:
l. If the material which is to be stddied in the lesson does :
-no:'contain anything new in rinciple relative to what is already -
| known to the children, if tKZ solution of the new problem is a re- ) !
interpretation of what was masgeré&d earlier or is an application,
with some modification of earlier acquired knowledge, skills, and
habits. ‘ o ' ' |
‘ 2. 1f the lesson contaics a problem in generalizing several §
~relatively simple facts W;El known fo the children, with which th%y
have dealt more than once in the past.
3. If tbe mcthoc‘of.operétioqi»the approach to the solution of
the problem with wcich‘the teacper,mustbacqualnt the children "in the ? \1!F—
lesson, can be pre#ented to them by creating appropriate conditions,
- in the lesson itself (by using apRiopriately constructed and selected
visual alds, by organizing appropriate preparatory exercises and so ‘'
? forth) ‘ i o
) 4. 1f the examination of. the new material can be constructed on
the foundation of the experiences with practiCal operations with
objects which the children have ach&red earlicr(é;}the school and .
_ out of {it. ) : . .
D5, If the children have been sufficiently prepared for independent
‘wo}k with a book, and the new mggerial is set{fortoi\ a form which the

can understatd. - , . R S P
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The examples, cited above, of the study of the commutative _
property of sums in the third grade, the study of the addition of wany-
v digit numbers. totalling less than a million (after the writing devices
for the addition of numbers cotalling.less than a thousangd "have been
1 studied), belong to the first case. In the teaching of arithmetic in
‘ the elementary grades, there prqves to be a significant number of
auch instances, especially since many of the questions in the ‘elementary
L arLthmetic course are considered concentrically. This is related to
‘the study of arithmetical operations {which are studied first within
the bounds of 10, then within the bounds of 20 100, 1,000, 1, 000 000 .
and finally with numbers of any magnitude), and to_the formulation of

several arithmetical concepts (for example, the concept of the difference .

of ‘numbers, fully prepared for by the polution of problems on increasing
and decreasing numbers by several units) and to the solution of arith—
metical” problems (for instance, in the beginning of the second year

.of instruction the children become acquainted with problems in two
operations, one of which is either addition or subtraction, ‘and the
second multiplication or division, an? before that, in the first grade,
they have already mastered thelskill of solving simple problems with

gll operations, and problems\in two operations with addition and N

" subtraction). As an illustration of the second case, we may coﬂsider
the introduction of, examples in sub@raction with zero in the.answer

'and of the commutative property of sums to pupils of th irst grade; ¢
the acquaintance with the commutative property of p oducta, ‘the *
deductgpn of the rules for the cémparison of number by*Subtraction and
‘division to pupils of the second grade; the 'deduction of the rule of

multiplication.of numbers by 10, 100, and’so'forth to pupils of the

third grade. Such cases are encountered particularly frequently. in _;«?¢

‘Q@e fouyrth grade, in which one ofthe fundamental problema of the )
course 1Is the generaliiltion and systematization of all the factual
material which Te}ates to the properties of a;\tﬂmetical operations,;
to the relationahips.among the various opergtions and the applications

‘ of each of them, andlothers,%which have been accumulated by the chil~

dren inethe preceding years of instrué&ion. * ! »

The third case is not so often encountered in practice. H0we§er,

-

. it too 1is of a ‘certain interest, precisely becanse”although here the
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element of the cHildren‘s,independent "discovery" of new facts

\\a;likmodas bf operation is predetermined by the teacher's preliminary
| , the ch¥ldren do not realize this and remain fully convingegd

that they made:the "discovery' completely.independently.
’ As an‘example of the use of practical operations with objects‘as
a starting point ‘in the explanation of new arithmetic material, we may
! L take the\practical work in the comparison of the lengths of two strips
of paper (ribbon,&string)(immediately before the examination of the .
first problems on the comparison ofsnumbers by subtraction. ‘
. - As°forfindependent work with a book, only one of the instances
of such work cayried-out by a teacher (A) B, Kozokina) in the fourth
grade was described above. However, in the trial instructiogp in

expeqimenéel clas;es we succeeded in 'carrying out such-work not only

in the fourth, but in all the other grades,’beginning with the. first. ‘J" .

Thus, afwer having repeatedly gone over with, the ohildren the degailed

[} ~

- form for writing down the solutions of wvatious examples, indicating
the chain of reasoning of their solutions, we finally used the following

assignment as material for independent work . T ;“ .
.Examine the way the solution of;one or another
new example is written_downzin the‘bonk‘and be >
prepared to explain its. salution.agggjéﬂng to the

way it is writted down .g /‘“ T e

ln___z_*pany casesq'the method of writing the eoldiion {llustrated in the

book was given ‘to the children as a model-f&om which they had ~fo write .o ‘

,down lndependently, the solution of another, structurally analogous .
example For Lhe organization of independant york using a book in/
f:ne second and third grades, we uqed the illns§&ations given ¥n the

, book of the conflitiops of several problems and others. ‘

In all the cases which do not introduce any materlal ‘new in
principle, very intensive preparation 1s necessary so ‘that independent
work on new educational material will be within the children‘s capaci-

¢ ties. The first and neeessnry condition for this 1s ‘the children's
| conscious - and firm mastery of »the knowledge upon whose use the solution
of the new problem is baeed For this reason, such independent work
* may be Carrled out in class only after. themgeacher is convipced of such
' T§St€ry. All the necessary fdcts, ﬁules,‘definltions, etc.,vdbsolutely
‘ R T 4
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must be reviewed 1mmediately(beﬁofe the execution of the Iindependent

work. , . ‘,/

Observation further, convinced us that in order to prepare for the .

execution of independent work, the necessary prnblegs from past experi-
ence must be repeated separately from the others and must be divided

into parts so that ih g%ving the sssigumant the teacher can say:

#

« I see that you know so and so and so and so, know how
to’ do so and so .and so and 80, thus you should bg able to
solve this new prdblem (or-answer this quéstion) by
_yourselves. : : Pt

/
A o’ I

1

Thigform of assigngent,amore than anything else, serves.to activate
in.é::z&lygidren s consciousness precisely the knowledge which they.

-

must use to fulfill the assignment. .

Furthermoreﬂ if ~the knowledge acquired earlier must be applieg

by the children under conditions rather different from-those they. : @?;

" have encoyntered earlier* it oftenm proves ‘useful and even necessary e;j

to pay special attention to what" in these new conditions ds sbmilar\ \

ani what 1is different in relation to what i1s known. For exempﬁf in
the lesson devoted to addition, without carrying over ten But totailing
less than 100, before asking second grade children to independently
,solve the example 32 # 6 ye not only reminded them of the familtdar.
rcase of additioh without ?errying over ten totsllipg less than s.
20 (12}, but also asked them to compare these cdses. This' = .- )
compar Mbn was made under the teacher s guidance, The children ¢
reprodnced the whole chain of reesoning with a familiar exampLe then -
the difference between it and the_new one was formulateds ("There

there was 1 ten, and here there are 3 tens.”") Then the teacher said:
%o, children, this is the only difference and in
other respects these examples are .very similar. Now - .. .,

solve the new example by yourselves, reasofing as ' S
you did earlier, and be prepared to explain the C s .-:
solution. . . ., . y )

Aﬂter the explsnation of the solution:to this example ether examples

of this type were sbeigned foz independent selution, and the children .

P
L ] .

confidently fulfilled this assignment., 2

A}

- Then the children went gver thé appropriate reasoning alond
»
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during greup work in the next lessons. Having acquaingted ourselves '

with the "exercises with commentary' which were used in the experi-

mentalj#enk of the Li@etsk teachers, we came to the{conclusion that

- it is precisely at this stage, during the consolidation of the knbw-

‘ ledge o ‘the rule for:solving examples of a new sort, \that they shquld

. prove to be particularly useful, nrovided that the pupils' "cémmentar;es"
. during the solution of examples are gradually curtailed from one lessenl.
.tp the next and then completely disappéar. .

g Thys, in the case considered above of addition without carrying -
ut totelling less than 100, in the first lessons the expla-

eﬁemple, ound like this. . , '
¥

. .Add 6 to 32. “THe number 32 consists of 3 tendfnd 2 uniCSe
o We will keep the 3 tens in mind and add 6 ,units to the 2
e - units, making 8 units, and there are also 3 tens——30 &nits—~
. »added to 8 units~—makes 38. units in all. : .
L, v | |
. -+ Aftér a while (depending on-the children' s mastery of the’ rule being.
studied) the explanations will be formulated considerably more brief&y
(using the- same example): '"Add six to 32, Two added to six gakes.

eight, eight“added to 30 makes 38." After the children have mastered

-

the method for subtracting there is no longer any né;essity for such

* ¢
! \

eaplanations during the solution and the pupils are granted “the right
to say at once 'what six added to 32 equals. S o

’ Honever, from time to time &especially if one of another error
appears in subtraction) the teacher will ask how the subtraction was
carried out. Eatch pupil should at any moment be able to give a
detailed exélangtion of the whole process of soiution. . -
o . Thus; .the deduction is made-on the basis of the childrenfs’inde-
| pendeét examination of a new case during the same lesson.at whith it

is introduced, and is ‘consolfdated during'the next lessons under the,
N 'teacher-'.s guldance and contro . The teacher's guidance Rere must @-
a

' directed toward the children conscious mastery of deduced rule

“the general automatization of ‘the ope@ations dictated by it.

f~> g In general, pupils' independent work it all cases sa; be consi-"'
dered iny‘as a starting point in the study of new material. It not
. v 4 - - . ' % .
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only does not exclude, but absolutely requires, the teacher's well- k
thoﬂght—out guldance at each‘stage of the work on the mew matefial

It is not out of place to recall here an extremely important
. -conclusion, in our view whioh was drawn’on the basis of a psychologi-
'iel investigation of the process of masNgry of knowledge in scheol .
ﬁdldren This inveetigation concluded tipt the first acquaintance
with a new concept, rule, ete.‘ however it is organized (on the basis
of- the teacher's explanation or on the bssis of the children s inde~- "

pendent work) ' ‘ o«

T

is only an initisl se, a point of departure
for mastery: the fulther fate of this process depends i
on how the concepts, rules, etc., are- brganized in v
instruction. During the erﬁrcises, knowledge is nqt
. only consoliddted, but also extended and made more
precise [2]. -

For this reason'it is not possible to consider that the orgeni—
zation of children'§ independent work at the stage of the initial intro-
duction of one or enother new problem dndicates that tHe children have
independently mastered the appropriate knowledge. Even at thie moment ,
their activity proceeds under conditions created by the teacher _g;e—
pared and directed by means of the materials, exercises, quesézons, ’
ete., that she has selected. .The teaoher 8 guidance,fully reteins all
its significanoe ig the' next eteps‘of fhe aeqoisition'of new knowledge--
dnring the children's fulfillment of various assignments connected
7r% with the application of this knowledge-k .

To ‘summarize what'nas been‘safd in th chapter abgut the place
'af pnpils' independentlwork in arithmetic f:§30ns in‘the'elemenfery,x
grades, 1t is possible.to formulate the following conclusions. * »
1. Eupils' independent work can and must find a plce in every
, arithmetic lesson in all grades, beginming with the firstf
) 2. In most lessons it proves expedient to organize the childreh's
independent work/along the lines of various assignments by'tbe.teacher,
more ihan once 1in the coufEe of the lessopn ktWo to six times in one
lesson), depending on the goals and problems of each lesson, the
,peculiarities of the educational material on which the independent work

is constructed, and the children's 18vel of preparation.

. ¢ ":‘ ‘ 177 . . * Y
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3. Pupils independent work can be used with success at various
stages of a lesson, including the introduction of new edueetional
material. In this chapter we considered the concrete cases in which

such an organization of the work on new educational material proves

prodhctive. ’ ’ £+ : 7

- The possibility and nec;ssity of children's independent ﬁork'at
7"the stage of the consolidation of knbwledge, skills, and habits whieh .
« have been acquired before is unquestionhble——in this stage of the ﬁorkh
on new material it.is only important to note what types of tasks can
best be used here, and how the appropriate independent work must be
. r’cerried out in the lesson.‘ The next chapters are devoted to .the

~

' consideration of these problems. '

A@signments for Pupils Independent Work with Various “,/fiyf”\\ o

, . Educationel Materials _ ‘ .,

. It is possible to find in. the methodological literature, assign- .

; ments diverse in content and eheracter which are used by individual
teachers in instiucting children in arithmetic in the lowef grades of |
school. However, our‘opservetione indicated that far from all .of
these assignments have a practical application in the experience of
the mass school. ’ ' ~

» Indeed, if the tables reflecting the general picture of the
organization of pupils independent work in the lessons we observed

.are reviewed, it is apparent that the-number of kinds of independent
work represented is ewtremely limited. Even in the Lipetsk experi—
ment (see Teble 2), as p whole, the impression left by the independent
work observed is one oflextreme monotony. Furthermore it is impossible
\\enot td note that too muéh lesson time was spent on the exercises whien

least required that the thildren menifest independenee. .
: . From Table 1 it is evident that copying from the board took up. "~

- Aapproximately 187 of thettime devoted to the children's independent
work, and that solving piepared examples took up 41%. Thus, the;
greater part of the time‘inrthe lek\gn{when the children were yceupied-
with independent work weq spent(ﬁ;jexereises J,devoid of the element of

creative work--the independent sexfch for-a way’ to solve some new

{
‘R . a ]

problem. , . . o 2
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Only in 30 out of 100 cases was the children's. independent work \\, : f
in some way connected- with .the solution of pro%leme-—even thongh -asf '
is well known, the solution of problems presenta one of the greatest
‘ixficulties in the teachipg of af&thmetic. }t is also important
'to note that of these 30 cases. 15 consisted only in part of independent
solutions--as a riule, only the writing down of the solution to the
problem’whicn had already bekn enalyzed frgm beginning to end collectively
with the teacher's help. The observations inditate that even in small
scpools where, by force of‘circumstance, the teacher must keep the pupils
occupied with independent work for 20-25 minutes per lesson, this time:' - _ .
is also almost exclusively devoted to the solution®of examples and
writing down problems which have already been solved. During the
discussions of this«circumstence which we conducted at the teachers' .
commitfee on methods, it became clear that the reason for this selection -
y of exereises <for pupils' independent work was uncertainty that“the ‘ .'. '

e ‘children cou}.d handle the task. p ’ o y
You give the aesignment of solving examples independently .
confidently, knowing that the children as a group. can handle \'
the work, butif you ask them to solve a problem independently . ~
(even a familiar type), many pupils will sit idle because - .

- ’ they do not know how, to approach the eolution. ﬂ

\ This is e-eharacteristic explanation given by tﬂe teachers. However,
it is hardly possible to accépt ;héf’explanation as suffchﬁhtﬂgt

‘convincing. : It is impeesiﬁfwx»in fact, to become reconciled with . N

- the position that pnpils do mot know how to approach the solutjon of
even a familiar problem. Ultimately, the goal of instructi n in s
. arithmetlc will not be achieved 1f the tgedher considers t is posi-

tems extremely

tion normal and onignts her instruction towarfd¥i it.
improbable that* the pupil could learn to solve problems independently
1f- he has no practice in doing so. fo outline the content of 'such
work, to eelect the best forms gf 'assignment, to work.out a SXPCEm .
of these assignments so- that they gradually increase in difficulty,

+

has-becgme one of our main tasks. C, . ' : -

-

During our attendance at the lessons we observed, fufther
characteristics of the work' on examples came to light. 1In the lessons
* - A .

of all the expérienced teachers with whom we were acquainted, in the
§ ' ) , \
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,overthlming majprity of cases, the assignﬁent‘consisted’of the written
solution of prepared examples byﬁthe students.. There were no esdential
differences in the form bf'the assignment--the teacher either simply
indieated the number of.the appropriate exetcise from the textbook,
wrote examples on the board or distPibuted eerds with examples
* +yritten on them to the childrlen (most frequently the assignment was . 4
given in two variants so tRat pupils sitting, next to‘each other workeg- "/
.on different examples). Several‘teechersz ve supplementary'assignmeﬁts‘\
' to pupils who, had finished their work bef re the others.' While the .
-~ children solved the'examples; the teacher walked up,and down the aisles, *
showing individu!l pupils their errors:-anmd helping them As;a rule,

3

the teacher checked the work after the lesson was over.

et

The assignments werg conducted in the same way in all claéses.
The only difference lay in’ the numbers the children dealt with. ¥From
: discgﬁsions‘yith the teachers about the reasons for this monotony in

work with numbers, we'became.conyinced that many of the teachers who
. ~~ . ‘
limited the pupils inﬁependﬁnt work to the written salution of prapared

examples do not proceed from any special consideration, and even lose.
sight of the. possibility and advisability of introducing variety in the

. work. Only insufficient attention to this can’ explain whff, during

| the execution of independent wg%k ‘Fhe teachers rarely’ use even the
kind of exercises which. are relatively richly presented (with respect \\_
t variety but not quantity) in the textbooks by A. S. Pchelko and

G. B. Polyak 1

- - N +
s <

Taking thisrint account, we shall consider below the yarious types

»

\
*

. _ of 'tasks for pupils’.independent.work on the solutfon of independently
‘composed and modified examples. Of these, we shall principally
) consider exercises af a creative nature which favor the development of

children s powers of thought, opservation and "mathematical insight." v

)

Assignments for Pupils' InNependent Work on Arithmetical Examples

Exercises in the, solution of examples can serve .the most‘varied
purposes in the teaching of arithmetic.‘ The most important of -these
purposes is; of course, theyhevelopment of, the skills of mental and

" written calculation: Howaver, the examples can also be used for the

¢
d;ormulétion of a whole series of arithgetical concepts, for the




explanation of the properties of numbers and_arithmetical opera
etc. WorR o§ examples can and sheuld be not only highly useful

n
an instructive sense but also absorbing, interesting, and useful in‘ .\

an educational sense. " . N

-There exist varied exercises connected with the solution of ariéh—
meticat examples:, each of which require from pupils strenuous thought,
attention, and the ability to ,apply practically the, theoretical knowl- ’
edge‘ they have deduced. We shall consider all possible exercises of v f
‘this sort and attempt to show the purpose of each and when and howv \
it. is best to use them. ‘ C ;

" First, let us note that evan in work on the soll on of prepared .

examples considerable variation can be introduced both in the form of

the,assignments and the writing of solutions, and'in the essance of *

" the work to be done. Thus, the examples certainly heed mt always\
given to the pupils written out in full——often it is possi le to use

the table for mentgl celculation which each school has for independent
class work. -For éxample, the teacher may give the childpé;_tﬁa\eiaignr .
ment: "Add the numbers in the\:eCond column to the nymbers_in the first
'column, write down the enamples and solve them." To give the}children i
. such an assignment, the teacher need not spend time writing the Examples
on the board Such an assignment is useful for the children sipce it

demands greater attention from them than does the’ copying of prepared .

examplea from the board or a book

.
L} . -

Assignments of the following type are alse helpful Arowofn

-

numbers 1s written on the bgard and the children are as to increase
.- € L . ¢
. (or decrease) each one of them by several units or severél times. For :
- \ ; :

example, in the second and, third grades the following assignment may

be giveni

Decrgase six times: 36, 72, 12, 84, 96. ' }
" For the first grade: §
. . ot A
Increase by seven: 11, 13, 6, 9, 12, 8. S *‘

Such examples allow work on the devélopment of computational

L]

skills to be combined with the formation of very'important arithmetieal '
concepta.; Thus, gpaxt from addition and subtnfction by several units
or eeveral times, the -comparison of numbers both by subtraction and by

‘ . . ,<
.
. v ~ .
.
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division cap Be included in such an essignment.- For example, two
"rows of numbers are written oni the board. o i
53 48 32 54 o B | I
27 19 .8 iz . ,

-t

\ The‘childred are asked to cempute (and write under each pair of -
numbers) by how many units the numbers of one row are greater (or less)
“than the numbers of the other row. 3 X .
This kind- of independent work for pupils can sometimes take the
Rrlace, in a lesson, of ‘so-called mental calculation.‘ It is wise to
:7 limit beforehand the time spent on‘an aSSig'ant; in this case the - _
‘ children can solve thé examples orally and rapidly. This form of work
allows the teacher to check on how each pupil is handling the assignment
 (this is certainly not always‘possible to accomplish during que;tioning
of Ehe class in mental calculation). For the ‘teacher who works with‘
E;o or more classes at a time this type of assignment 'is especially
good, because the lessons on mental calculation can be conducted withﬁ&t
. the teacher's direct participation in the work. At’present, according\
+ to our obsenyations this form of assignment is used, 1if at all, ‘during
the.eonduction of practice in mengalfcalculétion under* the teacher's
éuidance. Furthermore} even whén the examples ‘are given to the chil~
dren in written form, it is not at all necessary‘&hat they alf\g:erite
them. 1In many cases, the writirg can.be limited to just the answers.
To carry out suph work in the’ third and fourth grades, the teacher

must have a set of eerds on whichs the aésigned example% are already

written in columns. For examplej » o

- 13567 3541 348 /
+ 26782 2762 x 3  ete. -

\“k‘ If a nuﬁber ie'indicated on eagh of these cards, then the pupii writes
it down In his noteeOOk and may solve the examples without rewriting
them. Or even better, if 'all the examples are arranged in one row,
then the pupil may align the sheet ‘he has received with a page in his (

ncteboak and, after solving each example, write just the answer under .

€

it. ¢ ‘

’
#

It is useful to introduce an elemefit of self—guidapce into work

©o182 o | . \




~ S : . e v o

~on the solption of prepared examples{ This element arouses-the pupils®
interest and mored\er, intreases their feeling of responsihility for
the work they have done. The Jwell knnwn fcircular" ‘examples may be used
to introduce such seif—guidance. During the solution of -these examples,
the children:continuelly check to some degree, the correctness:of each
enswer tﬁéy.have gotten. Unfartunately, even "ciréular" exampples are
seldom used by the teachers as material for children s independent work.

: vIt is possible, in. assigning to the children several examples for -
solution, to indicate, let us,  say, that the sum of all the answers ‘MUsSt +
. e ual 53 (or some other number) ' Assume the follewing examples were

.

‘assigﬁed. Ce L . '; ' ‘ .

S -

- R -

5246 = .. 1340y T2-67m=..; 18+2=...

. / . -
After having solved tlfem and artived at the proper answers:

6,22, 5% 20 . ¢

. . -

1]

the'pupil must add these numbers:as a chetk on compntetign."lf the
result he gets is not 53, then he must again theck the solution df each
. example. Practfcal experience indicatgsrthat pupils, urltil the uppér
grades, do not .kiow how to c?eck}their arithmetical work. ,In teaching
theh, special attention‘must be paid to the checking of computations
when independent wyork is being aarried out. ‘ 9
r Along with the introduction &f elements of self-gmidance into the
assignment itself, and also'with"the reciprocal checking which many
; teachers pragtice, it is.possible to use;the fellowing type Qf eerk.
The children are given the assignment of *checking the solution of
examples written on the bgerd ‘(lor on a %?rd) and writing in thein note-

books the.correct solution of only the gxamples in which there,was an

error. e i
Pupils also apprehend with great lnterest aseignments.to w{ite
out-examples from gived answers. This procedure also requires a combi-
"nation of mental calculation.with writing. Several variations of this
assignment are possible. Let us take, for example, a simplg ;ase in
which the teaclier gives ‘the children‘a row of examples and the answer
6, and asks them to write in their notebooks the solutlon of only'the

examples whi®*h have the answer 6. In a more complicated but more

. , { : .
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‘Finterestiné form of the task, the teacher pakes‘up a row.of such
‘.Jekamples to which the answers are,/%or example; 11, 12, 13, 14 etc,
These examples are written'down pell mell and the children are given
the assignment of writing odut first the example.with 11 for‘an answer,
then\with 12, 'then 13 etc. For example, thé feacher may make up

examples on division beyond the table but within the bounds of 100:

L .
44 + 4 =11 91+ 9= 13 75 : 5 -§15 68 : 4 = 17°
72+ 6=12 42+ 3 =14 48 :3 =16 36 : 2 =18

“é' . ‘.' . ' 4 . . "
These examples will bg(éiven to the children, let us say,.in the

* following sequence:

»

!
&~
L}

‘ 48 + 3= 75 5= 3642- 68

721 6 = b4 + 4 = 91 + 7 = 42

»e
W
]

-

. In the execution of tliig assignment the'children rename the’quotients.
mentally mhny times. In- the search for the first) example--with 1l.for
an answér—-they rename four quotients; in the search for the secoﬁd——

' with 12 for an answer they return again to the ‘examples they have just
renamednend renamg the fifst two. Then, looking, for the example with
13 as an answer, tipey must rename ghe first 6 quotients,étc. The .

. 4£ickly if the pupil remembefs the

rgsults which he got through mental calculation. Thus, fthe teaeher can

ass&gnment can be completed more

L]

use this sort of task for the organization of a contest, based on speed

Bt
of solution. A

L] ' [

Finally, the solution of prepared examples may be facilitated by
casting them into the form of a game of lotto. ‘ Arithmetic lotto can

. xJ \
= be madej}o sult the curriculum of each class and can be successfully
. used both in and out of class. ) . .

"It is a small thing, however,. merely to vary the tasks connected
with the solution ogwprepared problems: It is more importagt to turn
to assigmnents which would, more or léss, deuand creativity from the
children which would cultivate their powers of observation and inde-
pendent thought "Here I have in mind the most divemse tasks for'pupils

~on the supplementation'and independent construction of examples. The
simplest such task is the.solution of examples with blanks. One of

the addendé, one of the multiplicands, or a sign of operation,/etc., is,

!
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omiﬂfed; Here are instances of this sort of example: Il

54 9'm63, 26 321,36 : =12, 184 __ =27

»

. Examplferwith operation signs omitted are, most suitable for the .
‘l& first and second gradss, because they make the children pay attention N
to the signs for arithmeticel operations, which. chiidren of the lower
grades tend, at times, not to notice. However, thds task if it ie )
made more cemplex, ‘can be used with bBenef{t in the third and fourth
grade, Pupils can be asked to fill dn -the operation signs in such ‘
examples as;’ 37 8 __ 7= 38, 56 s 12 . 14 = 54 etc., or

in still more eomplex examples which require a firp knowledge of the
order of operations: 48‘___ 3_ 5=133, 36 12 » %4 = 33 etc.

) Examples which require the- dieeayery of “the secaond -addend from
the sum and first addend or the discovery of the multiplier from the
product and multiplicand, or the discovery of the minuend ‘from’ the
subtrahegdx@nd remain*er,‘etc., can Pe given sucdessfully to.all
grades. In the first and second grades It }s best to give them in-
“written form. - The assighment'itself is formulated as folldws:

L]

Gopy these examples and fill in the blanks For

example: .

+ 2 =8, . x6=24, 17 - = 4 etc. - f

. SIn the third and fourth grades such examples can also be given,
but here the form of the assignment can be varied.- If the students
of these grades are familiar ‘'with the names of the components of the
arithmetical operations, this knowledge can be used and examples of
the following type assigned. "Mult}plicand——l36, product--1088, find
the multiplier.” Anotﬁer interestlng_exereise-fqr third-and fourth-

gréde-pup&ls is filling in the blanks in examples of the arithmetical

. b -~
rebus. For example: ( . .

. s g
3 65 54 . _ ‘ @
.« +7.36_ x 6 , ' . 2
. 828 0 94 ' >

~

This is not -an eagy task, and in order to complete it the pupils will-
have to utilize much of the knowledge wh{ch they have acqufred at

- ! ¢ ~
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. various times and during the study of veriaps problems ¢f the curriculum.
The varied cases é?’!onsltpcting exampies are exg;cises of a crea-
tive nature.. Let. @o der tasks of this sort. The teacher can ask
the children to cénstruct ﬁive~or aix multiplication examples, four -
examples in which it s neces ary- .to add six, etc., when the operatioa
and one of the coﬁponents dr given.  Exercises of this sort are’

~

especially useful fqr “the first and second grades.

- Great, benefit is<obt£ined grom the construction of examples from

a given operation and answer.. ‘For ‘Fample; "™Make up addition agamples
wiuh 10 for an answer' or 'Make up multiplication examples with 48 for
an answer." In thi§ case, therldifficulty of the vtask-depends ‘on whether
or not it 1s precisely‘indicated how many "examples must be made up. If
. the teacher does not specify the number of examples and ask them to construct
as many of these examples as possiple, the children s task becomes more
difficult but also more interesting. The construction and solution -
of such examples promotes the children's better mastery of the compo- .
sition of numbers beiné studiga, both of addends and df multiplicands. ?; )
. Sometimes 1t is possible to ask the children to éonstrﬁct_several ;
;xamples using a particular operation eithout eny additional limitation Il
or with a given answer, ’In.the latter case the children can comstruct ‘
examples gsing.all the arfthmetical operations they knoﬁ in‘ﬁny .‘
combination. In this way,/ from akﬁinglejansyer, it is always possible “
to construct many examples, For this reason, it is necessary to
put a definite time limit on the task. Indeed, even if 'in the first
gra %i after the study of the first ten numbers, the children e%re . s
asked to constrqpt all possible examples with five for an answer ¢ many
¢ such examples ‘can be composed: T4+ 13 3+ 2; 2+2+1;3+1+1
6 ~1; 7 - 2, and in addition, examples in which both addition and \
subtraction are used. o o ) ‘
Analogous work can be quite difficult and useful even for fourth

-

grade pupils. Thus, to make up examples in divieion from a given

quotient, ' the pupil.must apply the knowledge which he possesses,//nder‘\\\\\\\;

completely new circumstances. Experience shows that even if#children

have earlier practice checking division through mulXiplidation more

N

than once, finding a dividend from the divisor and quot ent sti}l causes
difficulty ‘for many pupils.
‘ . 7 186
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— . The construction of examples from three numbers is not difﬁicult

T and,fmereQVer it is very useful. ?qr example,.the numbers 3’ 4 and 7
' are éiveﬁ. ’ﬁi thldren must, osgstruct ‘all possiblg examples, namely.
:i; 12 are given and examples conBtructed from them‘ 2 x 6 =12, 6 X 2"
G112y 12 ¢ 2= 6, 12 i - 2. % - ‘

. - . . A

Such exereises@are conducted in the first and second grades. Mueh
before they. censidef the connection between addition and sibtraction
“or between multiplication and division,»in theory,,the children are.,

- H .

: .upper grades. where, on this basis they a?rive at the appropriate
. generalizations ) In.the third and fourth grades, With/this same
purpose in mind, it is very useful to’ require the children to check .
the examplesthey,haya:folved by veridus means, including the use of .

the reverse operation. *

r YR -
The following tagk, which fosters "mathematical ingight" in

ohildrenthis also intergsting. ' R
T " Construct as many examplés as possible using any
operation and the given numbers (For example: 132, ‘
75, ll 144, 3, 24, 13). Lo
 The pupils can construct the following division examples:
.« 132 11 =12 753 3 =25 14k +3 =48 24 3 =38
132 T 3=44 75115 = 5 1hb % 24= 6 1533 =35
’ It can be indieated in the ifstruction the number of. examples to
‘ be constructed. This indieation’@acilitates the children's task, as
they will strive to  find the possible variants if all the eight cases
s ha&e not béen exhausted. Numbers for'the composition of other examples

-

" can be selected analogously. A

¢ of a definite typg Is possible.

Finally, thiFfollowing assignment on the construction of examplesﬁi

. . Construct eight examples of dddition of one-digit

- numbers, carrying over 10; five examples of subtraftion

. ' of many-digit numbers; or several examples of division
with a zero in the .quotient, etc.

~

187
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.3 +4.= 7, 4“+ 3 - 7' 7 - 4 = 7 -3 = 4. Or the. numbers 2, 6 snd ‘I

iqtroduced préeﬁiﬁally to these connectionsthrangH these exercises. -f‘
‘Ihe aecumdlation of stich. expgrience greatly helps the pupiIs in the .-



'in this case too, the pupil:is required to epﬁly earlier—acanred
A knowledge under new conditions which. promotes a deepér awarenese in

. g Lo [ ’
e children.of what they are studying. R A A
++  Pupils’ \construction of axamples i varied assignmeﬂts can be .

‘used to create supplementary_material—en he distributed to the class,

fa procedure which later helps to organize the children 8 independent
wprk during the lessdn. For example, the children may be asked to jf\

Y ~
construct sir examplgs of addition, carrying oVer 10, totalliﬁg Iﬁss
. "than 100. The teacher explains that. the work nusg be donelon separate

. "sheets, that all the ekamnles must be written dne under the other in

.. + & column and that the’ answers must be, wriften four or fivde .squares °
’ away,from the equal_sign: For example- T o ,‘gi
f'l TS Y S
Y I 37‘+ 9 = . 46 ’ . . H '\ . I . .o
’ 58 +°5 = 63 . o . .‘

o . B .
. * ~ .
s . N L]

In the third an8 fourth gtades, in whieh the pupils must practice
written calculation, the assignment may be given to construct three

examples of the addition of many-digit numbers, in each example there

mus t be three addends. These examples may look as follows" ‘ e
3786 : 5423 - 79628 | '
542 1496 . 277 ;"SR -
.o 3‘?5 | ‘. .
.+ 5618 4 4+ 358 .  + 85719 4. 4% - oo y

-

The answers are to be written several spates below the lines.
a After .the teacher has checked the wbrk, he cnts'the answers off -

but keeps the sheets with the examples. Later the examples can be
used as cards for individuel'work with several pupils (during a question
period,‘er during the class peripd for independent work). Exercises
which require the-children to analyze, compare and notice the reégulari-
ties in observed arithmetical facts are also‘very useful. Such assign-
ments can be bothﬁveryks;mple and very complex. For example, even in
the first grade the children can be asked to continuehﬁhe'peries of

. nugbers 1, '3, 5...’0r 2, 4, 6..... In the second gmade, when the puplls

: study the table of multiplication and division_within the bounds of 100,

they must be able to note the principle of construction of each table

-
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and to continue independently, writing the ngle wijch was begun

" ‘under the teacher s guidance. Here they;cen be' asked to complete
series 1liKe 2, 4, 8i.. 0r 3, 6, 9 .... ' - - .
In the third and fourth grades aesigmnents of & f)l/owing sort .

| can best’ be used. ' ; ‘ L.

. L K ! R -
Continue the given series of examples according to the .
, same principle.

-
-
.

126 4+ 0 1x9+2

224 7:. 4 ’ A : ... & B - v : | . 12'}{..9?"' 3 ] ' :.‘ St ' : :
324 + 4 . v or | L 123 % 9% 4 .

. The‘assigdqents~considered abovesfor pupils' independent wofk_
_on the solution and construction of examples do not exhaust all the
‘ possible variants. But it seems fo us that there are enoughy cf them

to indicate how diverse, interesting and, above all, how beneficial

.-

fox the,childtep‘the minutes of independent work at a 1esson can be,

if this work -1s not reduced to the executiomof uniform assignments

“and the solution of prepared examples.

.
4 )

Assignments for Independent Work Directed Toward Instructing Children

In Problem Solving

¢

It has already been noted above that the extent of pupils inde-
pendence in the solution of problems is, as a rule, in practice very
small. The course of problem solving is usually analyzed collegtively.
The teacher helps the children realize the conditions of the problem,
help the children discover the relaticn between the unkncwn quénti;y
and what is-‘given and uses diverse methodological devices to f&cili— .
,fate the search for the means of solution through dramatization of [
the problem or by posipg of leading questions of the type: "Can we
answer the problem's qneetion at once? Whdt else must we know in'order‘
to do so?; Can we find this out from the conditions ,of the problem?" or
"WHat can be found from these given quentiti’es? Doe?‘ help usg
answer the problem's questibn? What can we find out then?" etec. !

Often, under such direct guidance by the teacher and with his
direct help, the whole solution to the problem, from beginning to end,r
is analyzed. Sometimes it.is eﬁen.writtenﬂon the board so that ‘the

@upils need only rewrite the prepared solution'in their notebooks.
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.Npupils, instead
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‘pgvlces which pake greater demands on the pupil§~are congidered to

be. those where, for efample, the problem is' solved on the board

and then eresed oy covered. after which the children are. asked to, write

-

E the golution independently, or those where only the results of eech

operation'afe‘written on the. board; However, these variations do not
alter the main point--in all these cages the pupils can reproduce the
solution from memorz . But in none of these instances do theEZZplls
show any independence in the actual 'solution. It is true that teechers'
also use assignments in which the children st - complete a pert of the
task with reel independence. But these assignmeqfs dre usually given '

 only in cases where the children $olve a problem which they have already

studied, or an-asEect or problem well known to them, analogous to one

which has just been analyzed under the teacher s guidance; Thus, when
they complete ‘the solution to a problem or solve it independently, the
éf trying to grasp the conditions of the,problem and,)

lookingﬂfer the wdy to solve it, often try to recollect'the operations

as they were used in earlier analogous cases and to recall the’means of
solution to problems of this sort. o

Practice shows the consequence of the splution of .problems "by -

analogy' in accordance with a developed formula. After a short peridd//

/

de%oted to the study of ga pirticular new type of problem, the pupils. ‘
eppear to have learned how to solve it, but after they have been in%to—'
duced to two or three new types of problems, the children begin to have
difficulty in solving ones which they formerly managed easily. ”f've

forgotten theeeproblems,"“l ve confused this problem with enother

.one," the pupils, often say to justify the eﬁrors in their solutiop

They proceed from the assumption that it is necessary to r!member the

solution of problems of various sorts. B
Experignceconvinces us that a large number of repetitions and
reproductions of the means of solution to a problem of one oOr another
type, on the whole, doed not equip &hildren with the ability to
independently analyze the conditions of a new problem (even ap easier
one) or to find the way to solve it. Moreover,,the methodology of
instruction in solvimg problems, in particular the methods of conduct- -

ing children's independent work on problem solving, is built, at
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present, mainly ‘on this princig}e-listen to the gourse of a problem s "_3
solution, understand it' learn to apply it in analogous cases. Anosher
principle must be juxtaposed to‘this one-first learn to regp the text
of a problem (any prablem, not 1ust a familiar kind), learn to single
out Ehe question in the text of the‘problem, . lesrn to pose questions
and use;devices whieh help to uncover the reletion Between the given
quantities and thé unknown, and learn to app}y those devices to the ‘
noiution of - every ‘problem. -whether it is of a familiar or an unfamiliar ¢

) ' ! -

.cype.-,’ . . ' , - -

.
.a L

This princigle for spproecning the teaching of 'solving srithmetical

P problems is formulated/in one.of the latest?Works devoted to the =, :
" psychology of teaching school children [3. Chapter 5]. It is also. ' ’
reflected in the explanatory notes to the-arithmetic curriculum where e
it is emphasized that in order to teach the pupils to iIndependently .
solve all the arithmetical problems which are wititn'their gapabili- ,
'ties, one must remember that S '

4 apteaching several general ways to approach the _ f
solution is essential...pupils must leatn to read c - Jf
correctly and with comprehension the conditions of L o

. ,the problem, to briefly and clearly write down the 4 4 BRI
" conditions of the- problem, to illustrate the . S
conditions with the help of a drawing or diagram... to ~ L
. apply several abstract terms '"price," "quantity, ' _ ~
."value" and others [4:51- 52] !}f/f .
Wé attempted Po give some specificity to this principle in é _.l
considering various types of assignments for children's independent '
work on problems. Below we consider concrete assignments involving
£ .-‘_i
various stages of work om probklems. . !
Independent tasks involving the perception and enalysis‘gi the
condition of a problem. The conscious perception of the comditions of
problem, the ability to clearly visualize what is discussed in ,the '
problem, the ability to single out its most essential conditions and
determine the relationship between the various given quantities, and
also between the given quantities and the question——is the)first and .‘ , j

o necessary step, in the solution.

It LA well known what great assigtance in the search for the

,means o%‘solution can be rendered by such devices jas briefly writing

-

3 : 4’ @
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“fgo farm proper. skills and hgbits it is necessary to use, along with

¢

o cip tion ,children s independen

} ) \'- . ’ T . » . +
T B . - .

down . the conditions, repreqenting them diagramatically and othersu
In the methodologica; ﬂandbooks it is emphasized more than onee that

.-

the ‘teacher's explanation and w!'g carried on with his indirect parti-
work. The following types of assign—/

ments are especially directed towards formation of the skills referred

. -

to aboye. f o ‘

N

- The first group,of aesignmeﬂts js related to the development of

the ability to correctly read and understand the conditions of a pro—-
blem. The assignment, 'Read by yourse;ves problem no. - ~ " (or the

YAk
," .

problep written on the hoard by .the teacher), should be heard eonsider—r-

)

- ably more oftén in clads than it is at present. A propos of this,

we note that‘when asking the children to read the cdndiﬁﬁons, s,

necessary to give them enough time to do so Cib often happene ‘that
’ the teacher, after giving this assignment, ediately asks one of
- the pupils to read @he ptoblem aloud or dods so himéelf). However, the
assigonment ''Read the problem yourselves" does not always stimulate the
* pupils' active work. Frequently the children do not start to read
becauge they assume that the conditions of the problem will be redd
aloud anyvay. L. ’ ' ' .

' It is more expedient to givefassignments in which the pupil must

learn something from his reading, as when the teacher says: o
- ' b ' R B
Read carefully to yourseldes problem.nn. __; be pre- '
pared to read its question aloud. ‘gw” .
In checking the completion of this task, the teaﬁger, in this case, "
watches to see that the pupils read only the answer, thus the pupile
are really obliged to prepare an answer beforehand Such an assign—

ment moreover, requires the pupil to conduct a preliminary adalysis

of the problem's text. In the assignment under consideration such

variations as the following are possible. . ' -
. Read the problem and be prepared to tell what

the number 5 signifies and what is known ia this
‘ problem . . - . < @

Teaching the independent reading ofépreblems should begin with the
first grade and continue into the fourth grade. The difficulty of the

assignment to be worked upon indepemdently in this case will increase

Co¥ L e
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as ‘much with the additional. complexity of the problems to be soYved
as with the greater difficulty gf the assignment, in regard to(the

T enaIyefe of ‘the ‘conditions. Although in the fitst end second grades
:it is possihle to limit the assignment for ‘the most part, to tasks of
the sort described above, in tHe third and fourth"gradee the demand‘
will be useful and more complicated-—fer exdmple,

\

/ ’

Read the problem and single out peirs of the given .
quantities which are related-to each ether.‘ : v o B

v a further example, consider problem no. 216 from - the fourth grade -
textbook IlG]' . g

. ] 1 , o J‘ O «; . Ty R
. : ' On a collecéive farm there are“lDS calves and 65 cqws .

more than Ghat.” Eaeh calf is provided with 12 cengnbrs 6f
“silage for fhe winter and each cow with' four 'times.as -
much, How much silage in all is Rrovidedffor the winter
for the calves and cows? RPN 3

[N

14

had L3
“By reading ‘and rereeding the problem, the children single out pairs .

of given quantities, and name them when the teacher,esks. ;
) i » Y

1. Ona collective farm there are’ 108 calvegaagd 65 f >

. ¢ows mora than thﬁt. . \ - v f

2. On,a collect*e farm there are 108 calvee. Each - o I
calf is provlded with 12 céntners of silage for - r

the Winter . ‘

3. Each calf is prévided for the winter with 12
- centners of silage and each gow with<four
Y ,timee as much, ¥ '

o

4

Such preliminery independent work on the conditions of a proﬁlem can
often form a useful stertidg point for its solution. )
The second group of assignments involves the sketching of *.

condﬂpions. The sketching of the condit ns of a.problem often helps
the children 1nderstand it hetter and pa icipate more actively in"
further 1nd1idual. or collective w0rk on the anelysis of the solution,

The aesignment "Sketch the conditions of a problem can be very
easy or relatively difficult depending on the cheracteristice of the
problem itself. Thus, it is easy for instance, to sketch the conditions
of a problem like no. 76 from the first grade textbook.

T ¢ £
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S Finélly, even in the first

.
« ’ . Kl
. — ¢

: ,

. ‘}t§a cut from material three black circles and
four green ohes. and made a penwiper out of them. How :

many circles in all were used for the penwiper? :
_ . 2 » .

<

€, . hd . C
To 1tlustrate, the problex, the clifldren represent the objecta which the

problem mentions. (Theﬂigxt sﬁep‘is;when_the ehildren, to illustrate
the conditions of a probigm, replace the\oﬁjeqts which are mentidned
in it with others.‘:ForuexaEple, in illustrating the conditioms of

- Al

igrdblem n9.'413: & A' e - vy
. . « ! ' * “~ A
Op a'Christmas tree there, burned three“green lamps ot -
- and six red dnes more than that. -How many lemps in all =
" buried ord the tree? . K DR AU B

The childr&n‘cah'rep ate.the lamp® w h‘ci;plas."ln Qther -cases,
R . . & . . 1 . . Al .

instead of drawing oys; girls, etc. fhey éan draw the propex numbey
. ‘ ‘ . "r-.!‘- 13

A

ofs sticks, bokes, etc. ‘o ’ . -

ade the ghildren can begin to use’

~

‘gﬂsome‘of the designations for conditions.' Thus, in illustrating
L] ¥ . ! P

. \] .
problems on finding a remainder, for example, they can be taught to
: ]

" use the device of crossing out—a device which the_authors of the text-

L]

book continually wse in the ‘t:onsideration of vgtious‘ cases of sub-

traction. Let us take as an example the solution of problem no. 159:
i . - . ' - ,1.

1 t -~ :
‘ Vasy& must cut out‘'nine stars. Hé has cuf out ' .
eight stars. How many more ‘stars must he cut out? e
- . '.‘" ) . ‘ 4 5 - *

To ili;strate the conditions of the problem, the‘children draw nine
stars and then cross.outﬁéight of them. ' o :
Howevef, sketching the éonditiéna o% pyoblems in the flrst grade
‘must not be misuged——in'manﬁ‘égées it is simpiy unnecessary. Téus,
.én the\solution of the si;plesb problems in finding remainders and
sums, it is useful only.the first few times:when these exercisés are
solved, completely on~thghbasis of objects-as visual aids. But'éfter .
the childyen go over to,fthe solution of such problems by ideas, using
the methods of addition (o; subtraction), tHe'sketching of, the coﬂ%d—
tions is a superfluous and even a harmful task, because it returns ‘
the children to an earlier stage. Latér, in‘introducing new pro@lems,
first the increasing (or decreasing) of a number by éeveral units, and
then on multiplication and division, it is again useful at the first
stage of tlife work to use sketching, siﬁcé it makeé it pSssible to add
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second grade. Tbey ard of the greateﬁt\%g;erest wben the solution of

e )

LI

N . C s -

4 . - R
precision to tha children s uynderstanding of the problem s m;aning, ‘
the meaning & the operation of‘multipliea‘tion, and its relation to .
addition. | : g . ‘ ’ .

Ty
Assignments which require the independent sketching of the comn- -

ditions of a problem are useful not only in the first;ubut also in the-ﬁ

a problem is based on the exact unde;stan ng of expressions 1like . g

\ '
muchaas," ‘'so much more than," "so msny tiﬂ%s more (1ess%," beeause the

correptness of the drawing predetermines the success of the solution. :."_‘

" The teachér, by checking‘how the children sketched the conditions, and

by being convinced by their drawingsiihat they understood the problenm,

T It s a}so expedient to resort to the illuatration of conditions °
~in introdu g seg;ral new types ofvproblem in thé)third and.fourtb;
grades. Hdowever, simple sketching must gradually, be replaced by the

'giagra tig representation of'a problem's conditions, reflecting

thke connection between the quantities ‘given in the problem and the
) . »

The assignment '"Sketch the canditions of a problem can be given

unknown

~ as an independent task’ after the problem is read aloud by the teacher ,

_‘ the problem itself. However, it soon becomes possible to combine this

_y

hd .

‘ &ondd,tions. Tf?is outline, with the use of- several designations for

o

or one oﬁ the pupils. The same problem can be given, let us say, for
solution at home. But its solution also.can{be analyzed in class ,
under, the teather's guidance--it all depends on the characteristics of - .

assignmentr with the children's independént'reading of \he conditionsT
The third group of assignments involves outlining the problem's

the: conditions——diagrammatic representation, graphs, tables, etc.—
natu(ally can be assigned for independent work only if the pupils
have’become familiar with thege devices under the teacher's guidance
AB have learned td use them. It is not worthwhile, however, to delay

the use of assignments of this type too long. In an explanatory note

:‘cbn confiden y dsk - the pupils to complete the-solution. independently. -

to the aritlmetic currdculum it says that "{n the third grade the pupils

must...be able to illustrate, diagrammatically, the conditions of a
problem.'" Consequently, it is sometymes thoyght that before third .

: | 195 . .

ot



e ¢ - .u\

~ o~

. . . ) ' ) R . " - -
i - . ~ “ \x C ‘
e grade is too early to introduce children to the illustration of problems.

However, the stated goal can only be achieved *if the children are system—
« atically and regularly taught the devices fdr the diagrammatic represr '
sentation of the Conditions of a prog&em or the’ outlining of them
- Experience has convinced us that this work can be.succesgfully carried

out starting ‘from the first grade. N
Thus, dn the first grade, wh&n teaching the solution of prdblems

3

on increasing (or decreasing) a number by several units the children 4

© were famiriarized with'a diagrammatic outline of the conditions. For

~
*

examgle) consider problem no. 269,

=% . Petya has six books and Mitya has four more than that/
« - ' How midny books does Mitya have?

.
* X + . ¢ -

N . The conditions are outlined as follows: -

. -} " ‘'six books } ' ) ? J b .

\ g e cmm e e D e e e .
’ ] -

k 3
four more

This diagram facilitates the analysis of the problem, the clari-
ficatioﬁ of what is known gnd\hhat is not and helps define the type
of problem. Moreover, the use, of suoh diagrams facilitates the
organization of the children s independent work on the- solution‘and'
i;dependent construttion of this type ,of problem. Indeed, when the
children have Qgén instructed in ways to represent the conditions of -

a problem, the teacher can, let us say, put two sinilar diagrams on
the board'and ask the children to independently imagine”problems for
the diagraps and solve them. Or, the tesacher can read a-problem and
ask the children to.construct a diagram for it in class and then
solve it at home. ) ; . |
| At first, of course these diagrams are drawn by the teacher.' But
. the teacher should gradually encourage individual pupils to construct
their own diagrams after which the appropriate work is carried out by
all the pupils under his guidance. After éeve;al exercises in the
construction of such-diagrams, the children can complete the appro- , -
priate assignments independently.: - é
The abilfty to represent the conditions of a problem signifi-

- o cantly-facilitates children's understanding and their search for the

% \ ‘
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~+ method of s§lution when they deal later with compound problems
containing simplg problems of this doyt. Indqed, if the children . -

s

H

. r . ‘ . ) . -
' ~ . | . | .

s ) S N .« [

have really mastered the work 'describdd above, they will not have
. gueat difficulty even with the diagrammitic writing of the conditioms?
of a prbblem in two openations. Consider, fior instaﬂte& the problem'

- 'Y

. In one box there are three pens in another five
more than that. How many pens are there.in the two
boxes? (Ro. 411) : '

i
&

1 -

*
. e )
The diagrammatic outline qf ‘the COnditions will, in this case, looi;é

follows.

. 3 pens ' 7 c - | v
. - e ' L . , - <

S five mos2. A
\_ N . e oL o ./l .
. - P - ’ +

A ! . . ! ‘-

- The two question marks in the diagren alerf the pupil attempting
to solve the problem., Those puplls who have really learned to read

' such an outline do not stop with the solution of the first operation

(a typical mistake). In the first grade the dimensions of the

. rectangles in ‘such diagrams must‘not refleet the quantitative relation-

ship with which the problem is concerned, since it is already difficult
for first graders to realize that these rectangles hagprsomehow replaced
the most diverse objects«-boxes, pails, pieces of material, etc.

We ave dwelt in detail in considering a particular concrete

instance qf the use of a diagrammatic outline of ‘th:onditions of a

problem in order to show that even the metétia; of first:yaar of
instruction urgently requires the use of thie device. In the follow-
ing grades, wheﬁ more and more complex problems are studied% the use

of a diagrammatic outline acquires even more significance ‘in.clari- ™.
fying conditions. '

It is important that not only the teacher, but also the pupils, '

understand that the outline of the conditions, or one or another

illustration of them, is not an end in itself-+-but rather they are
only a means, making the content of a problem easier to understand.
Thé'éuestion of what form of outline is better depends on the character—

. I
istics of each concrete problem. Most frequently the teacher indicates

- '
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the form direetdly e.s.,: "Read the conditions of this problem ?nd
represent them with the help of segments," "Make a sketch of this proh}
lem,"or "Write down the conditions of this problem, using a table,
etc. “However, in a number of cases it is useful tgq leave Eﬁe choice
of the most suitable fornsof representstion to thef’npilsfihemselves. ‘
Thetasksconsidered above,” in many cases, edtail an analysis of
the conditions of th problem§ since to comstruct a correct diagram,%
for example, it is necessary not.only, to recognize the conditions, |
but also to distover the relationship;betWEen the unknown and the given
data. The construction of a,plan of solution and the solution itself }\
present a whole series of special demands to the pupils, and:the chil; v
drer must gain mastery of the appropriate skills in the coursé of inde-~

pendent work

The partially independent solution of a problem. The transitional‘

stage between the analysis of problems under the teacher's direct,
guidance and the completely independent solution is the partially inde—
pindent solution, which entails the teacher's help.at a definite stage
in the work. “Thus, the teacher can ask the children fo so?ve a prob-
lem independently after, under his guidance, the conditions are e
repeated, the type of pr blem is defined, and certain preliminary re-
marks are made which fix {he children's attention on the most diffi-
cult moment in the,solution. [For example, consider the solution of
problem no. 794 from the third-grade textbook:
On one plot there are 10,820 trees, on a second there

are 1,976 trees fewer than on the first, and on a third,

half as many as on the first two combined How many trees

in all are there on the three plots? -
If the teacher thinks that the class is insufficiently prepared for
this problem, hé can ask one' of the pupils to represent its conditions
graphically on the board. When the teacher is cenvinced that the pupils
understand the cenditions of the problem, he can ask them to solve it
independently. ' o ' B '

I1f such problems do not cause the pupils of a class any particular

difficulties, yet the teacher fdels that the children may make errors
in the dolution Because they did not pay sufficient éttention to the

instructions in the text, "half as many as the first two combined, "

s
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If, fSr example ‘a pr em divisiog ecegr content: is being +
| ) g § 1o,

\
. (the plan 1§ written -on a separate sheet), or, on the contrary, to .

N . . A R " .
. . . - . \ -

- W, .oy RS ' ‘ N § . &
» e . ’ . .- + .

’ , ) - . a .

- R LI : - - ’ ‘ " - ((J A
he can eay,"ﬁﬂ' you s0tve /tf, re‘read What is aid about the third
plot, " or .he ‘&sk ¥ the,p A toﬁresd this part dloud. ( sl

A )

solved-'in the second grade, then efber the‘cdnd%fions are read the Q

-

teagher may ask the children the question' "What type of problem is ¢

. b4
>

this?"  When the type~pf ptoblem is deéermined _the children can solve A

it independe tly The assignménts cutlined below require a resllfjf '

independent solutiggiof the problem by the pupils, but with somewhat -

¢

A‘ Simpl%fied Conditi7ons. * ) . \; ¢ -4 * l‘Y\ 021

Forms of tasks in which the children iﬁdepeudently complete
a part of the solution are widely “used in ﬁﬂactigl. For exemple, .

‘an incomplete analysis of the solution:af a,problem may be con ucted 14

in class uﬁfer the teaeher's, guidance and with his help where he
children are asked to finish the solution iadependently. From” the
standpoint of development of the proper.”. skills), assignments. which are '
also possible and useful are ongs in whioh the children need only foﬁpu*
late the questions or short eﬁplanat{one of esch Operation of a pre- , -
pared solution, or, on the other: hsnd, seleot'the eppropniete operatiojg :

to use at each point of a previously formulated plan of solution. In

- order to organize such g task, the teacher should hsve a good selection p

of appropriate flash cards. The preparation of such cards may be car- |
ried out in the upper grades during the pupils’ independent,work. Fpr
dnstanfe, the teachér may give the pupils cards on which aré printed

the text of problems (either from .the printed didaetic materials Zy ’oo
-

N. S Popova, or from some ariqhmetic book) The children are as
A
to write out- a plan for solution, but not to wrise the’ solution itsekf

write only’ the operetions, etc, Ultimately, these sheets, together
with the apprOpriate cards, serve as material for independent tasks

of the type described above (the teacher need only take care that the

pupils do not get the same problems). Several supplementary variations

are possible in assignmeats of this type. The solution can be given
in abstract numbers so that the pupils must supply the denominations.

This is useful for problems in whose solutions pupils often‘make errors

in supplying denominations (for.eﬁample, in problems on division
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"sccording to conteﬁt) " Iteis possible to tell whether  the children
aineq an understanding of the conditions and question of the problem,
and the meaning of the operations lea&ing to its solutipn from the way:

'S

they fulfilled the assignment. : f . ‘ .
Th‘ last type of assignment involves the constructiogiff a plan

and the coWEletely independent solution of the probleﬁ. Such an assign- &

ment is poskible only if the pupils are sufficiently prepared for 'it.

All the types of’ assignments considered abovehwhich demand, at least
serve to prepare the children for -completely indepemdent solutions.
Howei i A o
of pa¥rticular i }x}dual skills are not enough. ‘

Even if the ‘pupil is well able to read the problem’ tilostrgte it,
etc., this does not guarantee ?ﬂit'be will be able to handle its inde- 7

er, as we noted above, éxercises directed only toward the formation ’

"pendent solupion as a whole. It is important to equip the children

with the ability to select, from the familiar devices and methods of
approaching the analysis of a problem s gonditions and spluoton, the -
ones which are mqst appropriate to a particular concrete problem—it

is important ‘to teach them a plan for working op‘a problem. The .

pupils must also know what they must do whens they recéive an assignment
. & . '

'to solve a problem. It is necessary to teach they this specially [3].

) Thetappropriate knowledge, as always, is‘scquired by the children A‘1

_under the teacher's guidance——at first, during the collective solu-

tion of problems with the teacher ' 8 aid, and later in the course of

~independent. exercises. When assigning the children a problem for inde~

pendent solutign (in class or at home), the teacher must’ help them
project a work plan the first fewytimes. For example, when aasigning

the children some problem from the textbbok as homework, the teacher "

mey ask them:

How will you execute the assignment: what must be
. done first?  (First .the problem\pust be read.)

And then? (Read the whole problem*again and repeat
the problem's question.)

And if you have not. yet understood the problem very
well, if you do not visualize very clearly what the
problem is dealing with, what will you do? (I shall ¥
make a drawing of the problem.) : :
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.~ The plan. for work on the problem can be recognized and mastered

by the children as a result of frequent contact with it. The appfo:
priate "rule" is far from always formulated (this is true in many of

the' cases which.are beyond the children's comprehension), but when-

eve® he is analyzing the problem with the .children or checking the way

they solﬁe it themselveg, the teacher must make sure that this rule is
followed. The pupils thereby-get used to working from a definite plan.
In the process of instruction this plan is enriched with new elements
4nd the "rule" for the solution of problems becomes more comprehensive.
The pupils' independent work will be constructed differently, depené;ng
on how well they have mastered these "rules" (that is, how well they
are able to act in accordance with them)

At first it is useful to divide the children's independent solu~
tion of a problem into separate stages. checking the work at each stage.

For instance, the teacher may ask the children to solve the problem

independently:

' ~ .\ ’ f
First read the whole problem carefully and be prepared .
to repeat it. When you are ready, sit up straight so that
I can see who has completed the assignment.

@
t

Having made sure that all the children have finished reading, the

 teacher then asks the children to make'a.sketeh of the §roble@'s‘!ﬁn¢i—

tions. After this part of the work has also been completed, the sketcp
is checked. Then the children are asked, for example, to write down

a plan for solution; the way they handle this is also checked. Finally,

- the children independently write out the solution\\nd answer to the

problem. After this, perhaps, they are asked to ca?ry out a check of
the problem's solutiog. Each step of the work is cheécked collectively
under the teacher's guidance. Later, the independent sglution of the

problem can alsv be carried out by division into separate stages of

. wdrk, which are outlined by the teacher, but without a check of the
‘woerk at each stage. Firally, an organization under which the chil-

dren,solve the problem independently becomes possible too, and the work

is checked as a whole.
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Independent tasks involving the transformation of conditiond, their

completion and ths construction’ of problems. Independent tasks of the

typé’indicated'have espeeially greet signif{cance for the development

of pupils' théught prdcesées. The completiop of a problem, the trans-
formation of its eon&itidns, the independent construction of a proﬁlem—-,
all are exefcises which make the children penetrate deeyly inte the )
very essence‘of the problem being considered, and gain an understanding
of the peculiarities of its construction and the relaiionships between
the quantities which are given in it. TFor precisel§ this ;easan, these
exercises are among the most valuable means of teaching problem so%ving.

Let us consider some assignments for independent work dealing with
the transformation of a problem. Usually, the transformation consists

in .the £ollewing. After the solution of a givenrproblem,jthe former
unknown becomes one of the given dsta, and one of the given didta of the
given problem becomes the new unknown. Such a transformation is often
made under the teacher s guidance, but such a Cask is almost never
assigned as an exercise for independent work. Nevertheless, such tasks

(along with the Ones enumerated above) are especially useful precisely

as independent work. Indeed, after the teacher has analyzed the condi- g.

tions and ‘solution of the fdrst problem; its transformation. and the

. solution of the new problem make the pupils consider once more the same

"relationships and the same quantities, but from anothér point of view.
This facilitates the children's d@eper realization of the relationships
‘between the quantities, as well as the methods for solving the prob-
lems under consideration. .‘igg -

To minimize the time pupi s spend on writing the text of the new
.problem resulting from the trahsformatian, it 1s useful, in this case,
to use a short outline of the conditions. For example, if they were
solving the probiem:

' A housewife bought foamr kg. of potatoes at 10 kopecks
per kg. and two tg. of cabbage at 15 kopecks per kg.‘ How
mach money did she pay in all?

~

The conditions of the problem may be outlined on the board as follows:

Four potatoes at 10 kop.’
*Two cabbage at 15 kop.
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After the ﬁroblem is solved, the teacher may underline one. of
the givenuquantities--for'example, the first——and in. place of the
question mark, write the unknown which has jusé been found--70 kop.
‘'The children gre askedto sdlve this new problem, and then td;transform
it, so that”it is necessary to compute, for instance, the,price of
cabbage.

A task dealing with a change in the conditions of a problem which
has just been solved.is also vg:y interefting §nd useful. If onme of

*  the el;ments of the conditions of a problem which‘has just been solved
| is changed, the new problem may be formulated in whose solution,
naturally, this change is reflected. For example, in the fourth grade,

- children solqé the following problem:

An automobile first went 125 km. and Then 1/5 of this
distance. The distance covered made up 1/3 of what
was left. How many hours did it take the automobile
to go the whole way, if ‘its average speed was 50 km.
an hour?
In the ougline put on the.board by the teacher or one of the pupils,
.one of the elements of the cohditions may be replaced-insteé& of
the words "of what was left" the teacher may wiite "of the whole way"
.and ask the children to solve this new problem independently.
It is evident from the examples cited that the transformation of
the problem itself can be executed by the pupils as well as the
teacher and that such a task can have diverse meaningswand purposes.
The first instance was directed toward the children's better mastery
of the interdependence between prices, quantity, and cost. 1In the
~ second instance, the change was directe& toward focusing the chil-
‘dren's attention on the meaning of individual words and expressions

in the context of ‘the whole problem and on demanstrating how a change
which appears small can lead to a Jarge change in the process of
solution. ‘It is especially important to make use of this device in the
‘solﬁtion of problems which often confuse the children—for example in
problems including the expressions '"so much bigger'" or '"so many timis
bigger' and also when it is necessary to emphasize one,or another
element of a condition which 1is assential in the process pf the prob-
lem's solution. 1In the second grade, textbook [14:23-24], a series of

problems in two operations on the increasing and decreasing of numbers

L3
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by several dnt£s is given. In all these problems three quaptitiee
are considéred. The first 18 given in the problem, the second is given
by how much it is greater (or leSs) than the first, and of the third by‘
how muech greater (or less) it is than the second. The problems require
the pdpils to figure out the third quantity  (or both the second and
the third). 1In all cases {no. 186 and beyond}-the comparison 1is made
in exactly the Same sequence (the second with the first, the thir
with the second). Thus the children may stop noticing with whicﬁ
quantity the comparison i{s made. To emphasize this important point
v 1t 1y dseful)'after the solution of a problem of the type referred to
above (for example, no. 190 [14]: "Draw three columns, one six squares
high, the second three squares higher than the fLrs: and fhe third. fogr
squares higher than the second. What must the height of eacﬁ‘oolumn
equal?"), to change an appropriate part of the conditions ("and the
third,four!ﬁguares ﬁigher-éhan the first"). A T o
¢ Such exercises can be ueed from the first grade, in whichftasks
in changing of the problem's question ale:‘prove to be extremely use-
ful. Here several variations are also possible. The teacher can ask
toe children to change the question however they like, require for
instance, (thet the question'be changed so that the problem is solved
in two operatioms or one operation, or require that the wbrd "larger"
appear in the queition, etc.
Models for such assignments can be found in the first and second
grade textbooke. These exercises may be used for independent work. As
a rule (in this case) the chi}drén should write solutions to both prob-
lems Iin their notebooks, go that the difference in their solutibns is
very obvious. It is necessary to check this work in class paying parﬁi—
cular attention to the correcg formmulatMon of the questIon. )
"In the third-and fourth—grade,textbooks there are a whole series
of assignments dealing with the completion of problems, [15, 16].
problem may be given inléhich‘ﬁhe numerical daga is omitted, and the
children must f£111 in these blanks; or the conditions of’the problem
are givenfin‘full, and the children must pose the question and .solve
the problem. n .

Exercises in formulatdng a queetion for given conditions are in-

dispensable as preparation for the solution of compound problems. These
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. exercises develop in the child:en’appropriaté skills which, in many
vays, determine thejsucﬁess of their solution of these problems, How-
ever, it is no less im?ortant that the children be able to select the
data necessary to answer -one or another question. This ability is
important not only for the sotution of academic problems, but also as
preparation for the solution of problems in real life.
Actually an arithmetic problem has bearing on life whenever it
is necessary to answer some questdon which can be answered by using
one's knowledge in arithmetic. First the queetion‘arises,»and then
‘the data nﬁ%essary for its solution are selected. To faciiitate the
children'g-work,‘one can point out to them the data from which they
will_hevg to select the necessary.dat; am£:Constrnct a problem., For
example, an assignment is formulated as_ follows: |
Construct a problem in which it is necessary to
‘figure out how much more one housewife paid for her
, purchase than another one did. The numbers can be
+gselected from thé ones written on the board (or on a
sheet of papér) or the data in the tables (grice
lists, tables of speed, etc.).
Much extra time is‘required to write down the text of the problems
that have been constructed. But the teacher,'nonetheless, must check
on how each pupi{'haniied‘the task. For this reasop, the construction

of problems must be combined with their written solution. In such a

case, it 1s important that the questions to each operation, or short 5

.explanation of them, be written down. Then, from what is written in
the notebooks, it will be easy for the teacher to determine the kind
of problems eacn pupil constructed. |

Pupils’ independent construction of problems is nat onlzﬁe of

) thqa

most important means of strengthening the connection between arithme-

the devices for imstructing children in problem solving, but a

tic instruction and life, enriching the pupils' life experience,
brogdening their horilzons, and preparing them for the solution of
various practical problems. Of late, this ‘sort of task has‘Peen given .
- much attention }n the methodological literature. The appropriate
assignments are well known to every teacher and are enumerated in almost
every methodological handbook. They are the construction of problems

by analogf, from a given selution, from an outline of the conditions,
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from given numbers of a*definite kind (for example, on division adcord-

, ing to content), on a‘ﬁefinite theme, etc. However, not all of these

exercises are equally suited to the organization independent wcrk by
children.' Let us consider, for example, the conéiiuction of a problem
from an outline of its conditions. Here;  the pupil hust write down in
full the text of the-problem, and the teacher must thenfcneck 0 of these
texts. For this reason, it is best to conduct this task orally as col-
lective work under the teacher's: guidance. r '
Teaching children independent construction of problems from a sketch,
diagram*or drawing has’ great educational and instructive significance.

Moreover, when children acquire this skill, the teacher can make use of a

‘lange number of additional problems (taken from other collections, con~

structed by the pupils themselyes or by the teacher). The fact that each

pupil does not have the full text will cease to be an insufmountable

‘obstacle to conducting the appropriate independent work. s

llere we have considered, of course, only Ehe-basié, typical kinds of
pupils' independent work on problemsa which alléw the most diverse var-

iations.

Independent Tasks of a Practical Nature

As was mentioned above, this sort of-work is very rarelg-conducted
in the elementary grades. Nevertheless, the curriculum for each grade -
acquaints the children with an ever—broadening circle of the units of ;'
measurement and equips them with the‘aiility to use units of mEasuremenﬁ\A’ o
practically in measuring \. .

Moreover, acebrding{to the arithmetic curriculum for each grade, the
children mist acquire the elementary skills in draftsmanship.,  Thus in
the first grade, the children must learn not only ‘to measure a given line
segment in meters and centimeters appiying the expressions equal "

tt it

"ereater,' or ''smaller, approximately, but also "to draw by eye a line
segmenf 1 m., 1 cm., long; to determine wigh exactitude, by eye, dis-
tances up to } m. in class,"”" and so on. In the upper grades the children
must learn to use a ruler 'and set square for drawing angles and the sim«\
pler geometric figures (a square, rectangle, and triangle), and to learn to
compdare line segments by subtraction and division, etc.

The formation of %if;fﬁeee abilities and skills can be accomplished

206 -

&



\

NE _ ,
\k ?: ‘ |
only through a sufficient amount of independent practice. It is
impossible to learn to draw and measure simply by observing how others
do so. These skills ‘are developed in ﬁhe process of independent work.
Observation shows thaq practical tasks sre usually conducted only in
lessons devoted to the consideration of né -units of measurement. Thus,
in the first grade let us say, the teacher wey. .allot two lessons to
acquainting the shildren with the centimeter é%é two lessons to the
meter. In the course of the two days, the children\are occnpied with
independent measuring (of line-segments, various &istapces in the
classroom and at home), but after this they- are not" given assignments
of this kind and encounter new units of measurement only &uring .the
.solution of problems in tRe Text. Approximately the same thing
happens in the second through fourth grades. Here the children use
B the ruler and aet square, as a rule, only in lessons especfhlly devoted
to the study of geometric material of new units of measuremenu\ "AS a

result children going into the fifth grade have a very low level of.

‘measuring and drafting skills. Checking the work disclosed such '

scandalous facts as several fourth-grade pupils meaeuring the }e

.of a line segment with<a‘rnler started the reéding.not froy
from one!

The practical trend in the teaching of arithmetic, dietated by .
the problems facing our school), requires serious changes in methods
of teaching children measurement and draftsmanship. Th? ruler, set
square,fhnd pencil must become the pupils' constant aids in all lessons
in arfthmetic and shop. Thus, beginning with the first grade, 1t is
necessary ?onstsntly te organize exerci%es whici demand the ability to
draw a liné segment of, a given length and then squares and rectangles:
of given dimensions or, on the other hand, to measure the length and
width of a;rectangle, and the like. ‘All this work must be clo§ely
connected wlth the study of the arithmetical material. )

In the?first grade, it 1s useful to intronuce the children .to
the centimeter significantly earlier than recopmended in the text— .
b°°§' The Centlmete; is much‘Qasier tohuse. 1 first-grader's inde- *
pendent work than the meter. We would visually acquaint the children .
with the,tentimeter in the very beginning of the year-——for example, in
connetpion with the study o the number two (two squares in a notebook
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‘glve approximate representation of a centimeter) It is possible, .
then, to use this upit literally in every lesson with the introduction
_of a strip of the given dimension, illustrating one or another nugber or’
component of a number.’ Thus, if the teacher tells the pupils, for
“example, to "draw a strip four squares long," after having introduced
the children to the centimeter,.he can formulate the same assignment

by telling the pupils to "draw a étrip 2 ¢m. long," etc.
In lessons in shop, instead of operating with the square as the
unit of measurement, he can ask the children to measure the length
and width of a sheet of paper from which they are to make a bookmark
with the help of a centimeter ruler. - .

Familiarity with the centimeter, opens up considerably greater
possibilities in this respect than famifiarity with the meter, but the
meter, too, must be used’to introduce as many independent exercises in
measuring as possible. 1In the second grade, when explaining the
concepts of comparison by subtraction and by division by the solution
of problems in increasing and decreasing a number by several units,
teachers widely use graphic illustration of the conditiéns of the prob-
lem. The chi}dren's independent execution of all the sketches during
the solution of the problems _can be handled so that they also become
exercises in draftsmanship and measurement. But in the classroam and !
at home, it is useful, for example, to ask the chi&dxs: to solve several
problems of this t¥pe: )

One ribbon is 15 cm. long, the second 3 cm. longer
than the first, and the third 3 cm. longer than the
second. What is the length of the-third ribbon?

Instead of writing déwn the solution, the chifdren can make paper
ribbons according to the conditions of the problem, and merely write
the numbers 1, 2, and 3 on them. In this case, when correcting home-
work in class the children shotuld be asked to measure the length of
the thir& ribbon. The same task can be executed in notebooks (the
children draw the appropriate {ine segments). . .
~o It is written in the second grade curriiplum that the pupils must
be ab}e to "construct in their notebooks, by the squares, a square and a

14

rectangle with given' sides. Such exercises can also be conducted
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in connection with the solution of arithmetic problems, and not only:
as an independent exercise.. For example, it 1s possible to give the

children an assignment like: o !

X Construct in your notebooks a rectangle, according
to the squares, with a width of 3 cm. and a length of
2 cm..more than the width, and write down the length =~ = =«
of this rectangle. : : .

4

In the third grade, both drafting and mehsurement can be used )
analogously in the solution of problems. They also have a place in
work on the topic "Familiarity with Fractions," in which the children
can illustrate sihalf, a quarter, and an eighth, not only with line
segments, but also by dividing a'sousre'or'rectangle into parts. Om.
. @ practical level, such tasks must certainly be carried out in shop
‘lessons in making various articles, as stipulated in the curriaulum
for each grade. In the third grade, the children must learn to construct
¢ 8quar® and a rectangle using & ruler and a set squaré. For this rea-
son, it is imoortant to use unlined paper both in arithmetic and in shopﬁ\'
lessons, so that the exercises analogous to tuose described above are
jreally executed by means of these instruments.

Apart frog-the grsphic illustration of the conditions of varéeus

 arithmetic prob ems, other special exercises are also given. These
require the calcilat of the sum of the measures of the sides of a
rectangle and a square. The solution of these problems, as a rule, is
better introduced not on an abstract level, but connected with drafting
gsnd measuring. Rectsngular sheets of paper, which the children have
previously prepared’under the teacher's guidance, can be widely used
+ for the children's independent work. These sheets are given to the
children with the assignment to measure the sides, determine what the
- figure is(sqﬁare-or rectangle), and calculate the sum of the measures.
* In one lesson, the childrén indi;idually draw rectangles and squares of
given dimensions; in the next, they measure the sides of these figu?es. -
‘With this approach during the consideration of any arithmetical question
or the execution of any assignmeut‘in a shop lesson (and even in other
lessons), the children are compelled to use drafting instruments
constantly and conditions are created for the formation of the sppro—

priate skills.
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In arithmetic instruction in the\elemen:ary'grades, every occasion
for broadening the pupils' horizonms, for familiarizing them with various ,
sides of life (industry, agriculture) should be.used. This has great
" educational significance. Above we have already mentioned that, during
instruction in problem solving, this purpose is met through assignments
which require the use of diverse reference material, excursions, etc,
Assignments whose special purpose is to impart information to
the children, and to form the abilities and skills which are useful in
everyday life and in work are also useful. Examples of such assignments
can be found in the textbook by A. S§. Pchelko and G. B. Polyak for each
grade [13, 14, 15, 16]. Here, the making of simple estimates,
computations, accounts, the ability to draw a simple diagram, etc.,.
are of impdrtance. Analogous assignments can be successfully used for
the children's indeﬁ?ndent work., As always, the development of the

appropriate ability requitres the systematic repetition of

'In the textbook there are not many of these assignments.

readl.. they must be enriched by the wide use of local fg€tual material.
Calculations made in everyday life of each y can become the

objects of consideration in arithmetic lessons. The children must

arrange. to collect appropriate ctual material and the teacher must

arrange to help them to select and work on this material so that it .
can serve as a basis for the indepen ent solution of problems-— for
independent calculations. Exercises lntroduced with this purpose can
also b# used for developing in the children several skills for work.
with a book. The teacher can present the task so the arithmetic text—
book becomes for the pupils not only a collection of arithmetic exer-
cises, but also a source of various pieces of knowledge about life.
This purpose is met through assignments which require the children's
independent search in the textbook for the numerical material which
characterizes the varjous sides of life. The teacher can, for example,
ask third-grade pupils to look over page 83 of the textboock, select
from the text of the problems data conggrning the welght of a bag of
flour and various grains, and to construct their problems using this
data. ‘

In other instances, the children can be asked to select from the[
text of the problems numerical data which permits them to relate

the standard ouantity for feeding animals, the standard quantity for
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esowing various seeds, the freight-caffying capacity of various types.
of tramsport, the labor‘productivity of workers Qf varioug professions,
etc. ' . | )
Finélly, a place in arithmetic lessons must be found r‘questions
. which people often come across in everyday life, but wﬂich can not be
solved by purely arithmetic calculations—--they may be called condi-

tionally, problems.on understanding. For example: ¢

.

! A housewife bought 3 liters of milk for herself
and 1 liter for a neighbor; she brought the milk in
one, can. How can they take out the neighbor's one
liter of milk if they do not have a liter measuring
~cup? '
Let the children propose various solutions with the help of any small s
dishes--cups, mugs, etc.——divide all the milk in half and then in half
again, or measure off one liter with glasses, etc.  The teacher can,’
. ] .
in the course of the discussion,, introduce new conditions which make
the task more Eomplex.’ Such practical questionms excite great interast
in the children) and moreover, are very useful not only in the practioal
sense, but also for developing powers of observation and understanding

in children. : , Y

A System for Conducting Children's Independent Work
in gArithmetic Lessons

Gemeral Questions

In the precg¢ding chapters the forms, the times, the purpose of
pupils' independeft work if various stages of arithmetic lessons and

in all stages of tie,study of few educational material were clarified.

Many examples of assNynments for children's independent work, directed
toward the formation bf vario;s skills, habits .and knowledge, were cited. .
However, to increase the effectiVeness of the instruction, -it is |
extremely important that such tasks be organized‘according to a definite ’
sysZem. To define this system wé.must consider the various aspects
of the work. ’

The selection of exercises for pupils' independent work, the
estawlishment of their sequence,\and the method of their execution 1is
dnﬁermined ;rimarily by the goals which gre being pursued im the study

-

of each topic in the arithmetic curriculum and by the problems of each

[}
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’basic general methods for approaching the golution of any mental .

.of probléﬁs, assignments for independent work must be given during

3
- A

concrete lesson. For this reason, in the developmeny of a system.of _ °

. »
independent tasks, we first proceeded in general, from the analysi#

of the goals and problems of imstruction in elehentsry arithmetic

and then, in particular, the problems ¥or each topic and each lesson

devoted to the study of these topics. However, not only each lesson,
but also the system of lessons devoted to the study of indlvidual topics
were considered not in isolation, but as one of the linké of a single
process of arithmetic insﬁrucgiondin the elementary grades.

The system of independent tasks must provide the children with
problem. These methods arg directed toward the recognition and analysis
of the problem conditions, and helps disclose‘the connection between
what is known andgyhat is unknown which permits the projection of the
-course of solution and correctly and exactly brings it to a completion.
To ensure the employment of these basic general methods in the solution
instruction in a sequence by which the children gradually learn e§ch
separate method as well as the ability to apply them in combinotion.

For this reason, the gradual complication of the assignment may move
toward mastering Aarious individual methods,‘as well as towaro increas-
ing the‘requiroments for é%eir combined application. Herey it is
important that the selection of problems and the ndture of the assign-—
ments for children's independent work provide variety in form and
content to exclude the possibility of the establishment of a. set
formula for their solution. ,

- Among the most important features in de#eloping a system of tasks for

childréh's independent work and methods for their execution are the
characteristics of the children's age and the level of their prepara-

tion. It is perfectly clear that pupils' independent work, gven when
it is based on the ‘same arithmetical material, will be conducted
completely differently, let us say, in the first grade than it is‘in
the fourth grade. As an example, it is sufficient to cite the dis-
cussion of the commugative property of a sum, which the children first
encounté§‘in the first grade and to which they must return in the third

and fourth gradeé. Independent work directed toward the realization of

#2 \\\‘\\\
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this law of addition can be successfully conducted in the first grade.
-But independent wo;k is also necessary i the following stages of

instruction. The content of the assignments for the independent work

and the‘methpds for conducting it in class will without a doubt, differ.

greatly depending on the age and previous prepafation of the pupils.
While thinking through the content and sequence of the exercises

for children's independent work, one must constantly remember the

principle for the selection of the exercises and the organization and

" “methodology of conducting them, so that a gradual but systematic increase

‘in difficulty of the assignments is provided. Only under these condi-~

tions will independent work foster the children's deveiopment in the

process of instruction. Increasing the difficulty of the assignments

must not, however, lead to the destruction of the requirement that they

‘be within the children's capabilities.

Finally, in determining the content, nature, and methodology for
conducting children's independent work, it is importantito take into

—

account the characteristics of various kinds of indepenfiant tasks.

In the first chapter, the types‘of independent work were named which -
can be classified according to the peddgogical goals for which they
are intended, according to the nature of the educational materials,
and according to the activity which they requite from the pupils. In
a system of independent tasks, all such types must find a place in the
proggss of instruction.

It seems to us that the considerations enumerated do not require
additional explanations. Their practical application is given below
during the examination of the system for pupils' independent tasks
in arithmetic lessons in the first and second grades. However, it .
would seem usefui to illuminate in more detail the various trends
in the methods for gradually increasirng the difficulty of assignments
for pupi&s irfdependent work.

Let us consider the most important of these trends. First, in

order to execute any assignment whatever, it is necessary that the child

~ possess elementaryfﬁ“bits of independent work—-the ability to organize

his place fgr work, to select the necessary materialb, to use these

materials, to-understand the teacher's assignment, and act. accordingly.
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These abilities are acquired by children in the procesg of work carried
out, first, under the direct guidance of the teacher—who dictates
liteéally every step to the children—-and later with an even greater v
degree of independence. The increase of these demands must appear in
the added complexity of the assigmment itself, as well as in the.
additignal complexity in the organization of the children's independent
work in class. Tﬁis increase is demonstrated wigh specific exdmples.
Let us begin with the most elementary--workswith a bobk and the exe-

) cution gork in a notebook. At first the children are not éblé to’

. geé theﬁri_ngs in a book (even on a particular page), or in a note-

book. ‘The’tgacher.ﬁust take care that in each pupil's book the neces-

sary page is marked with a bookmark, and check whether the children .
have understood precisely which picture on the page must be exaﬁined

. at a particula; moment. When giving an assignmént for work in note-
books, it is also necessary to spegify every trifle--how many squares
should be teft from the top edge of the pagé or Erom the preceding
writing, how many squares must be gkipped between drawings or written.
-examples etc. o ' - ) ,

| In lessons in the first gﬁede, however, a'great deal of time is
spent on just these instructions which deal with the technical side
of the work and its external form--this is easy to understand. But
if ‘such tutelage is not gradually eliminated, the situation will be
artificially extended for too long a time. 4Up to the fourth grade,

* and éven the upper grades, péﬁiis of ten ask questions about how to
arrange the examples, whether ;héy should write the date and how it
’should be written, whether it is necessary to write the answer in the
" problem's solution, etc. Stch questions bear witness to the fact that
the teacher did npt hgke systematic and gradually increasing demands

' on the children in these matters. )

Let us see how increasing the complexity of the assignments }or 3‘
chili&gn's independent work on various‘educational materials is mani-

_, fested. Consider the illustration of the conditions of a ple prob-
‘lem.‘ In the first steps'in the f#gt grade, the appropriimwork may,

for example, look as follows. ‘The example problem is:

* .
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. you put out five cikcles?" and asks the children to count their circles
! . 2

.lems on incrpasing and decreasing numbers by several units, and alsoe—

the first two or thrée weeks in the first grade, it does not work well

On dne plate there were fi;e apples and on another
three apples. How many apples were there on the two .
plates? : ‘ :

Aftexr reviewing  the <onditions, the Eeadher may ask the Thildren to

open' their arithmetic cases, and remove as many red aircles as there_
ere éppleS'on the first plate and to put them in -one row. When  this -
assignment ie executed, the teecher checks to ascertair Ghether every-
one has done it cofrectly.. He then asks the children the following
quéstionsg "How many red circles did you put on rhe desk? Why did

~ again and check to see if each child really puﬁknut five circles. Then;'

reminding the children of how many apples were on the second plate, the

‘teacher gives the aseiéhment to take as _many circles as there are

apples on the second plate from the case, put then in a second row,r

and so on step by stép._ This 18 repeated until the <children thoroughly

£Tgsp the meaning of an assignment and ,become proficient-in the appro-

- priate skills for working with didactic material--until they learn to - .

execute every such assignmenb quickly and accurately. ‘ ' e

After the procedures immediately above are’grasped, analogous

_work will. proceéd differently. It would be enough for the teacher to*
say, for exampleéyahaw with the sticks how many hammers were bought
 first and how many later" ‘during the solition of problem no. 54—-

"For f£he school they bought two hammers and then SO many more.’ How
méqy hammers were bought in all?" Later the assignment will be
formulated in still less det&1il. . '

In second grade, after the'gréphic illustration of several prob-

during the solution of ghe next problems of this kinds, the children
can be asked ‘to make a sketch of the problem's conditions as an assign- ‘ s

ment for independent work. This gradual "curtailment' of instructions

) ¥rom the teacher represents an increase in the demands madé upon the

chil@ren's independent work. This is the case_{ith every other type
of assignment. o )
It is now demonsyrased what is meant by the gradual increase in

4-

the complexity of work in terms of its organization in a lesson. For

-
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to organize children's independent work on various individual assign-
ments. Because children entering school have not formed habits for
such work, it first must be carried out with one and the same assign-
ment for all the children. This is -the simplgst form of o:ganizatidn
under which it is easy for the teache? to inter;upt the ehildren's -

independent work and give them the necessary assistance, give supple-

mentary explanatiods, atc.
' . \J

] Gradually, as*individuél children acquire the necessary skills
and habits of work, it is possible to individualize the approach so
that the majqiétynof children work on ¢né assignment with one set of
‘material, and the others on individual asslgnments. UltgﬁAtely,*all
the children learn to work‘with‘iﬁdividual assigpments. In the upper
grades, moré and more elements of selfrguidance{?:nd even mutual
guldance, in the course of the work are intpdduced into the children's
independent Qork. ' | '

' The second way in which the complexity of assignments for children's
independent work can bé increased is dictated by tfie natural increaéé
of the complexity of the educational material with which the work deals.
Thus, for gﬁample, although at the beginning of thekfirgt gradé; ;he 
chiidren solve only the simplest probleﬁ% on findiqg.sums and remainders
and then on increasing and decreasing numbers by several units, begin-
ning the second term\thé children are given compound problemg for
independent work containing problems of the type considered earlier.
"Although in the first grade the children solve only problems in which

a number is increased or decreased by several units only once, in the

" second grade, compound problems in which a number 'is increased or de-

creased twice are introduced. If, in tHe second'grade, the children
deal chiefl§?wi£h simple problems which can be solved using one \
operation and compound ones in which it is relatively easy to deter— -
mine the course of the operations, in the next grades they must become
familiar with standard problems and also wifh compound ones which
contain simple problems of diverse kinds gﬁd‘gxnﬁé. This same thing is
true, on the whole, with respect to the solution of examples and all
ot&er kinds of work whose increase in complexity is dictated by. the -
curriculum itself. . '

This gradual increase in the difficulty of the educational material
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with which the children must deal in the course of independent work
creates the conditions necessary for strengthening-and perfecting the
knowledge, skills, and habits which were formed in the previous stages
of instructions However it would be wrong' to suppose that this trend
- in the organization of children's independent work is predetermined by
the'ourriculud and that the teacher need not think about it spec‘ ically--
that.}t will come about all by.itself, with progress through the
curriculum-and the textbook. The fact is that, despite all the Ahttempts
'of'the textbook authors to construct books so that they provide for

the systematic consolidation and review of what has been covered, in
very many cases of the progreSsion‘td the consideration ¢f new topics,
the educational material not only does not grow more complex, but, on
" the contrary, becomes simpler. - T&}%{is demonstrated with concrete
examples. * Working from the first-grade textbook, the children, after
working for a long time with the solution of compound problems in
addition and subtraction, turn to the study of multiplication and
division. The curriculum does not provide for the .solutiomn, in the
first grade, of compound problems whicl contain these operatjips. For
thls reason, the appropriate.sections contain ‘only simple probleps.

The sectiorns in the textbook which deal with multiplication and
~division do not provide sufficient materisl for the congolidation of
the knowledge and skills which were formed in the children during
instruction in the solution ¢f compound problems (individual problems
of this sort are given here only in the small "Review'' sectlons).

If the teacher loses sight of these. considerationsg and doe/‘;ot provide
-for the systematic~continuatiod'ef work on compound problems, the
‘knowledge, skills, and habits Yelated to their solution and previously
acquired by the children not only will not be perfected, but may be
lost to some degree. |

We take our second example from the fourth grade. One of thg

most crucial general topics in the fourth year of inmstruction is ''The
Four Arithmetical Operations on Numbers within the Rpunds of a Million"
(in the curriculum called "Whole Numbers'). The stndy of this topic
" occupies the whole third quarter of the school year. The subtopics
numeratkon, additién, subtraction, multiplication (by a one- and two—

digit numbet, and then by a three-digit number), division, and the order
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of the operations‘are considered consecutively within the more general
' topic. The problems and exercises in the sectiops of the textbooks
devoted to each of these toplcs are selected in strict accordance with
the topics. Their selection is determined by the problems of explain-
ing the meaning of each operation, its applications, its properties,
and its relations. to other operations. However, if the children are
limited to the solution of these problems and examples, it is possible
to hinder the congolidatiom and, above all, the further development of
the children's ‘habits of independent work on more complek material,
with which they dealt previously (specifically, the more complex :
standard problems).
Finally, 1£ is essential to provide ; gradual increase in -the
,difficulty of the assignments directed toward the formation of various’
skills, Tasks which are diverse in nature and which demand some degree
of independence from tue children can be carried out on ®he same arith-
metical material and with'the same lessen organization, depending on
nhe way the assignment itself is formulated. 1It-is one thing, for
example, if the teacher, having chosen one or another problem for the
"children to solve independently; tells them directly that, before
solving the problem, they) should make a sketch of its condiﬁions; and
it is another‘thing if he lets them settle the question of the most
sultable form for such an illustration independently. It is also quite
different if, having asked the children to construct all possible
examples for a given answer, the teacher reminds them that they shbuld
use all four arithmetical operations instead of nox saying so at all.
The increase in the complexity of the exerciees wst be linked
with the fact tha{ in order to develop the individual skills and
habits,frem which general abilify is fopmed——to solve a problem inde-
pendently--it is necessary, in the end, to bring .the children to use
these particular skills in combination. For'this reason, innependent“‘
- tasks can at first be composed of small assignments, directed toward
the development of the ability to read conditions independently,.to = ‘1
illustdate them, to select the data needed to answer the questipn, etc.
However, later they .must be gradually replaced by assignments which

require applieationwii-ieriQUs mgthods and means of analyzing the
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?conditions and searching for the way nf‘solution, ch the children
~“acquired in the tourse of previous exercises. ‘ ‘\
Thus, the gradual increase of the demands made on the pupils ig the
system of independent work conducted in arithmetic lessons can be linked
- withizhe increased complexity of the form in which thesgatasks are
organized, with the content and form of the.assignments, with the change
in the nature of the work in terms of the-activity which the tasks
demand from the children, and also with the methods of conducting the -
work. ' ]
After'these general remarks, we will now consider concrete methods
| of implementing these requirements in the system of pupils' igdependent
work, in arithmetic instruction, in the first and sé&cond grades.
’ Since the basic factors determining the system of these tasks,‘as
we mentioned Fbove, are the goals and problems in the study of each
topic of the ,curriculum, and the pupils’ level of preparation, we will
consider the content, organization and methods of conducting children's
independent Qnrk on material from the basic topics of the curriculum.
Within each topic, we will single ont questions dealing ﬁith‘the'system
of instruction in problem solving, with work directed toward the chil-

dren's mastery of arithihetical operations, and with exercises whose

. goal is the formation of the basic arithmetical concepts.

Pupils’ Independent Work in the First Grade

Children's independent work in lessons on the topic "The First

Ten Numbers,'" The topic "The First Ten Numbers'' is divided into three
'

. subtopics, each of which is characdterized by its own specific problems

which determine, to a significant degree, the content and nature of

the children's independent work in each of these stages of instruction.

For this reason, we will consider each of them separately. -

The preparatory method pursues the following goals: to ascertain

" “the preparation with which each pupil comes to ciess, tbvsystematize,
enrich and deepen’the knowledge of numbers and computation which he
acquired in thg preschool period, to lay a foundat{on for theﬂformation
of the engpdﬁriate generalizations at the next stage in the study of
numbezs and operations within the bounds of 10, and to familiarize the
children with the eleméntary laws of academic work.in class that is, .

“to prepare them for regular, systematic instruction. Literally, from
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the first lesson, the teacher faces the task of teaching the children.
how to leérn., In the introductory lessons it is necéssary to teach
the children at least to consciously' appreheng and exactly execute the
teacher's simple asgignments dealing with the use of a book, notebook,
demonstrational visual alds, and didactic material distributed to each
pupil. The content of the children's independent work in these lessons
will primarily comsist of counting objects and practical exercise with
didactic material directed toward the forma;ion of.basic arithmetical
concepts——the concepts of "as much as,” "more," "fewer" (in an arith-
metical sense). .
- Since one of the main goals of the introdug;ory lessons is to
ascertain the knowledge, skills, and habits which the children possess,
“the children's independent work in these lessons may have not only an .
ingtructive, but also a verificational nature. As a rule, lessons
considering each new question should begin precisely with verificational
independent work, since from the results the teacher will be able to
correctly estimate the knowledge the children possess about .this ques—
tion, and comstruct the next lessons. o
- :‘ However, at' the next stage the teacher faces the task of filling
in the g?ps disclosed in' the children's knowledge. For this reason he
naturally turns to systematic instruction. In explanation, the teacher
uses the appropriate vésual aids, and the children observe his actions.
¢/ Most frequently, pupils' independent work in these lessons comsists o
the most exact reproduction of the teacher's actions of whic%they e
capable.. In the present case, the main demand made on the children ‘-
sists of following instruétions as closely as possible, and of
obtaining results close to the model the teacher set forth. In both

their content and thf;{ character; assignments at this stage of instruc-

tion are of the most ementary nature. They are very short-—a task
N

with didactic materials lasts, as a rule,_E;; two or Eﬁ?é;MﬁEASEég.
However, in a lesson several such tasks (four or five by our obser-
vations) may be carried out. Tasks dealing with drawing in notebooks
may last for a longer period, since they are training éxercises and
consist of the repetition of the same element.

The graﬁr;l increase in the complexity of the assignments nay

begin in these lessons. As illustration, one of the first assignmengé
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Accurately, using a ruler, line pp six circles
on the desk. : ) <
The following, more complex assignment deals with tpe formation of the
concept "as many as": ‘

Line up in a row, using a ruler, five circles and J

below them in a second row as many squares. R

In executing the latter assigmment, the children use the method of
making up equal groups, with which thkey have been acquainted by the
~ teacher (the alignment of the eleme;E; of the two groups in one to ome
correspondence; each square must be placed below a corresponding circle).
What is being depanded of Ehem'now is not the simple reproduction of
the teacher's actions, but the application of a method they have learned
under different circumstances (The teacher may deﬁpnstrate this method
with demonstration materials,'usiﬁg, for example, various pi :?xes of
s and

squares. The teacher may conduct the demonstration with groups con-

e . .
objects, and the pupils, in -their independenq work, use cirec

. sisting of six or seven objects; but the children’are asked to do the.
same thing with groups of five objects, etc.). The following, still
more complex assignment is: ' ‘ ’

Take several circles and several squares——as many

as you like, Find out if there are’as many circles
as squares.' o

The difficulty of the exercise is determined by the fact that, in

carrying it &%" e child must "guess" ﬁﬁat tor answer tihMs question

he can use the same method of aligning elements of both groups in one-
to-one corfespondence. Experience shows that, under these conditieﬂg,
children frequently return to the use of more familiar methods-ef
“Tcomparison based on the estimation of the given groups "by eyé"—- s
by spatial indications (Some children, for exemple, plle all the squares
one on top of andther and-make anotheq column of all the circles and
judge whether there are as many squagés as circles from the heights
oflpheée columns. Others la§ the figures out ir parallel rows, Zithout
observing the principle of aligning them piece by piece, and'thus'they
often come to an incorrect conclusion based on whether one row is

e

longer).  In this way, we see {hat such an assignment compels children
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to choose a way bf s,olving\the problem, thus developing the skill of -
applying acquired knowledge to new conditions.
The selection of assighments\for :pé first arithmetic lessons
must also fulfill the requirement that the childten's independent work
be varied. This requirement is detefmined, on one.hand, by the psycho-
logical characteristics of children bntering\schnol (extremely unstable
attention, interest easily excited by ome metfér or another and jusg
as easily iost), and on the other hand, by the‘taek of creating a
sufficient sensory basis for the formation of appropriate afithmetical
_concepts. It is well known that one of the most impoyrtant condition% f
for the formation of these- generalizationsis the accumulatibn of a rﬂ'h v
exgerience with practical operations,-using diverse groups of objects.
From this it follows that independent work in these lessons. must be
' constructed uging diverse visual materials. ‘. *fx
Since we want the pupils to formulate several generalized 1&63
of operation (here we have in mind the method for comparing groups -i :
of objects described earlier), even at tﬁis stage_of instruction it
is necessary to %ery more than just the objects. All conditions which
afe not essential from the S;andpoiﬁt of the particular law must be
varled. ‘A simple reciprocal correspondence between the e%fments of the
two groups being compared may be established in various ways.> In one
case, for example, the circles are placed, on top of the squares (each
circle on one of the squares); in anothe:;.the squares and circles are
laid out in two parallel rows, one below the other; in a.third, in twe "
vertical rows. Finally the alignment is conducted so that the pupil
takes from a box containing both circles and squares, a pair (a circle
and a square) at a time and puts them into another box, ungil it betomes
:) clear whether there are any extra circles or squares.
All these exercises will facilitate the children's realization of
the principle at the basls.of this method of comparison; while, if
the dppropriate exercises are conducted in a monotonous form, the
essential feature may easi}y be replaced by a non-essential one (ag
when, in the example cited above, the pupils lay out the objects of

both groups in parallel rows, without observing the principle of a one-

¥ to-one correspondence of the elements).
The teacher should guide the children in their familiarization with
- ' ) [
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all the ways of arranging the objects of the groups being coﬁpared.
However, this does not mean that the teachgr himself must, in all cases,
initially demonstrate each of them., Depending on the pupils' prepara-
V-uwtian, it 1s sometimes possible for the teacher to limit himself to
instructions "Compare and find out which there are more of, squares
or circles, but do not lay them out in two rows. Put the circles on -

top of the squares."

It is even possib e, in some cases, to ask the
children to figure out by themselves how else it would be possible to
_ find out whether there are as many circles as squares. Under tifse
{ conditions, from the very beginning, children's independent work in
arithmetic lessons demands from tﬁem’not only concentrated attention
obut also independént thought, and makes it possible for the children
to manifest their own initiative.
We have .described the features of children's in$ependent work in
the introductory lessons from the point of view of their arithmetical
; content. However, one must also consider theirlorganizgtional features.
e of the main*goais of the preparatory period, as we noted above, ié
f“"i;e formation in the children of elementary hab;ts of academic work. A
In these lessons, on the basis of independent activity, the children
must ledarn the fundamental methods for working with the material dis-
tribuoedﬁgg‘gfcgﬂpopil and wi&h the sticks (how to keep them, get them
‘out, ‘put tham" ‘b1 the” desk ‘etc. ), and learn to use a book (bookmark
pointer, turning pages, finding the necessary material on a page, etc.).
One must familiarize the children with lined (squared) notebooks,
teach them to outline the squares and indepéaﬂently execute other
uncomplicated assignments dealing with the use of lined paper, ang.
prepare them to write the numerals (the drawing of’sipple "borders, "
the writing of the elements of the numerals, etc.).
AWhile they execote the appropriate independent’work, the children,
as a rule}xact from the model the teacher has set up and in accordance
‘with his 1nstructions.‘ The increase in the requirements must be accom-

" plishedhere by a shortening, a "curtailment,” of these instructions

:TEEBich-werenmentioned earlier. ‘
Y
'ﬁi In terms of organization, the independent work in the introductory
TN
c135ses, as a rule, is generair—all the children work simultaneously on

executingsthe same assignment from the teacher. We becafe convinged in

Y
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_ practical situations that*it is not worthwhile to strive for individual

assignments at this stage of instruction, although, at first glance,
(taking into account the difference in the preparation of children
entering first grade), this may also seem élluring. We learned that,
in practice, when children's individual work is started tee early,
the formation of a most important academic ability—:ihe abiiify to

" listen to the teacher when he addresses the whole class——is hampered.

As M. N. Volokitina very correctly noted in her study, one of the
difficulties of the first lessons lies in the fact that "some newcomers,
at times, do not realize their roles in class and look on all the pro-
ceedings as spectators, withfht relating the teacher's words and demands
to themselves' [22:7-8]. The teacher, in giving individual assignments,
may often foster a situation ip which many of the children constantly
demand special attention and become used to‘working outside the group.
This is one of the features of the prefaratory period of inéiruction

relevant to arithmetic lessons.

The next stage §§ instruction deals with the study of the first

ten numbers. The fundamental educational goal in this stage of instruc- .

~tion is.the formation in the children of a clear idesa ©f the first ten

numbers?—;heir formation, composition and relative magnitudes. The
children must practically master the concept of numbér and the axiom of
counting (the results of counting do not depend on the order in which
the objects in a given group are countgd), and become acquainted‘with
the series of numbers and learn to éompare numbers .by the plgce they .
occupy in this series. Finally, they must become acquainted with the |
numerals which designate the numbers, &nd learn to recognize and
distinguish the numerals and.write them. The children must ascertain
the relation between quantity, number, and numeral in various combina-
tions. In the study of this toéic, it is of great value to familiarize
the children with arithmetical problems and examples-—their cogpstruc—

.tion, solution, amd the writing of the solution.

The system énd methodology of the study of the first ten numbers
are clearly reflected in the textbook. Our task is not to consider its
substance. 1In bufiding a system of children's independedt work at this
stage of instruztion, we took into atcount the content and fiethods of

work which are(determined by the curriculum and textbook. The numbers

.
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- are considered one after afgther; in the consideration of each new
number analggous questions are analyzed. Because of this, conditions
are created in the instruction process under which similar aééignments
are repeated in lessons devoted to the study of yaflous numbers. This
permits ‘the gradual increase in the demands made on the pupils and
« helps them to manifest more and more independence in the consideration
of analogous questions and in the development of their antivity. Lessons
%on the study of the first ten numbers must be used maximally with a
-view toward further perfecting the children's ability to work independ-
ently with pictures, books, &istributed material and notebooks. The
task of forming habits of independent work is one of the essential
gnals of tHe period under consideration. | )

Let us now consider the possible conclusions, concerning the
nature bf the material on which the childraen's independent work is
built, which ensue from the goals (formulated above) of this stage of
instruction. The fundamental task, as we noted above, is to familiar-
ize the children with numher. While one should not strive to develop
in t@e children the concept of number at this stage, one must make them
conscipus of the central arithftetical fact that the result of counting
doeg not depend on quality, on the individual features of the objects
cou‘fgd. It is, of course,-self-evident that we/are not talking nbout
the deduction of a law--not about the childre%:s formulation ?n words
of this propositiom+-~but only about their inner Fonviction of the
possibility-og,geplacing some objects with othe}b in solving the prob-

., tem of their quantity. Thus, if a problem mentions objects‘which are
not at hand, it is!possible to use circles or squares in their‘place
in solving the problem. Tf squares‘ére mentioned, it-is not mandatory
to count squares--they may be replaced by counting stiCEB, and, so on.
It is perfectly clear that the children can arrive at this conclusion
only if, in their own practical activity, they have the opportunity to
become convinced repeatedly of its correctness, Accordingly, the '
necessity for organizing the children's independent work with diverse
didactic materials so that it will lay a foundation for the appropriate: .
generalization becomeg clear. )

As an example of tasks of this sort, Ye may cite the executign of
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such assignments as: : \ o
uc ig 'qﬁ - B 7 .

Put 5 squares in a row, below them.put as many
ecircles, below them as many triangles, and below
them as many sticks;‘

3

In checking the work, it becomes clear how many circles, triangles and
sticks were put out and why (because it was necessary to put out 'as
many, ' that is five, since there were five squares). As a check of
whether the proper generalization was made—of whether the children
canstrapsfer the regularity they have noted to‘other instances not
"illustrated by visual aids—~the teacher ma§ ask a central question:
"And if I tell you to take as many notebooks, how many notebooks
should you take?" (Notebooks are out of sight at the moment). If
the pupils answer "also five'" it serves as sufficient proof that the
required generalization has been formed in their minds.

Furthermore, independent work with this aim must contain @mll pos-—
sible exercises in combining two groups of objects and detaching a
part of a given group of objects. The recognition that the number of
objects in a group formed by combining two smaller ones does not depend
on-the objects with which the operations took place, serves as a basis
for the formation of concepts of number. Experience with such practi-

cal operations using quantities of objects is also indispensable for

developing in the children an understanding of arithmetical operations.

fhg corresponding indeéendent tasks for the children will resemble the
one described above. In them, the knowledge and abilities which the

children have acquired during the first 4mssons receive subsequent

development. <‘During the whole period 1in®hich the first ten numbers
were studied, the necessity of the'children's comparing two groups of
objekts by the number of objects in each group does not‘disappear,
since it is the basis for comparing numbers. Such tasks, familiar -to
the children‘from the preparatory demonstrations, do not require that
the teacher give a preliminary demonstration of thé appropriate opera-
tions. They can serve as a starting point in examining the formation
of a new number and in comparing it with the preceding ome.

In this stage of instruction the next step forward must be made.
The chiidren will receive a more complete idea of each of the first
ten numberé:écd will recognize several traits of numbers on an abstract

. N
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level-~the possibility of expanding a number into the addends which
compose it and the traits which follow from the place eadh occupies
in the series dfiother natural numbers. ' Here it is always necessary
‘to reckon with the concrete tthght processes of younger school-
children and their indufficient preparation in operating with abstract
material. Throughout the period during which the first ten numbers
are studied (and sometimes even later), in the consideration of
every such trait, it is necessary to start from practical opgratinns
with real objects. The children can be taugﬁt the necessary
generalization only on the basis of accumulated experience of such
operations under suitably varied conditioms. °

For example, to explain qpé‘possibility of expanding a given 4
number into its component addends, it is useful to organize practical
works in separating suitable groups of objects into components. The
formation of a number may be illustrated by the formation of suitable

groups of objects (by adding still another object to a group corres-

*

-—f

~

ponding to the number ?feviously studied), and so on. All illustrations

of this type, with which it is necessary to begin the explanation of

any’of the questions of the topic under consideration, are, at first,

given by the teacher using demonstrational visual\gisfi‘ However, it

is impossible to restrict oneself only to demonstratiofi. The children's

independent execution of analogous operations with other groups of
objects (using indiwvidual didactic materials) is indispensable for the

formation of the proper generalizations. The children's f%dependent

work is here carried out at the stage of initial consolidation. However,

in lessons devoted to each subsequent number, it may be carried out as

preparation for‘éhe introduction of new material Sometimes as early

7
as the stages of initial consolidation the children's independent exam-

-

ination of a new instance proves possible.

Above we cited an example of how by increasing the ratio of the

children's independent participation fo total participation from lesson

to lesson, we gradually brought them to realize the principles which
permit the enumeration of all the possible combinations of &wo addends
composing any number. It yas demonstrated that, with the_pfoper pre-

liminary preparation, the examination of the co&position of a’'new

'
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number could !ch;ssfully bé/zzr;ied out on the basis of the children's
3 ‘ independent work with cut:out didactic material, and, later without” it,
_ on am abstract levek" Thus, as early as the first steps of instruction,
’ with the proper methods and with a strictly gradual increase’ in the | .
aésig;;ents difficulty, children can independently gain an understanding
of questions new to them.
' Analogous independent work by children may also serve as a basis
for the childrens' familiarization with the formation of anew numbers,
and.foﬂ a comparison of the newly formed.number with the preceding one.
However, it is necessary that, in the lesson deVoted'to the study of
_numbers, there be ,the same gradual transition for the children fromg
"~ listening to the teacher' é explanation and reproducing actions to
ever greater active participation in solving analogﬁus prob®ems with i
the material about new’numbers. . ‘

In the study of the first ten numbers, along with practical operar
tions with groups of objects, even greater significance is acquired
through exercises devoted to the use of numerals. The usefof Rumerals
makes it possible toO organize the most djierse fndependent tasks for

the children, base¢ on the ability to corygelate a quantity,énd a numeral,

/
£
’

P

:'7' and to distinguish and recognize tye\numerals. ,
At first the appropriate exercises are conducted by work with the
class as a whole during which the teacher can immediately check the
correctness of. each pupil's execution of the assignment. Later, the
children do the exercises independently. Some examples of such assign-—

ments followa . .

Make a square of sticks. Count how many sticks
- . Were required, and find the corresponding numeral.

For the execution of independent work on this.sort of assignment special
' cards on which various figures are outlined by sticks may be used. It
\\ is also useful to make up individual sheets on which, there are, .for
example, thyee circles on one line, five squares on the second, two

{
n* the

apples on the third, and a mushroom on' the fourth. Such sheets {can be
used for exercisés.in distinguishing numbers, and for chccking 4

children's ability to correlate number and quantity. The childr?q are

given/an’assignnent to write the proper numeral on each line. Reverse
228 .
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4 assignments, in which the children: must illustrate with a drawing
various numbers represented by numerals, are also possible. _ .
. Aside from these assignments, one must devote a gre§t deal of
. attention and time to work dealing with the formation of the ability

to write 'the numerals. Frequently in practice the writing of numerals
~crowds out all other kinds of independent work in these lessons.
" Without a doubt, this do®s definite damage to both the development of
" the children s independence at this stage of instruction and the mastery
. of material in the curficulu%. But it is also impossible to nEgleet

the writing of numerils;' 15 the experimental/claes, gxercises in writing

LY

" numerals were carried out in literally every lesson, but -they occupied

not more than five minutes.
In our expgriment, in the organization of children's independent

work, we made wide use of the so—called movable numerals (found in the

‘supplement to’ the textbook). They were used in examining the composition -

of a‘number,(aft;r separating a given group.into two parts, the children

had to designate the’number of objects ingeach of them by means of the

"mevable” numerals each time),'in the relatiOn of number and quantity

; and in all exercises directed toward the mastery of the numerical series.
o A whole series of asslgnments for independent work is directed

. toward the study of the qume cal seriesh independently arranging the
numbers in order (an exercise which must be carried‘out-systematically);
and filling in the blanks in a.séries of numerals etc. After the chil-
dren}mﬁe.beceme acﬁuainted with the signs of operation and the way to
write them, they can be given, for independent- work, the ' printing of
examples froﬁ ‘Hodels given in the textbook or on the board, and 'their
sclutibnar/jAlready, at this stage of instruction, the work can be
diversified and not limite® to the copying of prepared examples. The
Aehildrén:may be .asked to ¢ompose numerals independently in an assign-

‘ ment as -follows: =’ - ‘ . ‘ ,".’ ;

{

Compose two examples in which 1t is necessary to add
one or in which it is necessary to subtract one or, to

a given number add a number so the sum is, let us say,
three. : 4

After the children have learned tgo write out the solufion of a

o~

problem (if only by means of cut-out numerals, without designations),
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they can be required to compose and solve problems independently‘ of
course, this task must first be prepared for carefully with appropriate

exercises executed under the. teacher's guidance. These-may look approx~

, 2
. . . B

imately as follows.

Carefully wat¢h what I am going to do and then

compose svp:oplem from what you have seen.
The teacher -then, before the childrén’s eyss; pdts two trucks and one
car on a toy shelf. The children must write the solution of the prob-
lem by means of cut-out numerals. ' By. the way the writing is done the
teacher can, to some degree, tell whether they have beem able to
handle the assignment. However, in checking it 1s necessary not only
 to look at how the solqtion is written, but also to listen to the .
problems composed by two or three of the pupils.’

The next step (a more difficult assignment) is the composition -of
problems from pictures. For this purpose, the pictures in the textbook

may be used. Here, however, it is necessary to keep in mind that from -

one and the same picture at least three problems can be composed.

We will demonstrate this with the example of the picture depicting i

kittens [1 :16]. From this pictdre it is possible to compose the
following problems./{ ' -

-

1. Four kittens are sitting on the floor and one on
the table. How many kittens are there in all?

2. In the picture there are five kittens. Of them,
.three are drinking milk, and the rest- are not.
How many kittens are there in all?

3. In the picture there are five kittens. rOfethese,' S
twgpare reddish, and the rest are gray. ) ‘
How many gray kittens are there in the picture?

4. In the picture there are three gray kittens and two
reddish ones. How many kittens are there in the
picture? ' . o

The assignment must be definite so that it is easy to check. After
| asking the pupils to compose a problem from the picture, the teacher

can specify:

Compose a problem from this picture so that to
solve it, it is necessary to take away (or add).

230 .
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© being discussed (mmshrooms,‘apples and others).

¥

In solving problems at this level, when chiidran still have not
mastered arithmetical Sperations as such, but determine the answer
on the basis of counting up the sum (or remainder), it ié useful to
have them make a drawing of the problem's conditions in their note-
books. in'the drawing, the ehiigren can depict the objects which are .

"It 1is useful, however, to gradually introduce a form of illus-
trating the copditions in which the objects mentiomed in the problem

are replaced by others. - For example, aftér introducing the pupils

&

‘to the problem.
Yura had eight pigeons. One pigeon flew;awqy.
- How many pigeons did Yura.have left? [13: 25].

~

The -teacher can ask the children to outliné in their notebooks‘as many

. squareg as Yursa had pigeons,'and cross out as many of them as thequ

were pigeons that flew away (the assignment may be given all at once

" or in parts,, depending on the preparation of the class). After the

teacher has checked on how the children have. handled this assignment

" and reviewed with them the conditions and questions, he may ask:

What sign do you use to write the problem s solution——
"to add' ofr "to subtract ? . , v . ‘

The'pupils indicate the proper sign from the seleotion ogfnumerals and

: signs whieh they. haVe. After making sure that the children have chosen

the correc& operation, the teacher may ask them to write the problem 8
selution independently by‘ysing the movable numerals. ' b

‘ If the teacher has the appropriate materigis at his disposal in -
the study of the first ten numbers it is also possible to successfully

‘organize gamelike independent work for the children. Examples of such
g anel P P

games and the materials for them are given in the printed handbook for
the two-group school {18}

When the teacher and childrew are examini¥graddition and subtraction

‘within the boun@g of 10, the followingrmust bekept in mind. When the

gchildren study the first ten numberg, tney'become familiar with the
division of each of them into addends and can, in many cases, determine
the sum of two numbers or their difference based on a visual idea of

the compggition of numbers. However, they have still not mastered this,
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-material to such a degree that they can confidently solve any axample.
on addition or subtraction within the bounds of 100 on an abstract
lé.vel;{i In case of difficulty, they can find the jolution only by~
counting the objects (sticks, abacus beads, etc.).

To form in the children the hédbit of comgciously executing abstract
arithmetical operatiqns without giving up visual concepts of numbers
and without ceaeing to use visual aids, it is necessary to put at .the
children's disposal a method for determining the result of addition or
subtraction which permits them to solve any example without recourse
to visualization, besed'on%y on knowledge of the numerical‘éeries and‘
the principles of the operations. At this stage of instruction the -
goal 1is to teach the children a\method‘g% ad?[iion and subtraction by

adding on and taking away .units and groups.’

- The sequence of introducing the various cases of addition and sub-
traction within the bounds of 10 is noted in the textbook. Beginning
with adding and taking away 1, 2 and 3, the children gradyally come
to consider more and more complex cases based on the preceding ones.

- As a result they should master this method of adding and subtracting .

.and leann the composition of the first ten numbers.

o When the children study, one after another, the tables for adding

1, 2, 3;’etc., it is importent not only to ensure that the children
have a firm knowledge of these tables, but also to bring them to an.
understanding of the general principle on which these means of addition
and subtraction'are based. Namely, each number may be added or sub-
”traeted/either by a unit or by groups into which it may be separated.
The material of this chapter affords wide possibilities for the forma-
tion of this generalization, for the excitatianéof‘the childrgn'é 4
interest in .the composition of numBers, and for the development of
the pupils' powers of oBservatinn, initiative and quickness og wit.
When introducing each new L&SL, the teacher muSt, above all, remind
the children of the composition of the number whose addition or sub-
traction will be considered in the lesson. He must also review the
c‘ases of addition and subtraction of smaller numbers which‘ may be
used in adding the given number by its parts. In the lesson various

ways of adding and.subtracting the\ﬁigenh:umber must be analyzed, .
but in the end the children, with the teacher's guidance, must explain

. 232
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which gf ‘them 1s the most rational.
We will show how work on the study of a new case of addition may .

be cpnducfe&, using as an example a lesson devoted to.adding the number

four. While checking homework or mental arithmetic, cases of addition

and subtraction which were stueied previously must be reviewed. The

most attention must be concentrated on adding two and three (in consider-

ing examples in which three is added, various ways of doing so should

Abe reviewed: +(1 + 1 4+ 1); +(1L + 2); +( +1); + 3). In preparing'

for the new topic it is also necessary to review the composition of the

number fouf’and give the children practice in solving examples in addi- -

tion like those given in the textbook under no. 73: 3 + 2 + 2' 5+ 2

246 +2+2; 6+1+3;3+3+1; etc., and to Peview the series

1, 3, 5, 7 and 2, 4, 6, 8, 10,

| The appropriate work may be organized in different ways in the ~

leseen. Thus,, the lesson may Begin with the children's independent /:>

work Qith'an assignment like this: : ; . “‘ -

-

. Write the numerals for:the numbers which compose the
number four and then solve, ih writing, the examples from
the textbook. ~

In executing the assignmenf, the children must write:

1‘2 3 .\
This representation is familiar to them from the time they studied the
first ten numbers. The solution of examples from the textbook may be
conducted orall;, with ogly the answers written down, so that too
fuuch class time is not spent on an assignment which rrepares the chil=,

. ) -/
dren for the consideration of new material. This, prepardtion for the

new material is based on, the children's independent work.

A

-~

After the preparation, the teacher may formulate the lesson's .
poal: '"Today you will learn to add the number four." T

Two groups of two and four objects are illustrated with demonstrational
visual aids. The teacher asks the children, '"How tan we add four blocks

to two blocks?'" With the pupils' aid the teacher analyzes various cases
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in which blocks are added by ones or twos, firet one and then three,
etc. The same cases are illustrated with other individual and class-
room materials. With the teacher‘s guidance, the children should
., conclude that it is easlest to add 4 by twos (if you know the table
for adding two). o
Then the teacher and the children consider the drawings and
detailed writing of the solution to the examples 2 + 4 and ‘4 + 4 given
| in the textbook on page 40, after which the teacher writes the appro- |
priate repreeentationjon the board and asks the children to solve the
rest of the examples ineependently, &Qing varlous ways of‘conputa;ion.
After the children.de‘this assigmment and the teacher checks it, prob-
. lem 75 is solved'orally. The children may make a drawing dn class for
| ‘problem 76, which may be assigned for homework. Example 78 may also
be given as homework. . - » ‘

In the consideration of adding 5, 6, 7, etc., the’device of re-
arranging the addends may beyused. Here too the relationship between
the corresponding'cases of addition and subtractiop must be established
practically. .This is accomplished bf‘specieily epted examples from
the textbook. The teacher must take care that pupils are made con-
scious of the meaning’of the jdxtaposition of examples of the type:
4 + 1 and % +4, 4 +2 and 2 + 4 (from exercise 98), 2 +4, 6 -4,
4 + 4, 8 - 4 (from exercise no. 92) and others.

In connection with using the meﬁhadsxof rearranging addends taking
. ~ into account that the children have already,emassedAe rathex large
> experience in adding'and subtracting——the lesson. devoted to adding and .

subtracting the second five numbers should be cons;ructed 80 chilgren's
independent participation in work;on new material increases. .
in the lesson whose goal is to introduce the adding of seven, the
work may be conducted in this fashion. Preperetion for the new,material
must cover the same ddestions as before--the composition of the numbery
seven, the review of adding smaller numbers (3, 4 and 3), the Solgtidn\‘
'of examples of the type 5 + 3 + &4, ett--. But it is also important,tfxf
give several 8xaﬁples in whose solution the rearrangement of addends

is used. After this th children may be asked, in the coursg of their
independent work to examine the 1llustration on page 49 of the texthook

3 £
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and to solve the corresponding ‘example. They must attempt to draw the

conclusion independently but under the teacher's control who helps to

formulate it if necedgary. In exactly the same way, the detailed writing

of the solntion of the examples 2 + 7 and 3 + 7 given in-the textbook

_ may be considered first by the pupils themselves, so <hat they may try

to figure out, independently, tiie method of computation prompted by the

written ‘representation. Here, as in the first case, after the children

"think abcut this assignment, the teacher listens to them and helps give

a clear explanation, which is later consolidated in the solu%isn of

other examples. Thus, the gradual increase of the demands made on the

‘children is. ensured R

. During the study of addition and subtractign within the bounds of

10, the most frequent use is made, ‘in practice, of the written solution

of examples as an assignment for children's independent work. prever,

other assignments, which require a greater strain on their thought pro- .

cesses may also be used with success-—assignments involving original w
- “composition of examples and the application of acquired knowledge under

-new conditions. . |

5

Thus, in the study of the first ten numbers, the pupils' independent
composition of examples from assiggments like “Compose four examples ”
where three is added;"l and_”Compose examples in addition to which the R
answer is eight,” are already withig the capacities of the children.

The composition of examples from a given answer are especially useful
in the study of addition and subtraction within the bounds of 10, since
they require a knowledge of the composition of the first ten numbers.
This kind of assignment is made simpler i{f the teacher indicates how
many examples should be composed, and made more difficult if the number
of examples is mot indicated. Such work becomes still more difficult,
but alsb more interesting, if the operation is not indicated and only
the answer 15 given In this case, for each number within the bounds

- of 10, nine examples can be composed, if only examples in one operation

are considered. If the children have already solved examples in ‘two

~ lsee [13: problems 34,.46, 67, and others].
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operatione, the number of exemples which may be composed from-a given
answer increases considerably. In this case, the assignment must be
given a definite time limit, so that the children are judged according
to who makes up the most examples in the given time.

The compdsition of examples from three given numbers is an easy and
very useful exercise. For example, the numbers 2, %, 8 are given. From
them the following examples may be constructed: 2+ 6 =8, 6 +2 = 8,

8 ~6 =2, 8-2m=6, Such exercises are the chlldren's first prepara-
tionfﬁor the discovery of the relation between addition and subtraction.
Morqover, they facilitate the mastery of addition and subtraction by
tables.

< Another good exercise is the solution of gxamples with ¢one of

the answer given). ihe children are.asked to copy examplef, illing
in the blank. ) , -
Aside from those enumerated above, assignments sq\cially dir
‘toward mastering the way to add and subtract by ones‘and groups'are a
useful. ‘The textbook constantly gives models for the detailed writing
‘of the solation of examples, models whicﬁ reveal theseAways. ¥ Conse~
quently, it is eventually possible to include aﬁsignments like the

following: " " R

3 “~

Solve the following example from the model given -

in the textbaok; ' In the textbook you' are asked. to solve

the example 8 ~ 4 thus: 8 - 7 - 2. Solve this problem’ .
another way; or Can this example be solved Ry taking

away one at a time? Write this solution. .

If the class is sufficiently prepared, and {f the pupils easily

switch from one type of work to another and, quickly master the technical

execution of néw assignments, it is possible, using the material on
the first ten numbers, to acquaint them with circular exampleé, magic
squares, lotto games, and others., n
Work which is organized around the solution of examples%must also
be diverse. Children can work on the selution bf the same examples
written on the board, solve the same ex§ﬁ£lee but from-a book, execute
assignments in variants (it is useful to train the children tp do this
kind of‘work.from the very beginning), or from cards with individual
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assiénments. During instruction in problem solving at leSSons devoted
to the topic under consideration, work begun earlier undergoes ?hrther
development, Thus, along With colored cards from which problemawyere
composed, drawings, includigg elements of diagrﬁms (brackets, arrows)
are introduced. The unknown ig repfggented in such a drawing by a
question mark. First the ‘children learn to make and "read" such draw-
ings under conditions of group work, and then the composition and
solution of problems from such drawing—diagrams is carried out completely
iindependently. The drawings may be of various kinds, a variation upen
which depends the difficulty of the assignment. Thus, the drawing may
be constructed with the full,use of visual ailds with objects represente~
ing both theﬁgiven and the unknown data; the children must only count
the objects‘depicted. For example, , two.dishes are depicted with four
apples on one and five on the other. Below the dishes is a bracket,
.and under it a question mark.  There also mdy be a drawing with less

~ than full use of visual aids, in which the unknown cannot be found

by counting-—{for example, a clesed box of colored pencils is depicted

and below the box is written "four pencils,"

and alongside the box
three pencils are drawn. Both of these pictures are‘joined with a
bracket below which is a question mark) Finally,”the third type is
, when in thd\ drawing only single objects of the kind discussed in the
problem arz\ﬁrewn, and the numeripél data is written (for example, a
roll is drawn and under it is wr#tten 6 kop., aiongside is a tart,
and under it 1is written 3 kop. ,/; “bracket 4nd a question mark).‘ The
teacher puts such diagrammatio/illustrationédon the board.
It is still better if the teacher has the appropriate posters.
" (The children themselves may successfully assist in making them. ) Using

* the posters, more complek work may ¥e carried using the assigpment -
¢ . $

. Compose as many problems as possible from the given
poster, or Compose two or three problems, and so on.
The question of which preciqe type of 111uetration is better must be
decided according to each separate case, with regard for the children’ S
preparation and the features of the problem.
After the children have mastered the composition and solution of

problems {rom an illustration of the type described, it is possible to
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replace. them gradually with a diagrammatic representation of the condi-
tions (without illustratioms). For'%xample, the children may be asked

to construct and solve a problem from the diagram: -

For Addition For Subtraction

five appleo~J three apples t] - [Afive peters, L;k ?/< 'L -,
- “&—;i‘f’{/d

- * - .
W-———--—.ﬁ—/ LY \—v-—\ -

. : | A woo ight. | |
$ 4 (“‘
. ? /} ' neters = e

-

Work on individual assignments in compoging and solving problems <4s the
next step forward wiph respect to organization as well.
Pupils' independent work in lessons on the topic “The‘Second Ten

Numbers," In studying oral and written numerati&n within the bounds 4
'of‘20,\§he children must acquire a whole series of new foc;s importanr*
from an arithmetical point of view concerning the princiole of the "
construction of the decimal system, the spatial significance of numarals ’
in the notation‘of numbers, and the décimal composition of the second
tefh numbers. One of the main goals of the lesson devoted to these
_— considerations is the formation in the children of Egocepts of ten. V
not only as an aggregate of ten units, but also as a new compound
computational unit. o )
In acquainting the children with the concepc "tepg and juxtaoosing
“it with thc'conccp; "unit," the teacher should make wide use of the
T special yisual aids constructed so'thét, by using thems, it is easy to .~
emphaéizi the matter. The special demonstration bocrd divided into ’
pockeﬁg——two rows of ten pockets—may be used in demonstrating "ten" as

a "unit," Blocks or beads arranged vertically, which may b& threaded

<

on two wires (10 on each), and other devices may also be used.

It is tmportant that, aside from this type.of demonstrational
material, each pupil have analogous materials (best of all are the
demonstration boards which permit the use of the diverse cqt*out visual

. material, which is found in the supplement to the textbook). With the
help of these materials it is easy to illustrate'not only the formatign
dnd compositiOn ‘of each of the second ten numbers, but also all the
cases of addition and sub®raction within the bounds of 20. : M/}
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[ In lessons devoted to oral and writteg.numexeﬁion,,sfter'sn
explanstfon of the new material with demonstrational visual aids, the
. children can indeéendently do a series of exercisesrdirected{towardﬁ.
the coﬁsplidation‘of what has gone before. For example:

' Write in your notebooks (or use the movable numerals)
how -many blocks are on the shelf, how many beads are marked
off on the abacus, how many circles are oyt on the demon-
stration board etc~or the reverse assignment-Outline in

: your notebook columns ¢f squares corresponding to the "
e numbers 13, 17 and others, like the model given on page
60 of the textbook—or—from the series of numbers written
on the<boerd,_select and write with movable numerals only
3 the ones whidh contain 1 ten s:izz#nnits; write the /

~

/f'biggest of the numbers, the smaldest of them.

~

. Finally, besides solving examples like 3 + 10, 16 -10, 17 - 7,

» exercises in the expansion of ‘numbers into two sddends, one of whieh
is 10, may also be included in the assignments fox the children
independent work. The assignment may be given in the following form.h
Write as in the model

o~ 7=1047 0 lh=10+4 - -

: 13 = ) : 15 = .

. These exercises will be the best preparation for comsidering the n
. ‘jundsmental methods of addition and subtraction within the bounds of
- h20. ‘ : | S
For each lesson‘devoted to addition and~subtraction within the
bounds of 20--in the simplest cases when one of the addends equals 10——
the work begins with exercises in the division of numbers into tens o
and units, and the formation of these numbers from ten and units (14
is 1 ten and 4 units or 14 units, 10 plus 4 makes 14, 1 ten and 6
units are 16, etc.).

2.3

In exactly the same way, for instruction,in subtraction one shoyld
proceed from the partition of numbers into the tens and units wsich coot
compose them. This device 1s also used in lessons devoted to addttion

and subtraction without carrying ove; tens. As preparation for the
consideration of new material, additidn within the bodqgs of 10 and
* the composioion‘of the secénd ten numbers are reviewed in these lessons.

The appropriate assignment may be given as the pupils® independent work,

£
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the method of addition without carpging over ten within the bounds =~
‘ . T "

of one of the problems andlyzed. ' T s

= 3
. . A .
since they have ecuted analogous exercises egrlier. The teacher~
should, however,1!heek the correctness and aw;reness of the children's

execution of this assignment, and dnly then turn to an exolanation of

of 20. * : . v _ .
In the, explanations not only class, but also individual visual

aids are used. On the board a detailed notation of the course of the

cglculation is made. Further, problems are analyzed under the teacher ]

guidance, and ir is usefol for consolidation to ask the childyen to

do the examples in thé'Eextboohhindependently and write the solution

" It is importan£ to note that, in lessons devoted to the consi&era-

tion of general methods of addition within the bounds of 20 without '

carryfng (and then with carrying) over ten, it is absolutely necessary

. to have the pupils work with individual didactic material. Here the,

children are able not only td reproduce all'the‘actions of the teacﬁerE'

-which they have just seen, but also to perform the proper actions by

analogy with the way in which they were done before. For example, after

‘the cases of eddixion to nine and eight carrying over tem have been

analyzed, the pupils may independently consider the cases of adéi;ion
to seven, using for this purpose the same visual aids, and reasoning
and acting by analogy. . >

For independent work im is useful to ask the children to examine
the drawing and detailed outline of the solution of an example in the
textbook, and to make in their notebooks the same kind of drawing and
notation, hut not, for exampfi, for the case 7 + 5, analyzed in the
textbdok, but‘for the case 7 + 4 or 7 + 6 etc. (the: assignment may be
given in several variants). _ h )

To develop the‘children’s powers of gbservation and their capacity:
for anal&sis and comparison, it is very important, beginning with the

fi;st grade, to require them frequently§§? éstablish the similarities

‘and differences among ‘'various examples and problems. This purposeris

met ‘through gxercises in composing examples by-analogy with a given
model. Examples of such an assignment are cited: Compose pailrs of

examples from the paradigm:

f
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-« 5-3 1-4 8-2 6-3
15 - 37

-, .

or compose 3 examples from the paradigm:
"13.t 6 = 19 14 + 2 = 16

19 - 6 = 13

. 19 - 13~ 6

.ot compose examples like: 10 + 23 10 + 3,-10 + 4t(uehally‘the-compo— '

sition of examples is combined with tneir selution). Instruction in the
solution of examples in addition and subtraction also continues to Re
used. " ¢ : : : \
When Igstructing«pupils to solve problems on increasing and de-
creasing numbers by several units, primary importance is‘attached to

the children s correct understanding of the expression, "greater (smalley)

-by o many. For this reason, the first few times it 'is useful to’

-

return to independent sketching of the problem's conditions. The

correctnese of execution in such an éésignment may serve as an indi-

. cation that the pupils have unéerstood the conditions and can go on:

“to the independent solution of the problem.

A

If the teacher gives special consideration to instrncting the
children in the diagrammatic representation of the,conditions and their

‘"ref§ing," this representation may very soon be used for independent

.work. The assignment will consist of composing a problem from a dia-

gram add solving it. This work serves as the natural -deyelopment of ‘

what was done before, in the cdhs /deration of problems on finding a sum
or remainder. . It is also good preparation for analogous work on .com—

,éoung problems containing simple problemé\of this type.

In the solution of compound problems, diagrams like' ‘the following
are used for independent composition and solution. 3 '
| 10 kop. . ? o
\— L ——— - e .
' i} Two kops. cheaper .
S N bt e
?

It is ugeful to give such diagrams in pairs, so that they represent

"problems of botﬁ types: 1. e:, on increasing and, on decreasing nunibers
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by severallunité. Besides the composition and sojution of problems, .
children may be asked to explain how and why their solutions difﬁer.

" Since, by the end of the second quarter, the children have more
or less learned to read, it is imperative at this time to syst mati-
~cally conduct independent werk dealing wifh the reading .of thg problem. *

. After the children haye read through the problem by’themselves, the

-

teacher ‘checks their work with questions like ”What [or who] is the
problem talking about?" Then it is necessary to hexe the text read
aloud or reproduced by the teacher.  Later, the corresponding assign-
ments become more complex. ' For example, the children may be asked to
read its’ question aloud. To fulfill this requirement,, the child must
at least read through the whole text twice and mentally separa?é the .
question from the conditions. This is already the beginning of
analysis, the most important factor in the solution of a problem.

‘A

,Another aéﬁignment may be given:

Read through the problem and be ready to tell ‘z'

the significance of a certain datum, etc. .

All these types of work are very impertant since the children are
now really brought to a fully independent solution of simple problems.

- During instruction in the solution of compound problems, many of
them are solved under the teacher's guid&nce, but simple problems
sheuld usually be ‘Solved independently. Here it is -advantfgeous that
the teacher read the problem aloud. In all these cases the solution
{tself 'may be executed in diverse forms --it may be printed" by means
of movable numerals, it may be written in full in the notebooks, or not
written at all (only the answer being Tndigated)c ”Finelly, only the
sign may be written, indicating what operation must be used td' solve

" the problem.’ The ‘use of *these various forms of representatiOn}permits *
.the children to solve more problems in the same time. .
In the introduction to Eultiplication and diyision, primary signif-
{cance 1s attached to disclosing the meaning of theee operations and
their relation to the operations of the first stage. here,“beeidee all

the types qf assignments- for independent work on ,examples and problems

which were used before and cpntinuegto be used in the study of this

topic, it is useful to introduce'assignments specially directed toward
- -
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- demonstrating these relations. From this polnt of view, exercises

- 1like replacing examples in addition with exam les in mdltiplication,

.~

end vice versa, are useful.

.

Jm.studying multipltnation and division, exercises in composing

all. possible examples-from three given numbers are especially useful r*

$

(analogous to those in addition and subtraction). For example,
12:3=4,12:4=3, 3x4=12, 4x3 =12, s
Assisnments which require the pupil to £111 in blanks in a series
of numbers or to continue' a series of numbers are also useful. For
exenple, the children are asked to continue the series 2, 4, 6,... 0r
'3, 6, 9..._0: £111 in the blank in the series 1,3,:.. 7, 9, and other

?

assignments.

.

It is often possible to organize reciprocal chgcking of the ;
sexamples' being solved so that the children sitting next ‘to each other
can exchange notebooks and check each other's solutions.

In solving problems in multiplication and diyision it is again
. useful to return to the illustration of COnditions. A drawing (usually
diagrammatic) helps to reveal the relationship batween the quantities
given in the problem and the unknown. Along with simple problems on
multiplicaeion and division, problems in two operations of the type
considered earlier must continually be used as material for the chil-
dren's independent work at ipis time, so that toward the end of ‘the
‘year the children can independently, consciously, and quickly solve
any problem stipulated in the curriculum,. « ' /’/_

The topic "A Hundred" is-only begun in the firstfgrade. Only
six”hours of class time are set aside for:it. In this.time it s -

'recommehded that the Zildren be introduced only to oral and written

numeration within t s of 100. Assignments analogous to those A
deseribed aboye, in work:on Brel and wri;ten numeration within the @4&.
bounds of ZOi'can serve as material for independent work in these
lessons. . . , ‘ . ) A N

The year comes to an end with a review of what hasg gone before,
In the last' two weeks of classe;, the teacher has the opportunity to’
check,pnce again the children s mastery of the material which was

studied during the' year, and fill in the gaps in the knowledge of

ﬁéé;the class. The pupils' independent work in this
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concluding stage of instruyction in the first grade must serve as a
eﬁeck, as, well as helping to fill in the gaps. The first purpose is
served best by written independent work, ~Bﬁsed on the material of one

" topic and representing, as fully as possible, its most important point.
The second purpose is served by cards with individual assignments,
contain?ng.the material which a given pupil has least mastered.

Exercises reviewing what has gone before must have considerabl% diver-

&

sty of content, as well as of form. The review of educational matgrial
must alse be combined with perfecting the organizational side of inde-

pendent work.

.

a

pgpils' Independent . Work in the Second Grade

The arithmetic course in the second vear of instruction is rich
in diverse and‘crucial content. Here the children nust acquire the
fundamental methods of mental calculation with numbers within the bounds
of lOOa become ‘acquainted with various uses for all four arithmetical"
operations, gain an understanding of the meaning of these operations in
solvi;g'various practical problems, and finish studying the tables ®f
multiplication and division.

The continuation of Vork directed toward Heveioping, in- the chil- .
dren, strong habits of conscious ‘and quick computation with num?ers leee
tgan 100 is the basis for the formation of computational skills in.the
next grades. How\successfully this task is completed in the first and
second grades determines, to a significant degree, the suceess of all
further mathematical instruction. )

In arithmetic instruction in Ehsfﬂecond grade, besidee the develop-
ment of computational skills, it is very important to form in the -+
children a whole series of important arithmetical concepts. A feature
of the conce?ts formed in the sgcond grade is that, in many cases, the
knowledge which theafziiiigg,éﬁet acquire in the arithmetic” lessons
comes into an apparént conflict with the knowledge which they acquired
in previous experience. In second grade arithmetic lessone, the

«differention of like phenomena easily confused by the children is a
particularly obvious problem. ‘There is a need for speeial work directed
toward the differentiaticn.of two types of division (division into equal

’.parts and division according to content), ghe two types of problems on
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Taking this into consideratiﬁ, t.he second grade curriculum stipu-
lates that the children solve a large number of- appropriate simple
.arithmetidal problems which reveal the essenfe éf the distinctions on
‘which the differentiation of these concepts 1s based, using material *
which 18 concrete and close to the children's ideas and interests. Work
on problems which are very diverse, not only in content but also in
afithmetical essence, affords wide possibilities for further perfecting
s ?nd deepening.the knowledge, skills, and habits the children acquired
in the first grade._

_ Along with the development of separate, indiyidual skills neces-
sary for independent problem solving (the ability to read the problem,
illustrate its conditioms, to pick out the daté necessary in oxder to
answer the question, to outline a plan for solution, etc.) in the
~ second grade, the mext step forward, in the simultanecus use of these

individua; skills in solving not dhly simple, but also compound prob-
| lems, musf be made. The curriculum stipulates the instruction of -
children in the second grade in the solutivn of problems in two or 41
three operations, including all the types of simple problems with which ‘
they dealt in the first, and then in the second grades. .

In determining the.goals of instruction in the secon@ grade, it is
necessary not only to consider the curriculum for this g}ade, but also
to think about the goal for which the teacher must prepare the chil-
drensin thé first two years of arithmetic instructien. With this
approach it becomes clear that the most important task in the second
grade (aside from those enumerated above) 1s to create conditions
under which the children amass knowledge of a number of_afithmetical
factﬁg necessary for the generalizations stipulaged by the third— and
fdurth—grade curricula. This requirement must be reflected both in
work on probiems and in work on examples.

Indeed, aside from the significance of the solution of exampq's'
in the development of computational skills, which was shown above (see

the section devoted to the various types of exercises dealing with the
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solution of examples), work on examples affords broad possibilities
for preparing the children to understand the relationships between
separate arithmetical operations and among component opérations, for
acquainting the children with the composition of numbers from addends
and factors, and with the laws of arithmetical operations. Account
must be taken of all these conditions in the development of a system
* of children's independent work in arithmetic lessons in the second

grade. - '

It follows from the goals formulated above, above all, that thé
basic contgnt of children's indepen?ent work in the second gréde must
be the soltition of arithmetical examples and .problems (not only simpie,
but also compound) in order to develop ﬁhe appropriate skills .and .
habits. A place, moreovg: mist be set aside for exercises directed
toward a deeper study of the features of the arithmetical material
with which the,children must deal. Below, we consider the concrete
forms in which these requirements are realized in the study of the
primary topics of the second-grade curriculum. '

Pupils' independent work in lessons on the ‘topic "The Four

.Operations within the Bounds of 20." The present topic is devoted to

the review of what was studied in the first grade. Much attention
must be given to reviewing the tables of addition and multiplication
within the bounds of 20. It is also very important to freshen the ‘
children's memory of the devices and methods of computation with which
they were acquainted earlier and the devices and methods dealing with
problem soiving. As always, the review must be organized so that
it facilitates, to some degreé, the enrichment of knowledge acquired
earlier, and the perfect?on of the skills and habits just formed.
Pupils' independent work\must occupy a relatively large’place in
~ the review lessons. Along with exeréises of types well known to the
children from the first year of instruction, 8t {s useful to introduce
several varjeties So that, in executing the teacher}s assignments, the
children must look at the same material- from another point of view.
_For thié reason, aside from the usual training exercises dealing with
the solution of prepared examples and problems, it is especially

important to make use of assignments requiring a great deal of
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independent thought and initiative from the children. Thus, in review—
ing addition and subtraction with and\without carrying over ten, the

assignments requiring the childrem to compose examples from a given

model prove to be very useful. Models for these assi nts are
made so that the children, while executing the assi nts, receive
material for the composition of various instances he operation. 1In

our experiment, for example, the children were aske to gompose two

more pairs of éxampleé from the model:

6 +3 = 7 -2 =
16 + 3 = A7 - 2 =

After solving the given examples and independently composing analogous
ones, the children were asked to be prepgred to explain the solutions
they had reached. As a check, the teacher asked how the examples in
each pair were alike and how they were different.

The children's independent construction of examples from a given
answer 1s also frequently used as a review. For example, they were
asked to compose any six examples with 18 for an answer. In this case,
it depended on the pupils' own initiative whethe;!they made up only
examples which did not require carrying over ten, or-whether they
used numbers for which the ability to add and subtract carrying over
ten was reqﬁired. It also depended on the students' own initiative
whether they used, let us say, only addition, or included subtraction
as well, and finally, whether they composed examples on multiplication:
This assigmment can be given during the review of addjtion and sub-
traction without carrying over ten. However, by the way the children
approach it, the teacher can telllapproxima;ely how well each of them
remembers other instances of the operations from the first grade.

Further, because in future work in the study of addition and sub-
traction within the bounds of 100 the children's reasoning must often
proceed analogously  their reasoning in the study of addition and sub-
traction within the bounds of 20, we included, as early as the first
weeks of the classes devoted to reviewing what had been covered, assign-
ments which served as a certain preparation for such reasoning. The
children were asked to compose examples analogous to the ones in the

model, which used the first ten numbers, but using numbers beyond 10.
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For example, as a model the teacher gave the children examples like:

3 +75 =8, 543 =38, 8.— 5=3,8~-3=5, From this model they

had to conpose analogous examples with the numbers 18; 12, 6 and 20, 6,
14. ‘Then the children were asked to independently compose any example
in addition and then construct the corresponding subtraction example.

SuEh exercises represent a development of the work conducted in
the fi)st grade. They lay a wider foundation for the formation of
the proper generaiizations (about the link between addition and

'subtzaction, and about the interdependence of the components of these
operations); and they are good material for practice in drawing analo-
gies., 1In drawing an analogy, in this case, the children must apply
a regularity which was observed in smaller numbers to work with larger
numbers. This kind of analogy is precisely what 1s necessary in pre—
paring for the kind of reasoning which later must be relied upon when
considering operations within the bounds of 100. '

In the first lessons‘in the second grade, it is already quite **
possible--and very useful--to give the children practice in independently
making comparisons by juxtaposing a pair of examples which differ by
only one feature. In selecting examples for exercises, it is necessary,
of course, to strive for the condition so that the'conclusion’which
the children can reach through comparison acquirés some cognitive
meaning, -i.e. deepens the knowledge which they have acquired earlier
and serves as preparaton for the following work. The following is a "
model that can be used to create the foregoing condition. Two examples

~ are written on the board: 18 - 2 and 18 + 2., The teacher asks the

children to solve them, tO0 think about how they differ, and'to explein

& why, in the solution or one example, the answer 1s greater than 18
dgd in the solution of the other it is less. In the check, thengupils
explained that In these examples, the numbers are the same--18 and 2,
but in the first it is necessary ®o take away 2 from 18 and in tne
second to add 2 to 18; that if 2 i1s taken away from 18, the number is
smaller, and that if 2 is added, the number is larger than it was.

Not only do such exercises develop rhe'children's powers of

observation and capacity for the analysis and understanding of-causal

relationsy they also help to deepen the knowledge $f arithmetical
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operations which the thildrem acquired in the first grade, where this
deduction was not made in a generalized form.

Independent work on problems in ghe5review of what was covered
in the first grade must also be directed not only toward freshening
the children's memory of what they learned in first gradé\ but also

. toward deepeninﬂ'lhis knowledge. ' Thus, in the first grade gkfficient
attention was given to the diagrammatic notation of the conditions of
a problem on finding the sum of twqqdumbers and on finding ome of

* the addends from the sum and the other addend. The children, 'for

example, knewghow to make diagrams for problems of the fol&owing
type:

ﬁ\ In one box there were eight pileces of candy, and SN\
in a second, foyr pieces. How many pileces of candy

wére there in all in the two boxes? There were 10 h‘
! , carrots in two bunches. 1In one bunch there were six.’
Ho% many carrots are in tﬂeesecond bunch?

Eight candies [Four candies [?ix carrots l l

\\\\“‘““f%;; -1 e NN 10 5\f§0ts

After reviewing wiéh the children the notation for problems of

. this type and also the compoeition of a problem from a diagrammatic -
_outline, the teach?r may give the childeen a pair of these problems

L for independent ‘work with the assignment to write both problems accord-
' in i to the following diagram: .
| .. ‘ | } { \‘ t

The children must not only independently apply the :lmiliar method of

‘the diagrammatic reBreeentation of conditions, but st also unwittingly

pe ve the difference between the proﬁIEEE*&ﬁder consideration—-a
variation whig¢h requires the' differential use of the same diagram and
leads to diff rent solutions.

In reviewing problems on increésing and decreasing a given number

by several units, it is also very useful to construct assignments for
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the éﬁildren's indWpendent work so that, from the very beginning,
the children compose and compare, in the course of doing them,
TCOrresponding pairs of concepts.
Exercises analégOus in nature can also be carried out in a review
u of multiplication and divisidn within the bounds of 20. Most of the
pupils' attention must be directed toward reviewing the meaning of
L£hese operations. TFor this reason, béth in solving problems and in g
reviewing the tables, it is useful to organize the children's independ-
ent work so as to deal with the illustration of a problem's conditions, e
‘and to reveal the meaning of an 0peration'(replacement of multiplication
by addition, and vice versa). It is best to organize the check of
the mastery of_the‘zables in the form of an "arithmetical dictation."
. After the review of whatiwas éfpdied in the firstmgrade, the
children turn\to the study ofynumeration and the _four operations within
the bounds of 100. We will épnsid;r the primary units of this topic. -

Numeration and the four operations with whole numbers éﬁ_tens.

The children were acqua¥nted with numeration within the bounds of 100
at the end of the first year of instruction, so this question must,
on the whole, be considered as a review. What is new to the children
in this topic are the rations with whole numbers of tens, and prob-
lems in two operationé?ileuding-multip;ication and division.
' The use of visual aids is ﬁery important,in understanding opera-~
tions with whole numbers of tens. Using coudiing sticks tied in
- "bundles" of 10 each, the teacher must make the children conscious of
the fact that 10 sticks constitute 1 ten, and 1 ten is nothing other
than 10 sticks (units). After the children gain an understanding of
this principle through visual demonstration and through” work under
the teacher's direct guidance, all the operations with whole ‘numbers of
tens can be examined on the basis of the children's independent work.
N*? The childfen's independent work is the starting peint in the lessons
devoted to the study of each new instance. The‘independedf work 1is
built on the materjal of the first ten numbers in preparing for the
study of the ¢orresponding instances of operations with whole numbers of
'tens. It is alse usgful to make use, In assignments, of material

which affords possibilities for the composition and comparison of

~ . >
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to. try "14 depeh

correspoﬁding in;tances of operations.’ For example: 3\¥ 5, 30 + 50,

8 - 6, 80~ 60. | | ' .
After the pupils consider, under the tczcher s guidance, the

illustra snd detailed notations giventin the textbook to clarify

new instanc

gperaticns with even tens, it is possible to ask them |
tly to gain an understanding of a notation relating to

a new lnstance (for example, after they have already’ underst od the

" addition tl1lustrated on page 11 and the multiplication on page 15,

. j‘*

_division from a book can be used in conducting ‘the children'? independ-
! i

ent wcrk) The assignfent may be given in this form:

Carefully examine the solution to example 40 on page
17 of the textbook, show with the sticks _ill that is
written therd and be prepared to explain the sclution
of this example.

3

""In exercises directed towérd consolidating the acquired knowledge, it

the bounds of 20.

is important to include numerical material, not isolating operations
with eveq.tens, but combining work on them with other operations within
S

The possibilify of using children's independent work when introducing
problems of a new type, and of using their independent work on compound
problems including multiplication or division was mentioned above. As
preparation for énlving\such problems, one should review with the
children 511 the metﬂgg;—;;d devices for Qark which they useé in

first grade for sd’ging corresponding simple problems. Just before

solving the new kind of problem, the children are asked to solve, in
independent work, two problems analogous to those of which the new one
is composed. Kfte; checking this work, the teacher can present the
new problem, analyze its conditions with the children, explain th;t
1t is not possible to get the answer to the question at once, and then
ask the children to solve it independently. ’ N

In some cases the diagramgafic notation, to which the childrenhgrew
accustomed in the first grade, proves very useful. For example, in
order to clarify to the children the method of solving problem 127
from the textbook, a diagrammatic .representation (apart t;pm the

drawing in the book) is useful:
25‘51 | , ,
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, M
‘ ? 30 kilograms |
R - ) ~—

Two baskets, 10 kilograms each : f>(ff

?

L ) ‘ v .
The diagram is made in the following way. The teacher reads the

-

problem's tfext:

Some schoolchildren gathered two baskets of apples
with 10 kilograms in each basket from one apple tree,
and, from another tree, 30 kilograms bf‘apples. How ;
many kilograms did the children gather from the two [
trees? * ' - ,

-

" Then one of the children repeats the qﬁestioﬁ and it is explhiﬁed'that
they must find the kilograms. of apples which were gathered from the
i two apple ;gees. Thus the diagram must bave two’boxes (as is done 1in.
the first grade in the.sqlution of compound problems including the
inéfeasing or decreasing of a number by several units). The children
\, are asked further, whether the number of kildgrams of apples which
\\\ were gathg?éd from the firstiapple tree, and whether the number of
\/‘skilograms of apples whiéh were gathered from the second tree are
%\”stated in the problem. The appropriate data are written in the
\\diagram (a question mark is put in box I, and "30 kilograms" is
- written in box II). : . /
What is stated in the problem about the first apple .
tree? '
JAgain, the appropriate figure is written, but fhis time below the
- first box (as was done in the first grade, in the cpnstruction of .dia-
gramg for problems whicﬁ requtre the increase or decrease of a number
'by several units). Finally, with the help of a'bracket-apd quesfion
mark, it'ié indicated what#niist be found out ia the problem.

After the conditions‘are analyzed and noted in the diagram, the
children tndependently solve the problem. ‘Later, in the solution of
problems of ;he giveh type, one may.beéin to include in the children's
independent work the diagrammatic reprgsentation of their conditioms

and the composition of problems from such representations. This work
! : - \ N
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provides further development of the knowledge . and skills acquired

*earlier, sincé the children learn to &pply them under new cnnditians;

this has great significance for instruction in problem solving. |
Pupils‘:indegendent work ié lessons on the topic "Additions and

Subtractions within the Bounds‘gg 100." This major .topic requires
'approximately six weeks of class tif;' It is divided into two sub-
topics-<addition and subtraction with, and without, carrying over ten.

The study of new instances of the arithmetical operations .is here
interwoven with the introduction of new types of problems (problems in

- which it is necessary to increase or decrease a number by several its,
‘indirect problems on finding an unknown minuend or unknown addend from f
the sum and the other addend, problems on finding the third add nd,

on comparing\numbers by subtraction).

‘ Théte is ne ~major difference in the organization of children's
independent work in the study of addition and subtraction both without
carrying, and with carrying over ten, since-botl) are equally familiar
to the children from the first grade where they were studied using
numbers ‘within the bounds of 20. Hepce, we will consider-questions
rEIaﬁing to the study of new instancéﬁ-of addition and subtraction as

a group, and separately analyze questions connected with instruction

in solving new types of problems. .

The system fqr the study of various cases of addition and subtrac-
tioncis very clearly defined in the textbook, which providea for a
gradnal shift from easier cases to more complex ones. The selection of
. numerical material for children's independent work should follow this
system. Pupil's independent work in the study of each new instance of
addition or subtraction should appear dnring preparation for the per;
ception of hew material, during this material's introduction, and
during consolidation. Preparation for considering eacglnew instqncem
vill most frequently consist of solving appropriate exemples, nsing~
what was learned before.

. For example, in the lesson on tne introduction of addition, with— -
out carrying over ten, within the bounds of 100 (e.g., 45 + 3), the
children may be given, as preparatory work, examples.on addition within

the bounds of 10, and also corresponding examples on addition within

the bounds of 20, such as 15 + 3, 17;4 2, ete. It is~also very usefnl'\\

i ' ’ *
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at this stage of instruction to continue using practical exercises
with visual aids. Here ;he same materials with which the corresponding
instances of operations were expigined in the first grade (counting
sticks and bundles of sticks) are used. This makes it possible to ’
demonstrate. visually the similarity of the new cases to those thch the
children encountered working with numbers within the bounds of 20. ‘
By gradually increasing the proportion of the children's independ-
eﬁt participation in the stué?ggf n;w cases by analogy with familiar
ones, it is possible, finally, to bring the children to the independent -
examination of new material as described above. This is relevant to
addifio; and subtraction carrying over ten. Here it is useful to use.
visual ailds analogous‘to those used in the first grade. Therg the”
device "The Sécond'Ten,"‘a demonstration board consisting of two
rows of boxes with ten in eac Wﬁg used; here we propose the device
described by G. B. Polyak called "Calculation Table. The First
Hundred" [17:146—4i1. . - . o
In examining problems of the type 30 + 26 or 87 - 30, it is
néSZssary, as preparation, to solve not only examples on addition
"and subtraction within the bounds of 10, but also examples‘on‘addition
and subtraction with even tens. Since all the matei}al which must be
used in preparing for the study of the new topec 1s well known to the
children, the te;cher must try to construct assignments so that the
independentcwork is not monotanous, using for this purpose various
types of assignments dealing not only with the solution, but also with
the children's independent ‘composition of examples, Which we described
above. This is also true of exercises for independent work directed .
toward the consolidation of new krewledge. Especilally significant is
the use of agsignments which {equire the children to make comparisons,
establish points of similarity and difference between observed examples,
-and reason by analog&. The appropriate work 1is a development of what
was outlined for the first lessons devoted to reviewing material
already covered. Thus, so that the children may establish more precisely
the similarity between cases of a single type of addition, using numbers
of differenf magnitudes, it is possible to give the following assignment’

for independent work. Columns of examples are written on the board

\’v‘



(it is even better if the corredponding cards are prepared for the
.individual work of each pupil): ‘
B

6 +3 8 + 2 7+5
16+3 18+2 17+5
26 +3 2842 2745
;3643 38+2 3745

ee . re e P : e
The children are asked to continue thé%e columns, constructing examples

—

of the same type. - : - -
. /‘f X
= In checking the}é&udents work we established how the examples in

>

»

" each column differ fdem each other, and how the differences in examples
lead to differences in solution. Thus;"a general rule for the solution of
problems of the given type is formuiatgd. In'completiﬂg.the assignment,
the children must not only perform the appropriéte calcylations, but also
make édhparisops between the examples they have solvgd;‘noﬁe the general
principle\ by which they are arranged; indapendently,pompose, on this
haéis, the next examples; congider all the examples in each columz§;§
a whole; and draw‘aqgenefal conclusion about the method of solving them.,
It is also useful to give, for comparison, ‘examples in which the ‘
differences concern the method of computation. Thus, one colummn of
examples may represent additiop without carrying ové%'ten, and the
secghd, with carrying. 1In comparing.these columns, the children must
notice this feéture, and themsélves compose examples relating to each
aspect. . | | -
. All the exampleé carried out with material on the first twenty
numbers in drder to provide a deeper familiarity with the composition
of numbet's and ﬁroperties of arithmetical operations, must be repeated
4tfnh with material on ldrge numbers which the children first engounter in
the second grade. The corresponding assigﬂgents will also be built
around the transfer of earlier—icquired knowledge to a broader range ¢
;;f numbers (with the helé of analogy). Some examples of such aséignk
.ments follow. Y

- Earlier the children did exercises in which they were required to

indicate the composition of a given number according to a model:

17 = 10 + 7 12 = 10 + g
14 =10+ 4 16 =

®55 -




N ) \

Now the analogous exercise must be performed with the first hundred #
nambers: : * ,
. K : ' -
36 = 30+ 6 ,/58 =

'27A20+7' . 43 =

In the first grade the children solved the so-called examples

‘_.with blanks of the pe 6'+ ' = 8 qu others. Here, they can be *
giveﬁ analogous exa:;les with larger numbemé: 26 + = 29,
28 & = 30,etc. Until this time the children used the commutative

property of sums only with numbers.less than 20. Now they can be
-given the opportunity to check it fof\larger numbers.- With this
\ purpose, they can be asked to compose examples from the model: 23 + 7 =
) 7 +23= | B |
— — o~ <
Solution of exsmples in‘!&o operations, as well as in one’operation,

. _ , '
Yhould be’ included in the children's independent work. It is'also yse-

ful to assign examples with one of the components left fout. For *
example: 14 - 2+ =15, Variouf examples of thils type can be
lgtrodpced through exercises. in the completion of ”magic squares,
which are perceived byléﬁe children as a kind of game and excite great
intere They are very useful for developing the skill of mental
ccmputatlon. “Thf
This g;adual increase in the complexity of assighments dealing -
with the solution and composition of -examples facilitates not only‘
thd formation of the proper-computatiogal skills, but also .the chll-'
drenﬂs deeper mastery of the methods of pperation, properties of
numbers 3Q§ relationships among the components of operation.
) In instructioh in solving neﬁ types of problems,_the pature and
! place of the cﬂildren s 1ndependent work depends on the characterlgilcs
of each type of problem. Several of the problems lntroduced do not
cause the children any p$§5icular difficulty, since their solution
@ . 1s Rased entlrely on what the childre&m already know and requires
F\\ only the applicatioﬂ‘of knowledge and skills acqulre&‘earlier under
somewhat altered conditions. In these cases, independent work ‘can be
glve;'to the céildren from the very beginning at the stage of intro-
duction. This was shown above, for example, in problems in which, the

inerease or decrease of g number by several units was encountered twice.

@ Y «
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In- other‘cases, the exami n of a newttype of‘problem can be
condueted through recourse to the children's acquired experience with ;
praetical operations with objeets. This is true of probl;ms on : .
comparing numbers by subtraction. Here independent work can also < V @% ‘N\‘

' serve as a starting point in the introduction of new material but it
" will differ in nature from the preceding case."There the goal~of . '
independent work was, to freshen the ‘children's awareness of a series o

- s of arithmptical facts which,they learned in the first grade, i.e., the

thé knowledge»and skills of problem solving, knowledge

e realizatigégii
- And skills\Qa¥;

must be ~used in solving a new type of problem.

\ .

we are not dealing with earlier- —acquired knowledge apATEed under new
‘conditions. zThe children do not yet have ‘the knowledge which would :

In a‘lesson devoted to the comparison of numbers by subtraction, . \;7

‘“allow.themﬁto indepeﬂdently sotve a problem of this type. Heje we
. fonly suggest that, in their practical experience, the children more '
than once have had to solve the problem of the aomparison of two, .
objetts, that the very statement of the question may be familiar to
‘thend and that thus, if we use their practical knowledgey it will be

_easier to bring them to an understanding of the arithmetical _essence

*
+ ‘

- of fhe problem. P - _ ' -
Independent work preparing the pupils te examine a new kind of -

D problem aubt thus be of a practical nature. The children can be asked,

| ~ior example, td compare praetically the length of two strips of paper,

h_two tapes,-etc.'Aﬁy'performing the approximate practical operations, >

‘the children soon can understand what- precisely mustlbe determined in
.this type oi prohlem,‘andlwhat arithmetical operation corresponds to
hé’praétical operatiords which they used in solving the problem.

- Finally, the pupils encounter problems which the knowledge they
- acquired earlier does not help io sebve, the"knowledge may evén hinder‘
- 1ﬁ.mastery %ﬁ new matenialt .We have in mind the so-called problems‘

expressed &n indirect form' ——ptoblems on finding the unﬁaewsrminuend

~  from the auhtrahend and diiterence, or on flading an unknown addend

P
Bes)

ilkonee attracted the attention of methodo ogists and psychologists. Their‘

from the sum and other addernd. “Problemt of this type have more thanP{

interest is determined by. preciSely this feature~—that the children's
“ study of new materiaE is, im this case,(?n &irect contradictibn to what

n 2 “ ' s
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they learned befor&sthis time. Thus, although during the whole first

" year the childnendzéyays dealt with problems in‘which the expressions’

~

'differentietion.

"made in all,"” "brqught more," "bought more," etc., invariably implied

the operation of addition, and in which the expressions ''gave away,"

"

”ate up," Ywas left," etc., implied subtraction, it will now be neces—

sary, whin solving problems on. finding an unknown minuend or addend v
containing these same expressions, to appl the operations in a8 way
opposite to that whieh seems to suggest i?éelf to the child. under the
influence of previous expetience in solvibg direct problems.

~ Keeping in mind the difficulties such a reversal causes the
children, the teagher must, in this case, very darefully compose and
prepare an explanation accompanied by visual material. (Fhe most
expedient form of visual aids for explaining to the children the !
process of solving indirect problems 1s dramatization, which permits
the illustration not.only of the components of operation, byt also
of the operations themselves, such 1llustration 1is especiafly important
for problems of this type.) . : ~ 'th' . R '

Pupils' independent work can be used here only at the tage of

‘consolidation, after the children, under-the téacher' sxguidence have-

gained an understanding of the special features of the new problems.
Practical experience and special studies indicate that even after the
childyen have understood the characteristics of these problems they
continue, for a very long time, to make errors, confusing indirect prob—
lems with the corresponding direct ones.

A’ For this'reeson when teaching chlldren to solve indirect problems,
it is very lmportant to provide ‘a selcction of exertises for independ-
dent work which would afford sufficient material'/for discrimination and

For this purpose, it is useful, at this stage of

instruction,.to solve not only indirect problems, but'the corresponding

direct problems studied earlier as well. Tﬁis‘excludes the possibility
of solving problems.mechanically, without sufficiently analyzing their

conditions, 'or considering the specific characteristics of each typg

‘( of problem.

" ! However, one_ must do more than glve direct and inmdirect proglems
. N w .

‘Blternately to the Qhildren for Independept splution. It is also

r
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necessary to make sure rhat they have learned, when solving~pew
indirect problems, to apply to the analysis of their condiflinq\ h
devices and methods which they should hawve learned by\thls time, and
‘also to see that they have mastered several new devices which prove
especially useful in the solution of indirect problems. ‘ -

In connection with this aspect of the solution of indirect _
problems, as work for the whole class and then as independent work,
we successfully assigned diagrams and outlines 5% the conditions. An
example is cited to illustrate how this work was conducted. Thé“chil—
"dren were asked to independentiy solve the followiﬁé problem, on find-
ing one addend from the sum and other addend, : N
}, . To prepare for a foliday, the children made 58
flags in one day The\ next day they made some more

flags: there were 96 flags in.all. H 4 many flags ‘
did they make on the second day? (No. 336 from the 2.

second-grade textbook ) RS - ; .
The independent work was divided 1rNp awo‘Staﬁ ] (a) represent the
problem's conditions by a diagram, and Cb) S0

ve the problem ’ The)
children were allowed to go on to the eecond stage of work only after
the.teacher had checked the diaérams of the condltions. The teacPer
conducted the check in the course of the work--walking up and down .
the aisles and looking aver the pupifs notebooks., Rowever, after
mdking sure thiat all the children had beeg able to pandle this part
of the~task he submitted the ‘task of checking the first stage of .

the work to eeneral dlsopssion For’ this, one of the pupils was
called on to wrlte the problem s conditions on the boerd laining |
each step in his wo%}. Other children on whom teacher called
pareicipated in the explanation The following di am was itten
n the bOdFd " : -
. t N
¢ ~ - L
1. .
) Ilg
.. - "1 - . * . -I
‘,r 58 flans . i ?
_ R . . )
-‘\. : N »
Tt T s 3 1 _— - . -

96 flags

The tonstruction of the dlagrim was accompanfe by’ an explanation.
vy, ' fe
¢ ‘ v v -

N
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In one day the pupils made 58 flags--we will write that
in box I. On the next day they made some more flags--since
it is not stated how many, we must put a questiorn mark in
box II. Further, the problem says that there wvere 96 flags
in all--that is how many they made in two days; we will draw
'a bracket and write down that in two days they made 96 flags.
The problem asks how many flags did they make on the second
'day? We have a question mark in box II--we must answer this

uestion.
& 2

After éhis analysis of condit;ons,fthe children solved the problem
independéntly. It did not cause them any difficulty, since they recog-
nized in the first diagram a ;roblem of a type gnoﬁn to them since the
first grade. ‘ . . . ‘
. In the above case the diagram helped to indicate the general
.piinciple whichunites problems on finding one addend from'the sum
and the other addend when they are exprgﬁsed indirectly, and when the
problem's formulation does not“conﬁain expressions which suggest the
vchoice of one or another operation like ("In two bunches there are
20 radishes. Iﬂ one there are 10. low many radishes are there in fhe
other'bunch?”). Fér this purpose the devéce of‘duﬁliﬁing the‘conditions
. was also used. In many cases, iF faciliSated the solution of ind@reck
problems, since such a notation includes a whole series of separate
V expressions used in the complete text of the problé‘i and emphasizes ..
the indirect nature of its formulalibgik An example 1s given as illus-
" tration.
© Asters were groving in a, flower bed. Tge children picked
six asters for a bouquet. After this, efght asters remained
in the bed. How many asters were there in the bed at the
- »beginning? (No. 266 from the textbook).
j§ , The outline‘of the conditions of this problemﬂlopks like this:

For the bouquet - 6 asters

Left in the bed - 8 asters
How many in all? {Ag?ﬂq\

In Qriting the conditions of this problem one is half-way to Squing“ \.
' it, .since in this form it does not differ from problems.Qell known to
©N “the children since first grade.
\It‘islnot very complicated to prepare the pupifgf%or‘tﬁe‘indepeﬁdent
execution of diagrams and outlines of the conditions of indirect prob-
lems . if they havg mastered these methods of representing varlous types

L4
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<. of problems in preceding' lessons. For congolidation and drill, it is
continually neéessary Eo,inciude this type of assignment in independent
work on new ty%es of probleﬁ%. Here again the knowledge, skills and

habits which the children acquired in previous stages. of instruc;ion

undergo development. a X

However, as wds noted above, the solution ‘of indirect problems
L4 isvrelated to the use of still another way to approach the analysis of
conditions, and the search for the method of s§lving a problem. We
will deal with this in more detgil. |

.

The indirectness of formulation which hampers the understanding
ahd solution of problems of this tyﬁe is, in fact, still a formal
indication; the problem's formulation may be changed so-that the indirect-
ness of formulation disappears, cémpletly revealing the mathematical

. essence of the problem. in the new formulatioﬁ. An example illustrating
this point follows. o >

In a state farm, there were 16 tractors. When they
sent some more tractors, there were 22 tractors in all
on the farm. How many tractors did they send to the state : *
farm? (No. 334 from the textbook).
In this formulation everything suggests addition to the pupil. Indeed—-
"There were, then they sent more...were in all —-here not only are
dﬁ\kthe separate expressions strongly associated in the children's minds,
with the choice of this operation, but the courseiof the practical
operation described in the conditions logically requires the performing
of addition. As a result, evea-if the children correctly answer the

questiom, they often write the problem's solution thus: -

16 tr. + 6 tr. = 22 tr.
We wiil now formulate the same problem in another way.

In a state farm, there are 22 tractors. Of tﬁeSe, 16 -

tractors were there earlier, and the rest were sent later.

How many tracters were sent to the state farm?
We see that, from this rephra%ing of the conditlons, the essence of the
problem does not suffer at all. Moreover the problem formulated in
this way leaves no cause for doubt that it must be solved by .subtraction
(the.children have encountered problems formulated in this way more than
once even in thvfirst grade). ' |
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Accordingly, one of the devices facilitating the unders;;nding

and solution of indirect problems is this rephrasing of thé& conditions.
“Wn alteration in’the formulation is.one of the general devices which '
, prove useful in the solution of other problems as well. In the work

on the psychology of instruction which we hAve already Quoted.[3],

this device is recqmmended as one of the distinctive means for facili--
- tating proﬁlem solving. Thus, it is advisable, when ﬁhe children are

studying indiregt problems, to acquaint them with this device, and to-

teach them to use it with awareness.

¥

»

After carrying out the'appropriate wgfk with the teacher's guidance
and help, the children may be assigned to change the formulation of a
Broblem in their independent work on the.conditioqg of thisrproblem.

A model of an appropriate assigment is cited: 'Carefully read the
problem and try to expfess‘vt so that it is immediatély Slear how it

is solved." The children must be given sufficient time to execute this
assignment. Afterwards one should call on at least three or four puéils.
The rest of the children should listen carefully to how they formulated

t roblem s. text, and make suggestions for the cortection and in-
creased precision of the formulation. This task .is the next step for—_

ward in instructing the c¢hildren in the consclous reading of the condi- °
tions and their precise representation. The ability to express the same
idea,” the same relationships in a different form is one of the importanf
indicationg pf‘the pupils development; hence such exercises havg great
educational significance. ‘ . ) .

In later exercises direcﬁed toward the ¢onsolidation ofAknowledgé,'
skills, and habits acquifﬁd earlier, as we have said above,’;t is use-

ful to include not only indirect problems, b

o a}so those directly-
expressed with which the children confuse them.
formulate an assignment for the children's independent work which spe-
clally direct; the pupils' thoughts toward the juxtaposition and com-

parison of these problems. So that this comparison may thoroughly reveal

the peculiarities of these problems, one should vary the assignment,
asking some of th children to di}gram the conditions of both problems
- of the pair, allow}ng the children to establish the difference between
them. In others, on the contrary, one should direct the work toward

. bzinging out the Qimilarities between tndirect problems and the

*
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correspbnding direct ones (as we showed above, with the example of the
assignment of diagrams and outlines of the conditions). Finally, ‘
one shauld assign work in which the children must mark the points of
.gimilafity in comparing the formulation of indiréc; and direct problems,
-and underline the‘differgnces in the csurse of solution.

Along with these'aséignments it is constantly necessary to continue
the work begun in thesfirst grade, whose purpose is to develop in the ‘
children the ability to supply the question for data, to select the
data ﬁecessary for answering a question, to compose a problem by analogQ,
etc. ue:é too in the exercises one may successfully follow the same
principle on which tﬁe work on indirect problems was based. Foq example,
it is possible to”ask the children to compose two problems, one indirect,’ _
the otﬁer direct, from one diagram. | ‘ '

They are giﬁgn tﬁe diagram: .-
- e e
- . ?Eight rubles ! [ Two rubleﬂ

f_ i -

;-
The thildren aresasked to.compose probleamin.whosg\conditions the
_ words ''were left" are used and another in whose conditkgéﬁ is the word
"more." While cﬁecking the problems the children have composed, the
tegghér may ask them to ;gi?e'both problems in the same way. T
All during the work orf the tgpic "Addition and Subtractipn within
the Bounds of 100," the childrep's indegendent ‘work must bonsist‘df
‘both the completely independent solution of simple problems of a type
~studied earlier, and the solgfion'of égbpoun&'problems Jhich they

solved in the first grade (using®all the diverse forms of assignment

used in the first grade). o .
i\g_ Pupils' indepgndent work in lessons op the toplc "Tables of

Multiplication and Diwision.' This topic includes the’study of all

instances of multiplication and division by tables within the bounds ‘
of 100, and Lhe‘introéuction of various applications of these‘operation;.
Along with the constructian of tabl;s; theilr study, and practice
‘exercises having as a goal the firm mastery of the tabl¥s of multipli-
catioﬁ‘ahd division, much attention™is ‘devoted in this topic, as in the

prieceding one, to.problem solving. Here the children first encounter

? ¢ '3
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‘problems on division according to comtent, on findinglthe parts 6f a
number, and on increasing (and decreasing) a number by several .times.'
They also encounter multiple comparisontof numbers and problems solved
by the method of ;reduction into units.
It 1s pos;ible to4regard the work carried out in the first grade
as éreparation for-th;\iz:dy of multiplication and division within
the bounds of 100. For ¥his reason, here, as in the study of addition
and subtractiﬁﬁr it often proves possible to prepare for and sometimes
. : even to carry out the consideration of new material on the basis of the
children's independent work. .
Thus, as p;gparation for drawing up eacﬁ new table, the children
may be given diverse exercises on familiér material directed toward the
eview of the meaning of multiplication. For example® P;;bleﬁs requiriné .
the replacemen§ of addition with subtract¥on and vice versa, the contin-
ition of an appropriate series of numbers (3? 6, 9, lZ...;ié, 8,.12, 16
e ta 100, and others. . .
’ During preparation for the constrhccioﬁ of multiplication tables
within the bounds of 100, the children can be asked to dré%'up inde-
pendently fﬁe portion of the taBlewwhich theyiiearne@ in the first .

grade. For example, they can be aéked to cont%nue this table:

.

: 3+3=26 - 3 x,2

= 6
. 3+3+3=9 °  3x3= ’
. 3¢ 3+ 3 4+ 3 = 12 3x 4= 12

It is not wérthﬁh*le to set any limits in the assignment——experi-
ence shows.&ha&-many_phpils—eanst;uct~Lh&.whalahtable~a£‘§ultiplica£icnm

by three themselves, and not just within the bounds of 20. Tf there
turn out to be many such children in the class, thé teacher may let one™
of them put the new portion of the-table on the board, inéluding the

. - other pupiis in ﬂhis'work as well. In any case, after the construction
of the first two or three takles, the rest maf be made on the basis of
'ﬁhe children's independeg} work. Z%F teacher need only check on whether
all the children have really understood how these tables are constructed,
and organfze further exercises directed tgyard their mastery.

. When new‘tablegﬁﬁ?e introduced, theVCJildrep become acquainted with
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.
several new devices for éelecting various)addends.' To make sure that
they master these ‘devices based on the properties of multiplicetion,
it is necassary to include appropriate assignments in the pupils inde~-
pendent work. A

For exhmple, the teacher may ask the children to write one of the
examples in*@ha;multiplication tables directly. L £ us say the example
jb 4 x 8 was_given.?, This example can be written in a:Ether way, as
follows: 4+4+_4+4+4+é+4+4,4x4x2,4x2x2x2,etc.

A detailed notation of the cal¥ulation can be used for this same purpose:

4 x 8 =
o 4 x4 =16
- . ' b x 4 =)16 - ey
o 16 + 16 = 32 - ' g

It is @ossible to give this representatign as a model and apgk the chil+
' dren td writgfother examples from this model (7 x 6, 2 x 8 etc.).
To:conSOlidate knowledge of a table, it is ﬁcssible to use all the
exercises of the same type that were used .in the study/of addition and
subtraction--the construction of ¢xamples from a)given operation and.
one of the components (cdnstr;ct four examples on multiplication of six),.
the construction of examples from a given number, tpe solution of ex— “’
amples with a blank, and others. To establish the connection between
multiplicationland divisf%n, and also to introduce the commutative
property of tultiplication, assignments requiring the construction of
examples from three given numbers (fér example, 6,‘4, 24), ;;d all other
types of tasks mentloned above, are useful. ) 3
It is useful to conduct the check on the children s mastery of the )
tables in the form of an arithmetical‘dictation. Here, however, it
is already possible to include tde children themselves in the check,
organyzing'classwork ln pairs'so pupils sitting next td each other
check each other's work, dnd in case of doubt, check with the table or
ask the teacher. ' ‘

.Q
In studying multlplicatlon and division by tables, it is very

1
important to conduct nimerous practice exercises requiring the solution
"of preparéd examples .The children must in the end léarn the tables
ALY

by heart. For this reaeon, it 1s. useful to drill them more than once®
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in the re uction of the tables' results.

To fncrease the number of examples solved, it is useful to make

frequentl use of the so-ca&ied half-written tasks, in which the children

write doWn only the answers to the examples théy solve, without rewriting
the conditions in their notebopoks. This form of work may be used
when solving problems from the textbook, a% well as work from individual

cards and from varlants written on the board. , P ~

Now let us gc\on to consider questions relating to instruction)in -
solving problems when studying a given topic, The content and nature
of the pupils' independent work on problems, in?ikis case, are determined;

to a si ificant degree, by the features of the problems ‘under consider-

~ation. ren as during the study of addition and subtraction, the pri-
mary gQal A&f problem solving is the formation of important arithmeticgl
o 4 , -
concepts. the process of fotming these <oncepts, the differentiatioh\\

of Simila%rconcepts and operations must be ensured. '

This is also relevant to problems on division ‘according to content,
which acquaint the children with the application of familiar operations
under new gonditions--i. e., solving a practical problem which is differ-
ent in principle from earlier ones. The solution of these’ problems
causes a series of difficulties comnected with precisely ‘the necessity
of distinguishing this application of divxsion from division into differ-
ent parts, which the children have been studying ‘until this time. The
distinction here 1s ong of principle, but it also involves the form in
which they are written. j
d The difficulties connected‘yith the necessity of distinguishing
91@115; concepts. arise also in the consideration of problemsﬂon increas-
ing snd decreasing numbers by several timeg, and in the comparison of
‘numbers through division ) : v

THe children often confuse increasing (decreasing) a number by
several times with the familiar, instance of incr ng (decreasing)
a numbcr by several units; dccréssize gets confﬁsed with increasing.
The child?eg somet imes -multiply when they try to solve problems on
comparison through division, just because in the question there is
the word "bigger" (”How many times bigger?"); comparison by division

also gets confused with comparison by subtraction



\

All this requires the wide use of juxtaposition and opposition
Qf similar concepts during independent exercises on the material of
these problems: The juxtaposition and comparison of various types of
problems can hereibe carried out in the most-diverse canCrete forms. i
Here, as in the cases described above (relative to Problems on
addition and subtractidp), the work sometimes aims at the clarification
of the similarities, and sometimes especially at the clarificagion of
the differences between the problems. ' ' )
We will not cite here supplementary examples of this work:Fthey
. may easily be-composed by the teacher,‘analogons to ﬂﬁose described
above. We.note only that they must lead to the further deVelopment of
the Jknowledge, skills and habits which were formed'b§ the marerial‘o%
earlier problems. * T ] . )
For example, Whi}e the conditions of problems requiring increasing
(or decreasingf a‘number by several units were formerly'written dia-
mmatically and the illustration was given through full use of visual
aids with objects (the children had to draw the number of objects
. indicated by the conditions), now these forms are gradually replaced .
by a diagrammatic illustratiod in'the form of strips or line segments, |
‘drawn at ieasr approximately to scale. , _

, Thus, illustration takes on a spnditioned nature.- whige.earlier
it was direcﬁed toward helping the cnildren develop a cdncrete, graphic
'idea’of FEE conditions, this neg‘type of graphic illustration reflects

in a visual form the relationships among the quantities given in the
_« problem. This is the next serious advance in the developmRat o{_school'

children's yisual concrete thought processes.’ ‘ o .
At first sthe giaeher himself makes such dra & of the conditions '
-of a problem analyzed in class, directs the children's attentionsto tha«
method of their execution and requires them to reproduc the problem_s
" conditions from this drawing. Later he .increasingly includes in the Ce
"ol c&ildren's independent work the formulation of problems from a drawing,
aﬁd the construction of a drawing to represent the conditions of a.given
problem. ) o N,

The fonmﬁlatipn of a question for data, and the selection of data

necessary to answer this question, are included in the assignments for
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, [ :
. gradually more complex. We cite a toncrete example. The children are

[
/

independent work, as they were béfpte. This work must also become

given the conditions and numexical data: ! ‘
b
<, On one day asstore sold eigﬁF boxes of apples, on the
$econd day it sold four. _
. "\ T ‘ ‘

The assigﬁment'is.fgtmulated thus: - )

Fofmulate a question such that the problem is solved
by addition; then change the question so that it is solved \

by division.
‘ At this stage of instruc&éun it is necessary to assign he chil- .
dren increasingly more often, the task of f%dependently constucting -

problems of a ‘definite type. These assignmests will be formulated as

follows: . '

- A

Compose a problem on increasing a given numBer by
several times; or compose a problem for whose solution it
.1s necessary to use divis&according to content, etc.
In the opposite assignment, when it is necessary to select the .

proper numerical data for a given question, it is very impertant to
use material from the children's own observations-——everyday numeri-
‘cal data which they have encountered in solving the preceding prcbleﬁs
from the textbook, numerical data drawn from class excursions, etc.
If this material from lifem which may be used as a basis for the
construction of problems, is systematically‘accumulatéd, if these
numbers are fixed, written in speciai notebooks, used for making posters,
etc., all this 'material will help in organizing“the chiidren's~inde-
pendent work in Clﬁ%ﬁ and will allow the’ teacher to vary this work, ~_

- making the assignment$ simpler‘ﬂr more complex at his discretion.

a

Thus, the teacher can, for example//introduce a poster on which
svarious pestal rates are written, the cHildren are asked to compose:
problems in which it is necessary to calculate how much more expensf%e
a stamped envelope ig than an unstamped pne, or how much more expensive
various types of telegrams are,‘étc.~ This assignment will be relatively

easy for the children, since they can draw the necessary 8ata di;ectly. ' »

-

‘ftom a consideration of the poster. Somewhat moré/complicated is this

e 4
assignment: .




" Using this&poster, comoose a problem,on the comparison

" of numbers by division in which the precise numericsl data

to be used are nbt indicated
This type of assignment becomes more complicated. if'the tessper gives
the children freedom to choose any subject, or any data from those in
theéir notebooks. ‘

 The work described above involving the children's independent con-
struction of problems will strengthen the link between arithmetic
instruction and life. Asjlde frog'simple problems directed toward the
formation of the concepts repeatedly mentioned above, the children's
-independent work must also include ‘the solution of compound probiems.
Thesevmust be Qo}h.problems of new types, and those which were solved

before. | . . N

-

® ® ® %

Since we limited our consideration to the fundamental topics of -
the curricula for the first and second years of inst ction, we

naturally could not completely dsscribe[all the aspects of assignments

for independent work, or all the methodological devices and forns ~ L
‘of organization used in carrying out these tasks*during arithmetic
lessons. -0 s . . J%; ‘

| We setéoufselves‘tne/goal of merely giving examples to illustrate .

those topics which, duying the course of the work, answer the require-
ments and goals, advsﬁced in preceding chapters, for organizibg chil~

dren's independent work.
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